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Abstract

COVID-19 is an infectious respiratory disease caused by a new virus, called SARS-CoV-2. Since its
inception, it has been a major cause of deaths and illnesses in the general population across the globe. In
this paper, we have formulated and theoretically analyzed a non-linear deterministic model for COVID-19
transmission dynamics by incorporating vaccination of the susceptible population. The system properties,
such as the boundedness of solutions, the basic reproduction number R, the local stability of disease-free
equilibrium(DFE), and endemic equilibrium (EE) points, are explored. Besides, the Lyapunov function is
utilized to prove the global stability of both DFE and EE. The bifurcation analysis was carried out by utilizing
the center manifold theory. Then, the model is fitted with real COVID-19 cumulative data of infected cases
in Kenya as from March 30, 2020, to March 30, 2022. Furthermore, sensitivity analysis was performed for
the proposed model to ascertain the relative significance of model parameters to COVID-19 transmission
dynamics. The simulations revealed that the spread of COVID-19 can be curtailed not only via vaccination
of susceptible populations but also increased administration of COVID-19 booster vaccine to the vaccinated
persons and early detection and treatment of asymptomatic individuals.

Keywords: COVID-19, Vaccine, Stability analysis, Reinfection, Parameter estimation.

1. Introduction

It is uncontested that COVID-19 has caused unprecedented pain and deaths around the
globe. COVID-19 is an infectious disease that emerged in Wuhan in China in December
2019 and spread rapidly around that country and ultimately pervaded other countries.
Among the East African countries, the index case was first identified in Kenya on 13th
March 2020, which was imported by a Kenyan who had arrived from the USA [1]. Surveil-
lance was enhanced at all official border points of entry and exit to contain and prevent
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further infections. Due to its novelty, concerted efforts from health professionals and
mathematicians have been instituted to evaluate scenarios that greatly minimize infec-
tions. For instance, a mathematical model highlighting the dynamics of COVID-19 trans-
mission impacts and preventive measures was developed by [2]. This study formulated a
Susceptible-Masked-Unmasked-Exposed-Infected-Hospitalized-Recovered model type in-
volving the human population. The sensitivity analysis underscored the importance of
wearing masks, especially in crowded populations as well as when attending to isolated
COVID-19 patients.

A five compartmental COVID-19 model of SEIQR type was formulated and analyzed
by [3]. The model sought to identify the factors that immensely contribute to disease dis-
semination and persistence in the population. The findings of this study revealed that the
most sensitive parameter is the contact rate among susceptible and infectious individuals,
followed by the recovery rate of infectious individuals. The study by [4] investigated the
optimal control strategies of COVID-19 dynamics. The study findings suggested that the
simultaneous administration of vaccines to the susceptible population and increasing the
rate of treatment of the infectives is the best approach for abasing COVID-19 transmis-
sions. A study on fractional Order modeling of predicting COVID-19 with isolation and
vaccination strategies in Morocco was conducted by [5]. This study underscored the im-
portance of adherence to COVID-19 preventive measures, vaccination, and adaptation if
this pandemic is to be weeded out from the community.

A COVID-19 transmission model encompassing symptomatic and asymptomatic states
was formulated and analyzed by [6]. This research established that the most sensitive
parameters about reproduction Ry are the transmission coefficient and the movement rate
of individuals from the exposed class to the symptomatically infected class. The study’s
finding suggested that it should be of particular interest to all that in the fight against the
COVID-19 pandemic, the exposure as a result of contact with infected individuals, espe-
cially those who are asymptomatic, should be curtailed. Moreover, the study on analysis of
the mitigation strategies for COVID-19 was carried out by [7]. The results from the study
unveiled that in a scenario where the recovered individuals do not develop permanent im-
munity to reinfection, backward bifurcation at Ry < 1 occurs. This immensely complicates
the government and health professionals’ efforts in the war against the disease. The study
further disclosed that backward bifurcation is precluded in the absence of reinfection, and
instead, forward bifurcation sets in. This implies that the DFE is globally asymptotically
stable for Ry < 1. Reinfection by the family of coronaviruses is possible, as it is indicated
in [8] and [9].

Although the duration it takes for a recovered individual to lose natural immunity
is still obscure, we cannot disregard its influence as far as COVID-19 transmission dy-
namics is concerned. Motivated by the study by [10], we formulated and analyzed a
ShVhEnIna I+ Rn which unlike the model above we have included a vaccinated class that
can go back to susceptible population due to waning of vaccine-induced immunity and
assumed that a fraction of the recovered individuals become susceptible due to waning of
the natural immunity. To our knowledge, such considerations have not been factored in
the existing COVID-19 models.

This paper is organized as follows: In section 1, the model formulation is described. A
comprehensive mathematical analysis encompassing model’s positivity and boundedness,
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stability and bifurcation analysis are presented in section 2. Section 3 is devoted to curve
fitting, parameter estimation and sensitivity analysis. Numerical simulations are presented
in section 4. Finally, our discussion and conclusions are presented in section 5.

2. Model formulation

In this section, we formulate a model of the form Sy, Vix Er,Ina IRy, to analyze COVID-19
transmission dynamics. In this study, the whole population Ny, (t) is stratified into six (6)
mutually exclusive compartments, Sn, Vi, En, Ina, In and Ry, which respectively rep-
resent the susceptible, vaccinated, exposed, asymptomatic, symptomatic and Recovered
individuals.

Equation of the model are derived as follows: The susceptible population’s growth is
due to immigration or birth at a rate 7t [11] as well as the reinfection of recovered indi-
viduals at the rate T. COVID-19 vaccine is administered to the susceptible population at
the rate 0. This vaccine-induced immunity is assumed to wane at the rate ¢. Further-
more, the susceptible individuals progress to the exposed phase upon interaction with the
asymptomatic and the symptomatic individuals. The force of infection A is thus expressed
as:

A=B(EIhA +1n)

where parameter 3 is the transmission coefficient which accounts for contacts capable of
leading to infection, while & € (0, 1) is the modification parameter which accounts for pre-
sumed reduction in infectiousness of the asymptomatic individuals relative to the symp-
tomatic individuals. All the population clusters are presumed to decrease at a constant
value p which accounts for natural death rate. The rate of progression of both susceptible
and vaccinated individuals is thus given as:

ds
d—th:ﬂ—l—(pvh—I-TRh—(?\—i-u—i-e)Sh
dVi

=M Sy, — V

at h—(L+@)Vh

The growth of the exposed population is necessitated by the susceptible at the rate A
and it is diminished at a constant rate w when a fraction € of the individuals develop
symptoms and the rest (1 — €) progress to asymptomatic compartment. It is worth noting
that the exposed individuals are those who are infected with COVID-19, do not manifest
symptoms of the disease yet and they register negative when subjected to polymerase
chain reaction (PCR) tests. Patients are said to be in latency phase and are regarded as
non-infectious. COVID-19 is known to have an incubation period whose range is from 2
to 14 days between exposure and development of symptoms [10]. Thus we obtain the

expression;

dE
d—th = ASh — (p+ w)Ep

The asymptomatic class class [, 4 consist of those who do not develop clinical COVID-19
symptoms after the disease incubation. In this study we assume that the asymptomatic
individuals become sick of COVID-19 if left untreated since any infection compromises
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one’s innate immune system rendering one vulnerable to infection from other COVID-
19 variants or can recover from the disease. These silent COVID-19 spreaders recover
at the rate k. In fact k is the measure of efficacy of identification and treatment of the
asymptomatic individuals. The expression for asymptomatic population thus becomes:

dt

=(1—-e)wkh — (u+ ) Iha

Besides the natural death rate p, the symptomatic individuals are diminished by the
COVID-19-induced death rate at 5. The parameter y accounts for the successful treatment
and recovery rate of the symptomatic. The expressions for symptomatic is thus given as:

dl

T: —ewEp+ (1 —k)alpa — (L+v+0)In
Finally, the growth of the recovered individuals is generated by the recovery of the asymp-
tomatic and symptomatic and is diminished due to the waning of natural immunity at the

rate T. We express the rate of recovery equation as:

dR
= = YT+ aklpa — (1 + TR
dt
Thus, it follows that our model consists of the following system of non-linear differen-

tial equations:

ds

d—th =+ TRh+ @V — (A + 1+ 0)Sh
dVh

S _gs, — %

Tt h— (@ +p)Vi

dE

Th = ASh — (w+p)En

t (2.1)

dlna

It =w(l—-e)bn — (t+ ) Iha

dI

T: =wekp + (1 —k)alpa — (u+0+v)In
dR

T: = Kotlpa +¥In — (L + T)RR

Table 1: Definition of state variables

Variable Definition

Sh Human population susceptible to COVID-19 disease
Vh Fully vaccinated population

En Individuals in a latency period

IhA Asymptomatic persons

In Symptomatic persons

Rn Recovered population.
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Figure 1: General COVID-19 flow diagram for COVID-19 model 1

2.1. Model analysis

This section discusses the proposed model’s basic properties, including the solution’s
positivity, the feasible region, model’s equilibrium points, and the stability of the equilib-
rium points.

Theorem 2.1. If S (0) > 0, Vx(0) > 0,Ex(0) > 0,1,A(0) > 0,1;,(0) > 0 and R, (0) > 0O
then the solution (Sy(t) > 0, Vi (t) > 0,En(t) = 0,I,a(t) = 0,I1(t) = 0 and Ry (t) = 0) f
model (2.1) are positive Vt > 0

Proof. According to Asha and Nyimvua [12], Zenebe and Legese [13] and Rabiu et.al.
[14], we proof the positivity of model (2.1) by contradiction. Given the non-negative ini-
tial conditions for Sy, (0), Vi, (0), En(0), I, A (0), I (0) and Ry, (0), the positivity of the system
can be determined as follows: We make an assumption that there exists time t; such that,
Sh(0) > 0,Sn(ti) = 0,5, (ti) < 0, Vi(t) > 0,En(t) > 0,Tna(t) > 0,T(t) > 0,Rn(t) > 0,
forall 0 <t < t;.

In relation to our case and considering the first equation of the model (2.1), we have:

ds
(6 = T @Vi (1) + R (t6) — (A +0) S (1)
Based on our assumption, this equation implies that:

dSh

It ——(ti) =7+ @Vr(ti) + TRu(t;) >0
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Table 2: Definition of model parameters

Variable Definition

Recruitment rate into the susceptible population

Natural death rate

COVID-19 transmission rate.

Modification factor for asymptomatic persons.

Rate at which the exposed persons become symptomatic.
Recovery rate of the symptomatic individuals.

COVID-19 induced death rate for symptomatic individuals
Rate at which exposed population become sick of COVID-19
Rate of waning of COVID-19 vaccine-induced immunity
Rate of movement from asymptomatic infected class

Rate of identification and treatment of the asymptomatic persons.
Rate of vaccination of susceptible population.

Rate at which recovered individual become susceptible

A DA B & 2o MmMmP®E A

which is a contradiction. This indicates that Sy (t) > 0 for all t > 0. For the second

equation, we have:

dVh

F:esh_(@‘i‘u)vh?_(@‘i‘u)

Utilizing separation of variables and applying the initial conditions, solution to the above
equation is: Vi (t) > V1 (0)exp(—(p1+ ¢)t) > 0 In the similar manner the equations three
to equation six of the model (2.1) becomes:

% =ASh — (w+WEn > —(w+ p)Ep

diﬁA =w(l—e)Ep —(L+ )Iha = —(u+ ) Ipa

% =webp + (I —k)adpa = (L+3+V)Ih = —(L+0+v)In
% = kalpa +¥Ih — (L +T)Rp = —(n+T)Ry,

whose solution are respectively given as:

En(t) = En(0) exp(—(p+ w)t) >0 ¥t >0

ha(t) =ha(0)exp(—(p+a)t) 20 Vt>0
Ih(t) =Ih(0)exp(—(n+0+vy)t) >0 Vt>0
Rh(t) = Rp(0)exp(—(n+T)t) >0 vVt >0

This demonstrates that the solution of all state variables of the model are non-negative.

O
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Invariant region
A population is said to be meaningful in biological sense if its global solution lies within
an invariant region Q [15, 16].

Theorem 2.2. The solution set {St,(t), Vh(t), En(t), Ina(t), In(t), Rn(t)} of the model (2.1)
is confined to non-negative feasible region Q.

Proof. Consider the feasible region:
Q = {Sp(t), Vh(t), En(t), Ina(t), In(t), Ru(t)} € IR?r Vvt > 0. At any given time, the total
population is given as:

Np(t) = Sn(t) + Vi(t) + En(t) + Iha + In(t) + Ru(t) (2.2)

Differentiating equation (2.2) with respect to t gives:

dNp  dSn | dVh  dEn  dlpa | dln | dRp
dt_dt+dt+dt+dt+dt+dt 2.3)

We now substitute model (2.1) into (2.3)

% = [7‘[+TRh + ([)Vn — (}\-i- u+ 9)Sh] + [GSh — ((P + u)Vh]
+ ASh — (w4 WER] + [w(1 — €)Enp — (1 + o) InAl (2.4
+ [weEn + (1 — k)alpa — (L+ 6+ V)]

+ [kalna +vyIn — (L + T)RA]
Expansion and simplification of equation (2.4) yields:

N
O = 7 S () + Vi) + En(t) + T + Tn(0) 4 Ra(tu— T (25)

Substituting equation (2.2) to (2.5) gives:

dN
d—t“:n—uNh—thn—uNh (2.6)
Evaluation of the equation (2.6) yields Ny (t) < Aexp(—ut) + % which upon substituting

the initial conditions, the above equation becomes:
7t ([ 7T— N
Np(t) < m + Y exp(—ut) (2.7)

where Nyg = Ny (0)
This implies that:
e
. <
th—>I20 sup Np(t) <
This shows that the positive solutions of the model (2.1) are bounded. Hence, the system

under consideration is well posed mathematically and epidemiologically. O
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Disease free equilibrium

The disease-free equilibrium (DFE) denoted as By is a steady-state solution in which there
is no COVID-19 infection in the community. Consequently, apart from the susceptible and
the vaccinated, all other compartments are equated to zero. Thus E}, = Ina = I =R, =

0 and dd—sji = dﬁ)‘ = 0. Model equations (2.1) reduces to:
VO — 0)SY =0
ﬂ'g (A2 (H"‘O ) h (2.8)
0S), — (L+ @)V, =0
Solving equation (2.8) simultaneously yields:
Ti( + 1) 70
T e rute) M Lo ut o) @9
Thus the DFE state, By, is given by:
(S0, VO, EQ, 10,19, RY) — [P k) ™ 0,000 (2.10)

wle+u+0) ule+u+0)

2.2. The basic reproduction number

The basic reproduction number is the number of cases that one COVID-19 case gen-
erates on average over its entire infectious period in an uninfected population [3]. We
utilize the next generation matrix method [17] in the derivation of R, for our dynamical
system. In this method, the infected compartments are decomposed into two matrices F
and V, where F represents the matrix containing the new infections elements and V is the
matrix containing elements with transmission terms. The model (2.1) can be rewritten as:

dx
— =Fx)—V 2.11
1t T — VX (2.11)
More explicitly, the above equation can be written as:
En B(In + EInA)Sh (w+ p)En
I.hA = 0 — —w(l—e)Eh+(p+ O()IhA
In 0 —weEh—(l—K)othA—i-(u—i—v—l—é)lh

Evaluation of the Jacobian of matrices F and V at the B gives;

0 BET(u+eo) Br(pn+e)
p(p+0+@)  p(p+0+o)

F=1o0 0 0
0 0 0
and
(L4 w) 0 0
V=|—-w(l—¢€) (au+wu) 0

—ew —x(1—«k) (u+v+29)
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The basic reproduction number is the spectral radius (The largest eigenvalue) of the next
generation matrix R, = p(FV~!). By simple calculations, we can show that:

1
Phﬂ“) 0 0
-1 w(l—e 1
Vo= (o) (w+p) o+ 0 (2.12)
akw(l—e)+w(x+pe) x(1—x) 1
(ht+w)(a+p) (u+0+y)  (atp)(u+d+y)  pt+od+y
This gives:
ap; ap a3
Fv1l=10 0 0
0 0 0
Where:

_ mpw(pn+ @){E( —e)(u+6+v) + (1l —K) + e(ok + )}

= (it @) (n+ o) (n+ 0+ @) (n+y+9)
mZ:ﬂMu+@Mﬂu+v+6%+Ml—M]

e+ o) (p+v+0)(n+0+ o)
a3 = 3 (n+ @)

e+ 0+ @)(n+y+39)

The basic reproduction number plays a pivotal role when analyzing any epidemiological

model. The effective reproduction of our dynamical system is thus:

_ mBw(p+ @HEM —e)(n+8+v) + (1 —k) + e(ak + p)}
ru+ w)(u+o)(n+0+ @) (n+v+95)

For clear interpretation of the above reproduction number, we can separate this expression
of R, as follows:

Ry (2.13)

Ry = Ra +Rg

Where Bl + @)E(1—€)
Thw(w+ @ —€
RaA = (2.14)
" et @)t @) (w0 + @)
Ra represents the probability of the total population becoming asymptomatic upon infec-

tion times the mean exposed, asymptomatic and the vaccinated population.

mRw(pn+ @Ha(l—k)+ e(ak + p)}
ppt+aw)(p+o)(p+0+@)(n+vy+9)

Rs represents the probability of total population becoming symptomatic upon infection
multiplied by mean exposed, asymptomatic, symptomatic and vaccinated population.
The analytically generated R, from our model thus points to the fact that the presence of
both symptomatic and asymptomatic persons could drive the growth of COVID-19 in the
general population.

We note that for the case where vaccination has not been rolled out equation (2.13)
reduces to:

Rg — (2.15)

_ mRw{&(1—e)(u+0+v) + x(l —k)+ el + 1)}

Ro n(i+ @) (it o) (v £ )

(2.16)
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2.3. The stability of disease free equilibrium (DFE)

In this section, we explore the local and global stability of model (2.1) at DFE by utilizing
the following theorems:

Theorem 2.3. The disease-free state, By, of the model (2.1) is locally asymptotically sta-
ble(LAS) when Ry, < 1 and unstable if Ry > 1.

Proof. The local stability of the model is determined by first evaluating the Jacobian matrix
at DFE state By which gives:

BE(@+p)m Blo+p)m
—(p+6) ® 0 Tulntet0) T ulpte+o) T
0 —(n+ o) 0 0 0 0
BEm(@+1) Bre(p+p)
JB, = 0 0 —(h+tw) nlp+e+6) n(p+o+0) 0
0 0 w(l—e) —(at+u) 0 0
0 0 €W a(l—«x) —(u+v+9) 0
0 0 0 K Y —(p+7)

2.17)
From the Jacobian matrix equation (2.17), we make use of the trace-determinant method
so as to proof the local stability of By. For local asymptotic stability, the following Routh-
Hurwitz conditions have to be satisfied:

(i) TrJ(Bo) <0
(i) Det](Bg) >0
Thus:

{TTI(BO):—(u+6+u+<p+u+w+u+oc+u+v—|—6—|—u—|—'t) (2.18)

=—(6p+0+o+w+a+vy+do+7) <0

Due to the complexity of the matrix space involved, we utilize python programming lan-
guage to determine the determinant of J(Bg). This gives:

{DetI(Bo) = —up+ i+ 0+ @){—(n+w)la+u)(ut+y+9)

4 Brw(otu) (2.19)

areror el —e)(uty+8) +a(l —k) +e(ak + )]}

Through further simplification and utilization of equation (2.13), equation (2.19) be-
comes:

Det](Bo) = p(p+1)(r+ 0 + @) (p+ w)(p+ &) (r+v +8)(1 —Ry) (2.20)

Where R, is the effective reproduction number.
For determinant Det](Bg) > 0, it follows that Ry < 1. Hence the disease-free equilibrium
(Bo) of model (2.1) is locally asymptotically stable if Ry < 1 and unstable if R, >1. [

The implication of the above theorem is that the extinction of disease in population is
possible for R, < 1, but if Ry > 1, the ballooning of infection cases in the population is
assured.

For the next theorem, we investigate the global stability of DFE by using Lyapunov function
technique [18].
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Theorem 2.4. The COVID-19-free equilibrium point By of model (2.1) is globally asymptot-
ically stable in the region Q if Ry < 1 and unstable if R > 1.

Proof. Let L be a Lyapunov function with positive constants ci, cp, ¢3 and ¢4 such that:

L=(Sp—S) —S%In3n) + (Vi — VO —V0In ¥ E
( h h hn5%)+( h h hnvg)+c1 h (2.21)
+c2lha +c3ln + 4R
Differentiating the above Lyapunov equation with respect to time gives:
dL _ Shyds Vi av dE
E_(l_i)dith—'—(l_viz) dth_‘_cldith (2.22)
rep Sl o ¢, 4
Substituting model (2.1) into (2.22) yields:
0
4l = (1— 35)[m+ @V + TRy —ASp — (1 + 0)S]
0
+(1— v2)[0Sn — (1 + @)Vil + c1ASh — (1t + w)Ex]
+c[(1—e)wEr — (0 + ) Ipal + c3lewEn + (1 — k)olpa — (L+7v + 0)11]
+cqlokIna +yIn — (L + TRy
(2.23)
Suppose Sp, < S, = % and Vi, < V) = ﬁgﬂp), and upon substituting A =
B(&Iha + In) to equation (2.23) yields:
db o[ elBlEtnAtind (11 4 w)Ey]
+eal(1—e)wkn — (K + o) Ihal (2.24)
+c3lewEn + (1 — k)olpa — (L+7v + 8)I1]
+egloakIna +vIn — (L4 T)Rn]
The above equation implies that:
AL [~ (p+ w)er + w(l—€)er + ewes)En
L[EBEA @) (4 o)es + (T — K)eg + akey]T (2.25)
H(EFLQJFHP)) 1— (K 2 3 4llhA .
Hitrore €1 — (H+v+8)es +vealln — (k+T)esRn
Equating the coefficients of Ey,, Ina, I1, Jn and Ry, to zero gives:
1= (nt+y+8),co= u(u+w)(u+f£(cﬁ(;ﬁg:§}r;7§ewﬁ(u+<p)
_ Br(p+o) S
€ = Llutor o) €4 =05 =0
We thus obtain: il 5
at o (L+w)(p+ o) (p+v+ )(Rv_l)IhA (2.26)

w(l—¢)

o
=

N

()

, if Ry < 1 and % = 0 iff Ina = 0. Thus, plug-

Its worth noting that: Gt
= 0 into model (2.1) points to the fact that Sy (t) —

ging Ep = Ina

I
—
-

I
-~
=
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TT(pu+o@) 70
w(pt+06+¢) and Vi (t) — w(nt+0+¢)

{(Sh, Vi, En, Ina, I, Ru) € Q; % < 0}, is the singleton set By. Thus from LaSalle’s invari-
ance principle [19], we make the conclusion that the COVID-19 free equilibrium point is
globally asymptotically stable in Q if R, < 1.

The explanation above points to the fact that COVID-19 infection can be abased in the
general population if and only if R, < 1. O

as t — oo. Hence the largest compact invariant set in

2.4. Existence of an endemic equilibrium

We endeavor to investigate the existence of endemic equilibrium, B, of the model
(2.1) in this subsection.

Theorem 2.5. If Ry > 1, there exists a unique endemic equilibrium
Be = (S}, Vi, Ef IE AL 11, RY ) of the model (2.1). The endemic equilibrium does not exist for
Ry < 1.

Proof. For the existence of endemic equilibrium, we equate the right side of the model
(2.1) to zero and then solve.

T+ TRy + @V — B(I} + EIF A) S, — (L +0)S;, =0
0S;, —(@+w)Vy =0

w(l—e)E}, = (n+ ), =0

B} + &I A)SH — (w+wWER =0

wekf + (1 —k)alf, —(u+0+vY)[}, =0
kolf o +YIE — (H+T)R}, =0

(2.27)

Solution to the above system gives rise to the following:

or _ L+ @)
* =

w(p+0+@)Ry

70

Vi =

" u(u+ 0+ @)Ry

% T[q)1®2q)3(R‘v — 1)
E]’L ==

{4 w) 01 02D3 — Tw (D3 D5 + YD) IRy
_— Tw®, O3 d5(Ry — 1)
—ak{(H+ W) D03 — Tw(P3Ds5 + Y Dy) IRy
I* _ 7T(U(I)4q)2(Ry — 1)
" {4 W) 02D3 — Tw (D3D5 + Y Dy) IRy
R — 7w (Ry — 1) (D3D5 + yDy)
{(+ W) DD 03 — Tw (D35 + yDyg) IRy

where @1 = (u+«), @y = (u+1), D3 = (L+0+7v), Py = x(l — k) + e(axk + 1) and
@5 = k(1 — €). Substitution of the values of @, ®,, @3, @4 and @5 in {(L+ w) DD, D3 —
Tw(D3®5 + yDy)} and then simplification yields:

{(H+ W) D003 —Tw(P3P5 +vDy)} = p2{ D1 (w + T+ D3) + wt+ (5 +7v) (w+ 7))+
Twa(pw+d)(ek+ (1 —«)) +pw(ty(l—¢€)+d(x+ 1)) + poey(w + 7).



Muli F.M et al. / Mathematical Analysis of COVID-19 model .... 133

Sincee <landalsok <1, {(u+ w)P10,P3 — Tw(D3D5 +vDy)} > 0.

It can therefore be observed that if R, = 1, we obtain the COVID-19 free equilibrium point.
The unique endemic equilibrium in Q exists if E} > 0, I’,, > 0, I}, > 0 and R}, > 0. This is
actualized if and only if (R, — 1) > 0 and no endemic equilibrium when (R, —1) < 0. [

2.5. Bifurcation analysis

In this subsection we investigate the nature of bifurcation by utilizing Theorem 4.1 from
[20] which is based on the center manifold theory [21]. In this theory, there are two
important coefficients, say, a and b, that dictate the dynamics of the system on the center
manifold. In particular, if a < 0 and b > 0, then the nature of bifurcation is forward while
if a > 0 and b > 0, then the bifurcation is backward.

This is done by first letting the coefficient of transmission 3 to be the bifurcation pa-
rameter. This is done by solving R, = 1 to obtain:

pp+w)(p+o)(n+0+@)(p+8+7y)
w1+ @NE(1 —€) + a1 — k) + e(ok + 1)}

B=p"=

The Jacobian matrix Jg, g+ for model 1 evaluated at disease-free equilibrium where f3 is
substituted with the value of 3*, has one of the eigenvalues being zero(0) while the other
five eigenvalues have negative sign. This implies that By is a non-hyperbolic equilibrium
at B = B*. The presence of a simple zero eigenvalues permits us to utilize center manifold
theory to establish the local stability of endemic equilibrium B.. Evaluating the right
eigenvector W = (wq, Wo, w3, Wy, ws, We) " and left eigenvector V = (vi,v2,V3, V4, V5, V6) "
associated to the zero eigenvalues give:

(o) w55 —T) w5 )
WI= " iwrete) 7 V27 Tulute+e)
(ntw)(pt+o){E(1—e) (u+y+d)+a(l—k)+e(putak)}

where A = E(1—e)+a(l—k)+e(pu+ak)

wle(put+ak)+oa(l—k)}

wy=u+a& wyg=w(l—¢), ws= wg = ak(l—e)w +yws

nt+vy+9o >
and
Vi = Vo =vg =0, v3 = w{i(l—€)F:Li(i—)g<di§()u+ou<)}\)5, vy = {£+oc£r—cxl<)}V5 and v =
C1+c12+w where ¢ = w{&(1—e)+a(l—k)+e(put+ak)} and cr = w[l—e);{li—o—ococ(l—K)} We now

Htw
calculate the bifurcation constants a and b where:

2
02f
Z VWi 3o « (B B*)

ki,j=1

2

. o (B B)

kij=1

For simplicity and ease in algebraic manipulations, we re-write the state variables of

our model (2.1) as follows: Sy, = %1, Vi, = %2, Enh = x3, [ha = x4, Iy = x5 and
ax

Rn = x¢. We further define equation G = F(x) where X = (x1,%2,x3,%4,%5,%6) and
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F = (f1, fp, f3, f3, T4, f5, fg). We consider the nonzero second order partial derivatives which
gives;

2 (t+@)wef5-—T}
VAWIWA gL, = Vi o gy Wb
d2f (ut+@)wel5-—T} «
VaWAWL gy = VWA e ) B G 2.28)
025 (nt@)wel5—T} . ’
VIWIWS 50 = Vi sty VP
d2f (nt+@)wel-—1} «
VaWsWigy oy = VWS T furoTe) P
The summing up equations (2.28) gives the value of a as:
(L4 @)wel{a- — 1)
a=—2v3 6 B*(Ewy +ws) (2.29)
pp+0+ o)
In the same manner we determine the value of b as:
%3 nt(p+@)
VsWa gy o = VW04 o) (2.30)
9% £ mt(ut+e@) :
VaWsaxs0pr — V3W5SU(uro+ )
The sum of the equations in (2.30) gives the value of b as:
TI(H +
by @) e ) >0 (2.31)

“ue 0+ o)

None negativity of b implies that direction of bifurcation at Ry = 1 is entirely determined
by the sign of a which depends on the re-infection rate t. For backward bifurcation,

(+ v +8) (1 + w) (1 + o) (£(1 — €)w + ws)
T &0 eat (w oy + Sws)(a(1— €)w + yws) (232)

Theorem 2.6. The model (2.1) undergoes backward bifurcation at Ry = 1 whenever in-
equality (2.32) holds.

The above theorem is in conformity with study by Kassa et.al.[7] that suggested that back-
ward bifurcation is possible if the recovered individuals do not gain permanent immunity
to infections regardless of the COVID-19 variant. Moreover, it is note worthy that for the
case where the recovered persons acquires permanent immunity to COVID-19 infection
(i.e T = 0), the bifurcation coefficient a becomes:

(+w)(u+o)(n+ @) (u+v+0)(E(1—e)w +ws)
wp+0+@)El—e)w+ (n+vy+d)ws]

a=—2v; B*(Ews+ws) <0

This rules out the occurrence of backward bifurcation but instead, forward bifurcation sets
in. Hence we obtain the following conclusion:

Theorem 2.7. (Local stability of endemic equilibrium). The unique endemic equilibrium B
of model (2.1) is locally asymptotically stable (LAS) if Ry > 1.
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2.6. Global stability of COVID-19 endemic equilibrium point

Theorem 2.8. The unique endemic equilibrium B, of the model (2.1) is globally asymptoti-
cally stable in Q whenever R, > 1.

Proof. Let cq,c3,c3,¢4,¢5 and cg be non-negative constants and with no loss of generality,
we consider a special case of our system where ¢ =0 and T = 0. We consider a Lyapunov
function defined as:

L =c1ly +c2lo + 3l + caly + cs50s + ol

where
Lesea() bveo () Letra(R).
Li=Tg (B2, L5_I**9<I**>,L6 Risg (&) '
and that g(x) =x—1—1nx > ¢(1) =0 for any x > 0
Differentiating L with respect to t gives:
a — 01 1—* —B( EIhA-i-Ih)Sh—(FH‘ e)sh}
+eo —V—h esh—wh
+c3 ) (EIhA + In)Sh — (1 + w)Eh} 2.34)
+cq ){ (1—¢) Eh—(u+oc)IhA} .
+es —%) {weBn+ (1= K)e)Tna — (w+8+7)In |
+c6 |1 — :‘*) {KothA —i—th—pRh}

At steady endemic equilibrium,

= B S+ (u 01, 0 = 5

h h
web P+ (1—k) o IFH kali +vyI
(p+5+Y): b I*h* hA, I.L: }i?ﬁ* b

Substituting (2.35) into (2.34) gives,

e (-5 s, (1 ) o5 - )
s (180 o (1 ) o (0]

s (185 ) {Besiin (Sl — &) + 8BS (Sade — £2) |}

Yoy 1—ﬁ>{ (1—e)E**<E**—§g§)}

pes (14 ) {we (8 — i) + (0= atiy (2 — i) }

oo (155 ) {oatpn (o — ) 4y (2 - 8) }

(2.36)
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Upon simplification, the above equation becomes:

* % 2 * % * % kK
% _ _clsh Sh _ skok T 3kok _ Sﬁh _ EhIhA _ ShEh IhA
dt —  “sq (n+6) i +C1BESHIA (3 Sn  Elna ST ERD

Sy En L5 SREX*I V,
ko Tokok h hlh hth ~h *k _ Yh __ —

tos(1— k)t {1- i — foa (P 1

reonedtin {1 i (1) preovic {1~ d (R -1))

(2.37)
Finally, since the arithmetic mean is greater or equal to the geometric mean as applied by
[22, 23, 24], it follows that:

3_ S EnIE ShERTha <0 3_ ST EnIyt  ShERIR 0
Sh Ef Tha SEFERLEH ) TS h B In SEFERLEY ) S

- *

h

S
1

S
Vh Sh ﬁ_ h_IhA K_
{1-v =8 (V1) b=o {1- - (F-1) b
Rh IhA Rﬁ* R Ih R;:.*
-t (B ) oo, oo (5 1) oo

The non-negativity of the system parameters permits us to make conclusion that % <0

for Ry > 1. Moreover, the set where 3—5 =0is QO = {(Sv, Vi, B, Ina, I, Rp) : Sh =
S{¥, Vn =V, En =E1Y, Tna = I}, In = I}, Rn =Ry}, and by LaSalle’s Invariance
Principle [25], the only compact invariant set of Q is the singleton set B.. Thus the

endemic equilibrium B, is globally asymptotically stable. This completes the proof. O

3. Model fitting to COVID-19 data for Kenya

In this section, we estimate parameters used in the model (2.1) based on monthly
cumulative COVID-19 data for confirmed infective cases in Kenya from the 30th day of
March, 2020 until March 31st March 2022 (see table (3)). The data is obtained from
the worldmeters and can be accessed via the link given in [26]. This corresponds to the
period when the corona cases in Kenya, just like the rest of the countries in the world, were
growing at an alarming rate. It is worth noting that for the purpose of model fitting, the
model system is reduced to a simpler version, but at the same time ensuring key population
classes are maintained. We consider both 0 and ¢ to be equal to zero which implies that
the vaccinated class is ignored during the curve fitting. The time unit considered in the
model versus data fitting is a unit per month. The average life expectancy of Kenyans in
2022 was 67.21 years [27]. The estimate of the natural death rate is obtained by taking
the reciprocal of the life expectancy per month, i.e m, an approach utilized in [28].

The recruitment rate into susceptible population for our mass action model is obtained
by utilizing the approach employed in [29]and [30] i.e, m = & 25,. The latent period
for COVID-19 ranges from five to seven days, thus we take w = 1/7 [31]. To obtain the
numerical values of the rest of the parameters, we fit the COVID-19 data using nonlinear
least-square curve fitting method embedded in Imfit python package [32].

According to Corona virus Pandemic in Kenya report [26], there have been 50 COVID-
19 reported cases as at March 30th 2020. We take the initial value of symptomatic in-
dividuals to be I;,(0) = 50. Kenya, just like any other third world countries experienced
some challenges in conducting tests to the general population due to the limited resources
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Table 3: Monthly cumulative COVID-19 cases

Month Confirmed cases Month Confirmed cases
Mar. 30, 2020 50 April 28,2021 157492
April 29,2020 374 May 30, 2021 170647
May 29, 2020 1618 June 29, 2021 182884
June 29, 2020 6070 July 30, 2021 201009
July 29,2020 19125 Aug. 29,2021 234589
Aug. 30,2020 33794 Sep. 29, 2021 248770
Sep. 30,2020 38378 Oct. 30, 2021 253151
Oct. 30, 2020 52612 Nov. 30, 2021 254979
Nov. 30, 2020 83316 Dec. 30,2021 288951
Dec. 30,2020 96251 Jan. 30, 2022 321234
Jan. 30,2021 100675 Feb. 28,2022 322930
Feb. 28,2021 105648 Mar. 30, 2022 323402

Mar. 30, 2021 132646

and trained personnel. We therefore make the assumption that the disease spread un-
abated and thus the number of active cases could be higher than those declared by the
ministry of health (MOH). The presence of asymptomatic persons (infected persons who
do not show any symptoms of COVID-19) cannot be ruled out. The initial conditions
for the state variables utilized for this study are as follows: V;,(0) = 600, E1,(0) = 5500,
Iha (0) =550 and Ry (0) = 60. The total population in Kenya considered in the simulation
is N(0)=54,027,487 [27], thus Sk (0) = N(0) — Vi (0) — E,(0) — IhA(0) — I, (0) — Ry (0).

The curve fit for our model is depicted in the figure (2) and its evident that our model
has the best fitting to the reported data. The estimated values of parameters for real
COVID-19 cases in Kenya during the period under consideration (see table (4)) produces
the basic reproduction number R, = 1.0551339, which is larger than the COVID-19 thresh-
old value of one(1).

3.1. Sensitivity Analysis

Sensitivity analysis is an important tool in mathematical modeling as it aids in un-
earthing the extend of influence various parameters have to the disease transmission and
prevalence. With the analytical expression of the model’s reproduction number, Ry, its
reasonable to utilize the normalized forward sensitivity index of R, that depends differ-
entially on a parameter hy, as defined by [33] and mathematically expressed as:

—R, _ORy hy

N T o X R

where h; are the various model parameters whose sensitivity on R is to be obtained. From
table (5), it is evident that 3, w, & and ¢ have a positive effect on R, while the rest of the
parameters have a negative impact. For instance, 10% increase(decrease) in ¢ causes a
corresponding increase(decrease) in Ry by 0.781661% while 10% increase(decrease) in k
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Figure 2: The reported data versus model fitting for Kenya from March 30th, 2020 to
March 30th, 2022

results in a corresponding decrease(increase) in R, by 0.904906%. It can be depicted from
the table 5 that 3, ¢, &, k and 0 are the most sensitive to R, since small perturbations to
these parameters leads to a significant change in R,,.

In figure (3), panels (a) and (b) respectively show the effects of transmission coeffi-
cients 3 and the modification factor for asymptomatic individuals ¢, to reproduction num-
ber dynamics. These parameters have a positive impact on the value of Ry in that in-
crease(decrease) in these parameters causes a corresponding increase(decrease) in R, .
Moreover, from panels (c) and (d), we depict that vaccination rate 6 is the most significant
of these parameters in abasing COVID-19 transmission. It is also evident that increased
identification and treatment rate k of asymptomatic causes a substantial reduction on R, .

4. Numerical results and discussion

In this section, we endeavor to discuss the behavior derived from the numerical sim-
ulations. The model parameters utilized are those listed in table (4). Figure (5) shows
the temporal variations of different population compartments. From the projection, it is
apparent that the asymptomatic population is responsible for upsurge of COVID-19 infec-
tions in Kenya. In figure (6) effect of reinfection coefficient on the recovered population
at different values are shown. The projection shows that the cumulative number of indi-
viduals becoming susceptible is great for large values of T and decreases when T assumes
low values
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Figure 3: Variation of R, with respect to: (a) the coefficient of transmission 3 (b) Modifi-
cation factor ¢ (c) the rate of detection and treatment of asymptomatic individuals k and
(d) the rate of administration of vaccine 6. The parameter values are those in table (4).
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Figure 4: Contour plot for R, with respect to (a) transmission rate  and rate of waning of
vaccine ¢ and (b) transmission rate (3 and rate of treatment of asymptomatic individuals
k. All parameter values are given in table (4) except for the varied parameters.
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Table 4: The model parameter values and source

Parameters Value Source(s)
i o [29, 30]
B 0.30000025 fitted

w L [31]

u T [29]

Y 0.00100 fitted

& 0.01075081 fitted

€ 0.18696757 fitted

104 1/15 [11, 34]
5 0.58873049 fitted

K 0.11032736 fitted

© 0.000225 Assumed
0 0.6785 Assumed
T 0.00145 Assumed

Table 5: The normalized forward sensitivity indices of R, to model parameters evaluated
at the baseline parameters as displayed in the table (4).

Parameters

Sensitivity indices

Values

2 QAR DML MG

’:Rv
=k,
T%\/
=&
—Ry
—w
—Ry
—e
TRV
®)
—Ry
—K
—Ry
=
—Ry

v

+1.0000000
+0.1532637
+0.0781661
+0.0086045
+0.0063422
-0.9978456
-0.0904906
-0.0634152
-0.0015598
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Figure 5: The time dependent variation of different population classes. All parameter
values are given in table 4.

Figure (7) explores effects the variations of detection and treatment coefficient k of
asymptomatic population to the exposed, asymptomatic, symptomatic and recovered pop-
ulation. The projections points to the fact that increase in the value of k leads to the
decrease in the number of infectives and increase in the number of recovered individuals
which ultimately leads to reduction in Ry.
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Figure 6: Effect of reinfection on the recovered individuals. All parameter values are
given in table (4) except for the varied parameter and 3 = 0.250000025 so that Ry, =
0.8792776 < 1.
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Figure 7: Projections with varying effect of detection and treatment rate of (a) ex-
posed (b) asymptomatic (c) symptomatic and (d) recovered individuals at values of
k = 0.035033(R, = 0.933579 < 1), k = 0.058033(R, = 0.916991 < 1), k = 0.071033(R, =
0.907616 < 1), k = 0.141033(R, = 0.857133 < 1). All parameter values are given in table
(4) except for B = 0.250000025 and the varied parameter.

5. Discussion and conclusions

In this paper, we formulated and theoretically analyzed a non-linear deterministic model
for COVID-19 by incorporating the vaccination of the susceptible and detection and treat-
ment of the asymptomatic population as the disease transmission reduction measures. We
obtained the feasible region where the model has been proved to be epidemiologically
well posed. We utilized the next generation matrix method to derive the reproduction
number R,. Moreover, we verified the local stability of the disease free equilibrium point
by utilizing the Jacobian matrix, trace determinant method and Routh-Hurwitz criteria.
The analytical results points to the fact that COVID-19 free-equilibrium is locally as
well as globally asymptotically stable if R, < 1 and unstable if R, > 1. The global sta-
bility of CFE and COVID-19 endemic-equilibrium are investigated via Lyapunov function
and LaSalle’s Invariance principle. We also proved the condition for the existence of back-
ward bifurcation using the center manifold theory as applied by Castillo-Chavez and Song
where it was shown that this phenomenon is driven by the rate of reinfection of the recov-
ered individuals. From epidemiological view point, the implication of this is the possible
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coexistence of both CFE and CEE points even after the classical requirement of reducing
the reproduction number below unit for the disease eradication has been met. This would
frustrate the government and the policy makers’ efforts to reduce infections.

In the segment of parameter estimation, the model is fitted with real data of COVID-
19 infected cases in Kenya as reported from March 30, 2020 to March 30, 2022. In the
sensitivity analysis, the normalized sensitivity indices of R, reveals that the most sensi-
tive parameters are (3, ¢ and ¢ with positive sign which implies that decreasing contact
rate between the susceptible and the infectives through maintaining social distance, use
of face masks and washing hands with soap water among other non-pharmaceutical mea-
sures would decrease R,. Furthermore, the parameters 0 and « are the most sensitive
parameters with negative sign. This signifies that to reduce COVID-19 transmission, con-
certed efforts towards vaccinating the susceptible, administering booster vaccine to the
vaccinated individuals and early detection and treatment of the asymptomatic individuals
should be prioritized by public health policy makers.
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