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Abstract

The generalized BP−recurrent space and generalized BP− bi-recurrent space are introduced by [3, 5].
In this paper, we establish two theorems that clarify the relationship between Pijkh and Rijkh, and we prove
them in the spaces mentioned above. Moreover, the necessary and sufficient conditions for Rijkh, satisfying
the generalized recurrence and bi-recurrence property, are obtained.
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1. Introduction

The Finslerian geometrics has studied the generalized recurrence and bi-recurrence
properties. Pandey et al. [19], Qasem and Abdallah [8, 9], Qasem and Baleedi [12]
and Alaa et al. [4] introduced the generalized recurrent Finsler spaces for Hi

jkh, Ri
jkh,

Ki
jkh and Pi

jkh, respectively. Also, Alaa et al. [6] studied the generalized BR−recurrent
space and obtained certain identities belonging to it. The generalized property for normal
projective curvature tensor Ni

jkh in the sense of Berwald has been introduced by [11].
In the same regard, Alaa et al. [2] introduced the generalized birecurrent Finsler

spaces for Pi
jkh. Qasem [7] studied a generalized H−birecurrent space, and Qasem

and Hadi [13] introduced a generalized BR−birecurrent space. In addition, Qasem and
Saleem [10] studied the projective curvature tensor Wi

jkh, which satisfies the generalized
birecurrence property. Further, Zlatanovic and Mincic [16] introduced several identities
for some curvature tensors in generalized Finsler space. This paper aims to discuss Car-
tan’s third curvature tensor Ri

jkh in two Finsler spaces.
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2. Preliminaries

This section will provide some equations and definitions for this paper. Let Fn be
an n˘dimensional Finsler space equipped with the metric function F(x,y) satisfying the
request conditions [1, 18, 20]. The vector yi is defined by

yi = gij(x,y)yj. (2.1)

Two sets of quantities gij and its associative gij are connected by

gijg
ik = δkj =

{
1 if j = k,
0 if j ̸= k.

(2.2)

Given Eqs. (2.1) and (2.2), we have

a) δiky
k = yi, b) δijgir = gjr, c) δikyi = yk and d) δijyi = yj. (2.3)

Matsumoto [17] introduced the (h)hv−torsion tensor Cijk that is positively homogeneous
of degree -1 in yi and symmetric in all its indices and defined by

Cijk =
1
2
∂̇igjk =

1
4
∂̇i∂̇j∂̇kF

2.

The above tensor satisfies the following

a) Cijky
i = Ckijy

i = Cjkiy
i = 0 and b) δikCjil = Cjkl. (2.4)

Berwald covariant derivative Bk of an arbitrary tensor field T i
j with respect to xk is given

by [14]

BkT
i
j = ∂kT

i
j − (∂̇rT

i
j )G

r
k + Tr

j G
i
rk − T i

rG
r
jk.

Berwald covariant derivative of the vector yi and metric tensor gij satisfy

a) Bky
i = 0 and b) Bkgij = −2Cijk|hy

h = −2yhBhCijk. (2.5)

The h−curvature tensor (Cartan’s third curvature tensor) is defined by

Ri
jkh = ∂hΓ

∗i
jk +

(
∂̇ℓΓ

∗i
jh

)
Gℓ

k +Gi
jm

(
∂hG

m
k −Gm

hℓG
ℓ
k

)
+ Γ∗imhΓ

∗m
jk − h/k.

This tensor satisfies the following relations

Ri
jki = Rjk. (2.6)

The curvature tensor Ri
jkh, its associative Rrjkh, R˘Ricci tensor Rjk and curvature vector

Rk satisfy

a) Rrjkh = griR
i
jkh, b) Rjky

j = Rk, and c) Ri
jkhy

j = Hi
kh = Ki

jkhy
j. (2.7)

The tensor Pi
jkh called hv−curvature tensor (Cartan’s second curvature tensor) is posi-

tively homogeneous of degree in and yi defined by [14]

Pi
jkh = ∂̇hΓ

∗i
jk +Ci

jrP
r
kh −Ci

jh|k.
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The associate tensor Pijkh, torsion tensor Pi
kh and P−Ricci tensor Pjk of hv−curvature

tensor Pi
jkh satisfies the relations

a) Pijkh = girP
r
jkh, b) Pi

jkhy
j = Γ∗ijkhy

j = Pi
kh = Ci

kh|ry
r, (2.8)

c) Pi
jki = Pjk, and d) Pi

jkyi = 0.

Alaa et al. [2, 3] introduced the generalized BP− recurrent space and generalized BP−bi-
recurrent space which are characterized by the conditions

BmPi
jkh = λmPi

jkh + µm

(
δijgkh − δikgjh

)
, (2.9)

and

BlBmPi
jkh = almPi

jkh + blm

(
δijgkh − δikgjh

)
(2.10)

−2ytµmBt

(
δijCkhl − δikCjhl

)
,

respectively. These spaces denoted them by G(BP)−RFn and G(BP)−BRFn, respectively.
Transvecting the condition (2.9) by gil, using Eqs. (2.8), (2.5) and (2.3), we get

BmPljkh = λmPljkh + µm

(
gljgkh − glkgjh

)
+ 2Pi

jkhy
tBtCilm. (2.11)

Transvecting the condition (2.9), by yj, using Eqs. (2.8), (2.5), (2.3) and (2.1), we get

BmPi
kh = λmPi

kh + µm

(
yigkh − δikyh

)
. (2.12)

Contracting the indices i and h in the condition (2.9), using Eqs. (2.8) and (2.3), we get

BmPjk = λmPjk. (2.13)

Transvecting the condition (2.10) by yj, using Eqs. (2.8), (2.5), (2.3), (2.1) and (2.4), we
get

BlBmPi
kh = almPi

kh + blm

(
yigkh − δikyh

)
− 2ytµmBt

(
yiCkhl

)
. (2.14)

Contracting the indices i and h in the condition (2.10), using Eqs. (2.8), (2.3) and (2.4),
we get

BlBmPjk = almPjk. (2.15)

3. Main Result

In this section, we focus on the conditions for Cartan’s third curvature tensor Ri
jkh that

satisfies the generalized recurrence and bi-recurrence property in generalized BP−recurrent
space and generalized BP−bi-recurrent space, respectively. The holomorphically projec-
tive curvature tensor Ph

ijk is defined by [15]

Ph
ijk = Rh

ijk +
1

n+ 2
(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
, (3.1)



Alaa A. Abdallah / Study on the Relationship Between Two Curvature Tensors in ... 115

where Sij = Fai Raj. Transvecting Eq. (3.1) by ghl, using Eqs. (2.8), (2.7) and put
(ghlF

h
j = gjl), we get

Plijk = Rlijk +
1

n+ 2
(
Rikgjl − Rjkgil + Sikgjl − Sjkgil + 2Sijgkl

)
(3.2)

+2Ph
ijky

tBtChlm.

Transvecting Eq. (3.1) by yi, using Eqs. (2.8), (2.5), (2.7) and (2.1), we get

Ph
jk = Hh

jk +
1

n+ 2
(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

. (3.3)

Contracting the indices i and h in Eq. (3.1), using Eqs. (2.8), (2.6), (2.3) and put (SikFij =
Sjk), we get

Pjk = Rjk +
1

n+ 2
[
(1 −n)Rjk + (3 −n)Sjk

]
. (3.4)

In the next theorem, we obtain the condition for Ri
jkh that satisfies the generalized recur-

rence property.

Theorem 3.1. In G(BP) − RFn, Cartan’s third curvature tensor Rh
ijk is a generalized B−

recurrent if and only if the tensor
(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
behaves as

recurrent.

Proof. Let us consider a G(BP)−RFn, i.e, characterized by the condition (2.9). Taking
B−covariant derivative for Eq. (3.1) with respect to xm and using the condition (2.9), we
get

BmRh
ijk = λmPh

ijk + µm

(
δhi gjk − δhj gik

)
−

1
n+ 2

Bm

(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
.

Using Eq. (3.1) in above equation, we get

BmRh
ijk = λmRh

ijk + µm

(
δhi gjk − δhj gik

)
+

1
n+ 2

λm
(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
−

1
n+ 2

Bm

(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
.

This shows that

BmRh
ijk = λmRh

ijk + µm

(
δhi gjk − δhj gik

)
if and only if

B
(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
= λm

(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
.
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The above equation means that the behavior of
(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
is recurrent. The proof for this theorem is completed.

Now, we have a result related to the last theorem. Taking B−covariant derivative for
Eq. (3.2) with respect to xm and using Eq. (2.11), we get

BmRlijk = λmPljkh + µm

(
gjlgkh − gklgjh

)
+ 2Pi

jkhy
tBtCilm

−
1

n+ 2
Bm

(
Rikgjl − Rjkgil + Sikgjl − Sjkgil + 2Sijgkl

)
− 2Ph

ijky
tBtChlm.

Using Eq. (3.2) in above equation, we get

BmRlijk = λmRljkh + µm

(
gjlgkh − gklgjh

)
+ 2Pi

jkhy
tBtCilm

+
1

n+ 2
λm

(
Rikgjl − Rjkgil + Sikgjl − Sjkgil + 2Sijgkl

)
−

1
n+ 2

Bm

(
Rikgjl − Rjkgil + Sikgjl − Sjkgil + 2Sijgkl

)
.

This shows that

BmRlijk = λmRljkh + µm

(
gjlgkh − gklgjh

)
+ 2Pi

jkhy
tBtCilm (3.5)

if and only if

Bm

(
Rikgjl − Rjkgil + Sikgjl − Sjkgil + 2Sijgkl

)
(3.6)

= λm
(
Rikgjl − Rjkgil + Sikgjl − Sjkgil + 2Sijgkl

)
.

Taking B−covariant derivative for Eq. (3.3) with respect to xm and using Eq. (2.12),
we get

BmHh
jk = λmPh

jk + µm

(
yhgjk − δhkyj

)
−

1
n+ 2

Bm

(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

.

Using Eq. (3.3) in above equation, we get

BmHh
jk = λmHh

jk + µm

(
yhgjk − δhkyj

)
+

1
n+ 2

λm
(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

−
1

n+ 2
Bm

(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

.

This shows that

BmHh
jk = λmHh

jk + µm

(
yhgjk − δhkyj

)
(3.7)

if and only if

Bm

(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

(3.8)

= λm
(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

.
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Taking B−covariant derivative for Eq. (3.4) with respect to xm and using Eq. (2.13),
we get

BmRjk = λmPjk −
1

n+ 2
Bm

[
(1 −n)Rjk + (3 −n)Sjk

]
.

Using Eq. (3.4) in above equation, we get

BmRjk = λmRjk +
1

n+ 2
λm

[
(1 −n)Rjk + (3 −n)Sjk

]
−

1
n+ 2

Bm

[
(1 −n)Rjk + (3 −n)Sjk

]
.

This shows that

BmRjk = λmRjk (3.9)

if and only if

Bm

[
(1 −n)Rjk + (3 −n)Sjk

]
= λm

[
(1 −n)Rjk + (3 −n)Sjk

]
. (3.10)

The equations (3.6), (3.8) and (3.10) refer to the behavior of(
Rikgjl − Rjkgil + Sikgjl − Sjkgil + 2Sijgkl

)
,
(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

and
[
(1 −n)Rjk + (3 −n)Sjk

]
are recurrent, respectively. Thus, we conclude the follow-

ing corollary:

Corollary 3.2. In G(BP) − RFn, Berwald’s covariant derivative of first order for Rlijk, Hh
jk

and Rjk are given by Eqs. (3.5), (3.7) and (3.9) if and only if the tensors(
Rikgjl − Rjkgil + Sikgjl − Sjkgil + 2Sijgkl

)
,
(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

and
[
(1 −n)Rjk + (3 −n)Sjk

]
behave as recurrent, respectively.

In the next theorem, we obtain the condition Ri
jkh that satisfies the generalized bi-

recurrence property.

Theorem 3.3. In G(BP) − BRFn, Cartan’s third curvature tensor Ri
jkh is a generalized

B−bi-recurrent if and only if the tensor
(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
behaves

as bi-recurrent.

Proof. Let us consider a G(BP) − BRFn, i.e, characterized by the condition (2.10).
Taking B−covariant derivative for Eq. (3.1) twice with respect to xm and xl, using the
condition (2.10), we get

BlBmRh
ijk = almPh

ijk + blm

(
δhi gjk − δhj gik

)
− 2ytµmBt

(
δhi Cjkl − δhj Cikl

)
−

1
n+ 2

BlBm

(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
.

Using Eq. (3.1) in above equation, we get

BlBmRh
ijk = almRh

ijk + blm

(
δhi gjk − δhj gik

)
− 2ytµmBt

(
δhi Cjkl − δhj Cikl

)
+

1
n+ 2

alm

(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
−

1
n+ 2

BlBm

(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
.
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This shows that

BlBmRh
ijk = almRh

ijk + blm

(
δhi gjk − δhj gik

)
− 2ytµmBt

(
δhi Cjkl − δhj Cikl

)
if and only if

BlBm

(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
= alm

(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
.

The above equation refers to the behavior of
(
Rikδ

h
j − Rjkδ

h
i + SikF

h
j − Sjkδ

h
i + 2SijFhk

)
is bi-recurrent. The proof for this theorem is completed.

Now, we have a result related to the last theorem. Taking B−covariant derivative for
Eq. (3.3) twice with respect to xm and xl, using Eq. (2.14), we get

BlBmHh
jk = almPh

jk + blm

(
yhgjk − δhkyj

)
− 2ytµmBt

(
yhCjkl

)
−

1
n+ 2

BlBm

(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

.

Using Eq. (3.3) in above equation, we get

BlBmHh
jk = almHh

jk + blm

(
yhgjk − δhkyj

)
− 2ytµmBt

(
yhCjkl

)
+

1
n+ 2

alm

(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

−
1

n+ 2
BlBm

(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

.

This shows that

BlBmHh
jk = almHh

jk + blm

(
yhgjk − δhkyj

)
− 2ytµmBt

(
yhCjkl

)
(3.11)

if and only if

BlBm

(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

(3.12)

= alm

(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

.

Taking B−covariant derivative for Eq. (3.4) twice with respect to xm and xl, using
Eq. (2.15), we get

BlBmRjk = almPjk −
1

n+ 2
BlBm

[
(1 −n)Rjk + (3 −n)Sjk

]
.

Using Eq. (3.4) in above equation, we get

BlBmRjk = almRjk +
1

n+ 2
alm

[
(1 −n)Rjk + (3 −n)Sjk

]
−

1
n+ 2

BlBm

[
(1 −n)Rjk + (3 −n)Sjk

]
.

This shows that

BlBmRjk = almRjk (3.13)
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if and only if

BlBm

[
(1 −n)Rjk + (3 −n)Sjk

]
= alm

[
(1 −n)Rjk + (3 −n)Sjk

]
. (3.14)

The equations (3.12) and (3.14) mean that the behavior of(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

and
[
(1 −n)Rjk + (3 −n)Sjk

]
are bi-recurrent,

respectively. Thus, we conclude the following corollary:

Corollary 3.4. In G(BP) − BRFn, Berwald’s covariant derivative of second order for Hh
jk

and Rjk give Eqs. (3.11) and (3.13) if and only if the tensors(
Rkδ

h
j − Rjky

h + SkF
h
j − Sjky

h + 2SjFhk
)

and
[
(1 −n)Rjk + (3 −n)Sjk

]
behave as bi-recurrent,

respectively.

4. conclusion

We obtained the necessary and sufficient condition for Ri
jkh, which be generalized

recurrent and bi-recurrent in G(BP) − RFn and G(BP) −BRFn, respectively.
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