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Abstract

The generalized BP—recurrent space and generalized BP— bi-recurrent space are introduced by [3, 5].
In this paper, we establish two theorems that clarify the relationship between Pj‘kh and R}kh, .and we prove
them in the spaces mentioned above. Moreover, the necessary and sufficient conditions for R}kh, satisfying
the generalized recurrence and bi-recurrence property, are obtained.
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1. Introduction

The Finslerian geometrics has studied the generalized recurrence and bi-recurrence
properties. Pandey et al. [19], Qasem and Abdallah [8, 9], Qasem and Baleedi [12]
and Alaa et al. [4] introduced the generalized recurrent Finsler spaces for H}kh, R}kh,
K}kh and P].ikh, respectively. Also, Alaa et al. [6] studied the generalized BR—recurrent
space and obtained certain identities belonging to it. The generalized property for normal
projective curvature tensor N)?kh in the sense of Berwald has been introduced by [11].

In the same regard, Alaa et al. [2] introduced the generalized birecurrent Finsler
spaces for P].ikh. Qasem [7] studied a generalized H—birecurrent space, and Qasem
and Hadi [13] introduced a generalized 83R—birecurrent space. In addition, Qasem and
Saleem [10] studied the projective curvature tensor W].ikh, which satisfies the generalized
birecurrence property. Further, Zlatanovic and Mincic [16] introduced several identities
for some curvature tensors in generalized Finsler space. This paper aims to discuss Car-
tan’s third curvature tensor R}kh in two Finsler spaces.
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2. Preliminaries

This section will provide some equations and definitions for this paper. Let F,, be
an n"dimensional Finsler space equipped with the metric function F(x,y) satisfying the
request conditions [1, 18, 20]. The vector y; is defined by

yi = gy (x y)y'. 2.1
Two sets of quantities gi; and its associative g/ are connected by
. 1if j=k
ik k 7
gt = ok = 2.2
Ji9 ) {0 if j#k. (2.2)
Given Egs. (2.1) and (2.2), we have
a) dty* =y, b) 6}9” =gjr, ¢)dLyi=yx and d) 6}131 =Yj. (2.3)

Matsumoto [17] introduced the (h)hv—torsion tensor Cjjy that is positively homogeneous
of degree -1 in y! and symmetric in all its indices and defined by

1, 1 s s 0
Eaigjk = Zala] akF .

The above tensor satisfies the following

Cijk =

a) Cijy' = Crijy' = Gy =0 and  b) 8;Cji1 = Cjrr. 2.4)

Berwald covariant derivative By of an arbitrary tensor field Tji with respect to x¥ is given
by [14]

BiT) = 0 T — (0:TH)GL + T Gy — TIG],..
Berwald covariant derivative of the vector y* and metric tensor gy; satisfy

a) Bry' =0 and b) Brgyj = —2Cijiny™ = —2y"BpCijx. (2.5)
The h—curvature tensor (Cartan’s third curvature tensor) is defined by

Rin = Onlii + (deli) Gk + Gl (0nGE — Gy GR) + T Ti™ — h/k.
This tensor satisfies the following relations

Rii = Rjk. (2.6)

The curvature tensor R}kh, its associative R jin, R'Ricci tensor Rjy and curvature vector
Ry satisfy

a) Ryjkn = griRin, b) Rjxy) =Ry, and ¢) Ripy = Hyy, =Ky 2.7)

The tensor Pjikh called hv—curvature tensor (Cartan’s second curvature tensor) is posi-
tively homogeneous of degree in and y' defined by [14]

i A pxi, ~iopr i
Pixn = Onlji + G5 P — G-
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The associate tensor Pijyy, torsion tensor P}{h and P—Ricci tensor Pj, of hv—curvature
tensor lekh satisfies the relations

a) Pijkn = GirPjxn, b) Pjikhyj = rj*ﬁhyj =P = Clichlryr/ (2.8)
¢)Phi=Pjx, and  d)Phy; =0.

Alaa et al. [2, 3] introduced the generalized 8P— recurrent space and generalized BP—bi-
recurrent space which are characterized by the conditions

BmPiin = AmPjin + m <5}9kh - 5li<gjh>, (2.9)
and
B1BmPlin = QmPin +bim (5}91&1 - 5}<95h) (2.10)
—2y By (5}Ckh1 — 51.2th1>,

respectively. These spaces denoted them by G(25P) — RF,, and G(28P) — BRF,,, respectively.
Transvecting the condition (2.9) by g;1, using Egs. (2.8), (2.5) and (2.3), we get

BmPlikh = AmPljkn + wm (gljgkh — 91k9jh> + ZP}khyt%tCum. (2.11)
Transvecting the condition (2.9), by yJ, using Egs. (2.8), (2.5), (2.3) and (2.1), we get

BmPi = AmPiy + fm (gigkh - 5]1%). (2.12)
Contracting the indices i and h in the condition (2.9), using Egs. (2.8) and (2.3), we get

BmPji = AmPjk. (2.13)

Transvecting the condition (2.10) by yJ, using Egs. (2.8), (2.5), (2.3), (2.1) and (2.4), we
get

BB mPhn = aumPhn + b (Y800 — 5k ) — 2y hm B (¥ Cioma ). (2.14)

Contracting the indices i and h in the condition (2.10), using Egs. (2.8), (2.3) and (2.4),
we get

B1BmPjx = arm Pjx- (2.15)

3. Main Result

In this section, we focus on the conditions for Cartan’s third curvature tensor R}kh that
satisfies the generalized recurrence and bi-recurrence property in generalized BP—recurrent
space and generalized BP—bi-recurrent space, respectively. The holomorphically projec-
tive curvature tensor P{ljk is defined by [15]

1

PR =RE + — (Rird] — Rjicd + SixcF' — Sjicdt + 284 F) (3.1)
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where Si; = F{Ryj. Transvecting Eq. (3.1) by gni, using Egs. (2.8), (2.7) and put
(QhLF]h = gj1), we get

1
Piijk = Rujk+ — (Rikgj1 — Rjkgit + Sikgjt — Sjkgit +2Sij9k1) (3.2)

+2P%kyt%t Chlm-

Transvecting Eq. (3.1) by y?, using Egs. (2.8), (2.5), (2.7) and (2.1), we get

h h

; (Ricdf" — Rjrey™ + SkF — Sjiey™ + 2S5F1) (3.3)

n+2

Contracting the indices i and h in Eq. (3.1), using Egs. (2.8), (2.6), (2.3) and put (SikF]? =
Six), we get

1
ij = Rjk+ m [(1 —Tl.) Rjk+ (3—1’1) Sjk] . (3.9

In the next theorem, we obtain the condition for R}kh that satisfies the generalized recur-
rence property.

Theorem 3.1. In G(*BP) — RF,,, Cartan’s third curvature tensor R?jk is a generalized 5—
recurrent if and only if the tensor <R1k5]h — Rjid} + S F — Sjdf +2$ijFE> behaves as

recurrent.

Proof. Let us consider a G(BP) — RF,,, i.e, characterized by the condition (2.9). Taking
B—covariant derivative for Eq. (3.1) with respect to x™ and using the condition (2.9), we
get

BuREx = AmPhi+ wm (88 g5k — 8] gix)
1
—m%m (Rikélh — Rjké? + SikF)h — Sjké? + ZSijFL‘) .

Using Eq. (3.1) in above equation, we get

BmRE = AmRE+pm (819 — 8f'gix)
1
tgm (Rirdf — Ryicdit + SuFJ — Sjic 81 + 2545 F)

1
35 (Rired]" — Rjed] + SircFJ' — Sjdf + 2845 Fy) -

This shows that
sBmR%k = }‘mR%k + Hm (51119jk - 5}19ik)
if and only if
B (Rird]' — Rj + SucFj* — Sjucd] + 245 F)
= Am (Rirdf — Ryicdi* + SurFJ — Sjie81 + 2545 F) .
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The above equation means that the behavior of (Riké)h — Ry + SikF]h — S5 81 + 2S5 FE)
is recurrent. The proof for this theorem is completed.

Now, we have a result related to the last theorem. Taking 6—covariant derivative for
Eq. (3.2) with respect to x™ and using Eq. (2.11), we get

BmRiijk = AmPljkh + tm (g519kn — grigin) + ZP}khyt%tCum
1

—m‘Bm (Rixgjt — Rjkgit + Sikgj1 — Sjrgit +2Sijgx1) — ZP%kyt%tChlm~

Using Eq. (3.2) in above equation, we get

BmRiijk = AmRijkh + Hm (9519kn — 9K19jh) +2P}khyt’3tcum

+m7\m (Rikgjt — Rjkgit + Sikgjt — Sjkgit +2Sij9k1)
1
_m%m (Rikgj1 — Rjkgit + Sixgjt — Sjkgit +2Sij9k1) -

This shows that

BmRiijk = AmRijkh + tm (g519kh — gk1gjn) +2P}khyt’3tcum (3.5)
if and only if
B (Rikgjt — Rjkgit + Sikgjt — Sjkgit + 2Sij9x1) (3.6)
=Am (Rikgjt — Rjkgit + Sikgjt — Sjkgir + 2Sijgx1) -

Taking ®B—covariant derivative for Eq. (3.3) with respect to x™ and using Eq. (2.12),
we get

BmHi = AP+ om (Y g5k — 51y;)

1
— 5B (Ricd — Ryuey™ + SkF — Sjey™ + 2S5 FR) .

Using Eq. (3.3) in above equation, we get
BmHi = AmHk +pm (U g5 — 87y;)
1
+ 5 (Rid] — Rjiey™ + SFI* — Sjiy™ + 2S5 F)

1
——— B (Rkd! — Rjiy™ + Sk FJ — Sjey™ 4 285FL)

n+2
This shows that
BnHfk = A HP + 1 (" 056 — 5Ry;) (3.7)
if and only if
B (Ricd — Rjcy™ + SicFl' — Sjicy™ + 285 F) (3.8)

=Amn (Rk5]h — Rjkyh + SkF]h — Sjkyh +ZSjFE) .
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Taking B—covariant derivative for Eq. (3.4) with respect to x™ and using Eq. (2.13),
we get

1

‘Bijk = Ampjk — m’Bm [(1 —Tl) Rjk + (3 —Tl) Sjk] .

Using Eq. (3.4) in above equation, we get
1
%ijk = Aijk + m?\m [(1 —n) Rjk +(3—mn) Sjk]
1

This shows that

BmRjk = AmRjx (3.9)
if and only if

B [(1—1)Rj + (3—1) Sji] =Am [(1—1) Rj + (3—n) Sji] - (3.10)

The equations (3.6), (3.8) and (3.10) refer to the behavior of

(Rikgjt — Rjkgit + Sikgjt — Sjkgit +2Sijgx1), (kai)h — Rjiy™ + SicF = Sjry™ + 255F]£>
and [(1 —n)Rjx+(3—mn) Sjk} are recurrent, respectively. Thus, we conclude the follow-
ing corollary:

Corollary 3.2. In G(*BP) — RFy, Berwald’s covariant derivative of first order for Ryijx, H]hk
and Rjy are given by Egs. (3.5), (3.7) and (3.9) if and only if the tensors

(Rikgjt — Rjkgit + Sikgjt — Sjkgit + 254 9x1), (Rk5}1 —Rjry™ + SkF}l — Sy + 255F1]2)
and [(1 —n)Rjx +(3—mn) Sjk} behave as recurrent, respectively.

In the next theorem, we obtain the condition R}kh that satisfies the generalized bi-
recurrence property.

Theorem 3.3. In G(BP) — BRF,,, Cartan’s third curvature tensor R}kh is a generalized
B —bi-recurrent if and only if the tensor <Rik6jh — Ry dl + SikF)h — S + ZSijFE> behaves
as bi-recurrent.

Proof. Let us consider a G(*BP) — BRF,, i.e, characterized by the condition (2.10).
Taking B—covariant derivative for Eq. (3.1) twice with respect to x™ and x!, using the
condition (2.10), we get

BB mRE = aimPh +bim (81'95x — 8 gix) — 2y um B (8] Cjrr — 8 Cirer)

1
—m%l%m (Rikéjh — Rjké? + SikF)h _— Sjké? + ZSijFL‘) .

Using Eq. (3.1) in above equation, we get

BIBmRY = aimRYy +bim (87 g5k — 8] gix) — 2y wm B (8] Cjrr — 8} Cira)

1
_|_
n-+
1

— 5 BB (Rucd]! — Ryl + Suck]! — Syl +254FY).

5 aim (R1'_k5}Ll — Rjké? + SikF}L - Sjké? + ZsijFLL)
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This shows that
BIBmRY = atm R + bim (8195 — 8 gix) — 2y 1wm B¢ (8] Cjir — ' Curt)
if and only if
B1Bm (Rird] — Rjicdf" + SuF* — Sjic81 + 2545 Fy)
= Aim (Riké? — Rjk&-tl + SikF]h — Sjk&-tl + 2511- FE) .
The above equation refers to the behavior of (Rik5]h — Ry + SixcF — 381 + 281‘_)‘}:]]2)
is bi-recurrent. The proof for this theorem is completed.

Now, we have a result related to the last theorem. Taking 98—covariant derivative for
Eq. (3.3) twice with respect to x™ and x!, using Eq. (2.14), we get

BiBmH = amPik +bim (Y g5k — 0RY;) — 2y 1mBe (y"Cjia)

1
— 5 BB (Rid]! — Ryscy™ + S} — Sy + 2857

Using Eq. (3.3) in above equation, we get
%l%mH}lk = almHJhk +bim (yhgjk - 5Eyj) — 2y 1 By (yhcjkl)

1
+——aim (R} —Rjy™ + SiF) — Sjy™ + 255 F)

n+2
—niz%l%m (RiM — Rjrey™ + SicFI — Sjiey™ + 285 FR) .
This shows that
B1BmH = atmHf} + bim (Y™ g5k — 81Y5) — 2y wm Bt (y"Cjrr) (3.11)
if and only if
B1Bm (R — Rjiy™ + SicF" — Sjry™ + 2S5 F) (3.12)

= Aim (Rké;-n — Rjkyh + SkF;-n — Sjkyh + ZS]'FE) .

Taking B—covariant derivative for Eq. (3.4) twice with respect to x™ and x!, using
Eq. (2.15), we get

1
%l%ijk = aQimPjk — T—i—z%l%m [(1 —n) Rjx + (3—mn) Sjk} .

Using Eq. (3.4) in above equation, we get

1
B1BmRjx = alijk‘f’malm [(1—n)Rji + (3—n) Sji]

1

This shows that

B1BmRjk = armRjx (3.13)
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if and only if
B1Bm [(1 —n) Rjk +(3—n) Sjk] = dim [(1 —n) Rjk +(3—mn) Sjk] . (3.14)

The equations (3.12) and (3.14) mean that the behavior of
(Rké}‘ —Rjry™ + SkF}L —Sjy + ZS]-FL‘> and [(1 —n) Rji + (3 —n) Sji] are bi-recurrent,
respectively. Thus, we conclude the following corollary:

Corollary 3.4. In G(BP) — BRF,,, Berwald’s covariant derivative of second order for H}‘k
and Rjy give Egs. (3.11) and (3.13) if and only if the tensors

(Rkélh —Rjxy" + SkF}L —Sjy™ + ZSij and [(1—n) Rjx + (3 —n) Sjx] behave as bi-recurrent,
respectively.

4. conclusion

We obtained the necessary and sufficient condition for R}kh, which be generalized
recurrent and bi-recurrent in G(8P) — RF,, and G(8P) — BRF,,, respectively.
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