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Abstract

By using w—open sets in this work, we introduce and study some new classes of open sets in topological
spaces that are finer than those of open sets. The continuity via these classes will be introduced and studied.
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1. Introduction

Many authors in general topology introduced and studied some classes of weak or strong
forms of open sets in topological spaces. Levine, [4] 1970 introduced the notion of gen-
eralized open sets, a weak form of open sets. In 1982 Hdeib [2] introduced the notion
of omega— open sets as a weak form of open sets. The authors [3] introduced the weak
form for an open set, which is called a B—open set. In 2005, Al-Zoubi [1] introduced the
generalization property of w—open sets to get a weak form of w—open sets. Noiri and
Noorani [5] introduced the notion of ©(w)—open set which is a weak form for a w—open
sets and a B—open sets.

In this paper, we introduce the concept of generalized ©(w)—open sets by utilizing the
O(w)—closure operator. Furthermore, the relationship with the other known sets will be
studied. Next we introduce the notions of ©(w)—continuous, generalized ©(w)—continuous,
Slightly and Contra ®(w)—Continuous functions.
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2. Preliminaries

Theorem 2.1. [6] For a topological space (X,t) and A,B C X, if B is an open set in X
then Cl(A)capB C CL(A N B), where Cl(A) is the closure of a set A.

Theorem 2.2. [6] For a topological space (X, 1),

1. CUX—A)=X—Int(A) forall A C X.
2. Int(X—A) = X— CL(A) forall A C X,

where Int(A) is the interior set of a set A.

Definition 2.3. [4] A subset A of a topological space (X, T) is called generalized closed
(simply g—closed) set, if CL(A) C U whenever A C U and U is open subset of (X, T). The
complement of g—closed set is called generalized open (simply g—open) set.

Theorem 2.4. [4] Every closed set is a g—closed set.

Definition 2.5. A topological space (X, T) is called:

1. Ty p—space [4] if every g—closed set is closed set.
2. Ty—space [6] if for each disjoint point x # y € X, there are two open sets G and H in
Xsuchthatx e H,ye G, x¢ Gandy ¢ H.

Theorem 2.6. [7] A topological space (X, ) is T; ,—space if and only if every singleton
set is open or closed set.

Theorem 2.7. [6] A topological space (X, T) is T;—space if and only if every singleton set
is closed set.

Definition 2.8. [2] A subset A of a space X is called w—open set if for each x € A, there
is an open set Uy containing x such that Uy — A is a countable set. The complement of a
omega— open set is called a omega— closed set. The set of all w—closed sets in X denoted
by wC(X, 1) and the set of all w—open sets in X denoted by wO(X, 7).

Theorem 2.9. [2] Every open set is w—open set.

Theorem 2.10. [2] For a topological space (X, T), the pair [X, wO(X, t)] forms a topologi-
cal space.

For a topological space (X,t) and A C X, the w—closure set of A is defined as the
intersection of all w—closed subsets of X containing A and is denoted by Cl,(A). The
w—interior set of A is defined as the union of all w—open subsets of X contained in A and
is denoted by Int, (A).

Definition 2.11. [1] A subset A of a space X is called generalized w—closed set (simply
gw—closed) set if Cly,(A) € U whenever A C U and U is open set. The complement of
generalized w—closed set is called generalized w—open set (simply gw—open) set.

Theorem 2.12. [1] Every g—closed set is a gw—closed set.



S Dawood / Some classes of open sets in topological spaces... 103

Definition 2.13. [5] A subset A of a topological space (X,T) is called ©(w)—open set if
A C ClInty(CL(A))). The complement of ©(w)—open set is called ©(w)—closed set. The
set of all ©(w)—closed sets in X denoted by ©(w)C(X, t) and the set of all ©(w)—open sets
in X denoted by ©(w)O(X, 7).

Theorem 2.14. [5] The union of arbitrary of ®(w)—open sets is ©(w)—open set.
Theorem 2.15. [5] Every w—open set is ©(w)—open set.
Definition 2.16. A function f: (X,t) — (Y, p) of a space (X, ) into a space (Y, p) is called:

1. g—continuous function [4] if f~1(U) is a g—open set in X for every open set U in Y.

2. w—continuous function [2] if for each x € X and for an open set G in Y containing
f(x), there is a w—open set U in X containing x such that f(U) C G.

3. gw—continuous function [1] if f~1(U) is a gw—open set in X for every open set U in
Y.

Theorem 2.17. [2] A function f : (X,t) — (Y, p) is a w—continuous function if and only
if f~1(U) is a w—open set in X for every open set U in Y.

It is clear that Every continuous function is g—continuous function [4], every continu-
ous function is w—continuous function [2], every w—continuous function is gw—continuous
function [1] and every g—continuous function is gw—continuous function [1].

3. Generalized ® (w)—open sets

Definition 3.1. A subset A of a topological space (X, T) is called ©(w)—open set if A C
Cl(Inty, (CL(A))). The complement of ©(w)—open set is called ©(w)—closed set. The set of
all ©(w)—closed sets in X denoted by O(w)C(X, t) and the set of all ©(w)—open sets in X
denoted by ©(w)O(X, 7).

For a topological space (X,t) and A C X, the ©(w)—closure set of A is defined
as the intersection of all ®(w)—closed subsets of X containing A and is denoted by
Clg(w)(A). The ©(w)—interior set of A is defined as the union of all ©(w)—open subsets
of X contained in A and is denoted by Intg(y,)(A). From Theorem (2.14), Clg()(A) is
a O(w)—closed subsets of X and Intg()(A) is ©(w)—open subsets of X.

Definition 3.2. A subset A of a topological space (X, T) is called generalized ©(w)—closed
(simply Gg(w)—closed) set, if Clg(w)(A) € U whenever A C U and U is open subset
of (X,T). The complement of Gg(q)—closed set is called generalized ®(w)—open (simply
Go(w)—open) set.

For a topological space (X, 1), the set of all Gg,,)—closed sets in X denoted by Gg,)C(X, T)
and the set of all Gg(,)—open sets in X denoted by Gg()O(X, T).

Example 3.3. For any topological space (X, T), if X is countable then it’s clear that every
subset of X is a both Gg(,)—closed and Gg()—open set. That is,

Go(w)0(X, 1) = Go(w)C(X, 1) = P(X),

where P(X) is the power of X.
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Example 3.4. Let (IR, Ty, ) be the real usual topological space on the set of real numbers R.
The rational set Q is a Gg(q)—closed set, since the irrational set IR is a ®(w)—open set, that

is, Clg(w)(Q) = Q.

Theorem 3.5. Any a countable subset of a topological space (X, 1) is a Gg(,)—closed set
in X.

Theorem 3.6. Every ©(w)—open set is Gg(y,)—o0pen set.
Corollary 3.7. Every ©(w)—closed set is Gg(,)—closed set.
The converse of the last theorem does not need to be true.

Example 3.8. In topological space (IR, 1), the set R —{2} is Gg(,)—closed set but it is not
O(w)—closed set, where Tt = {), R, R — {2, 3}}.

Theorem 3.9. Let (X, T) be a topological space. If (X,T) is a T; ,—space then every
Go(w)—Cclosed set in X is ©(w)—closed set in X.

Proof. Let A be a Gg(,)—closed set in X. Suppose that A is not O(w)—closed set. Then
there is at least x € Clg(y,)(A) such that x ¢ A. Since (X, ) is a T; ;,—space then by
Theorem (2.6), {x} is an open or closed set in X. If {x} is a closed set in X then X —{x} is
an open. Since x ¢ A then A C X —{x}. Since A is a Gg(,)—closed set and X —{x} is an
open subset of X containing A, then Clg(,)(A) € X —{x}. Hence x € X — Clg()(A) and
this a contradiction, since x € Clg(y,)(A). If {x} is an open set then it is ©(w)—open set.
Since x € Clg(w)(A) then we have {x} N A # (). That is, x € A and this a contradiction.
Hence A is a ©(w)—closed set in X. O

Theorem 3.10. Every gw—closed set is Gg(y,)—closed set.
Proof. Itis clear, since Clg(y,)(A) C Cly(A). O
The converse of the above theorem does not need to be true.

Example 3.11. In topological space (R, T), where T = {(), R, IRU{2}} and IR is a set of irra-
tional numbers, the set of rational numbers Q is ©(w)—open set. That is, IR is ©(w)—closed
set and thus Clg()(IR) = IR. Hence IR is a Gg(,)—closed set. Since Q is not a w—open
set, then IR is not a w—closed set, that is, Cl,, (IR) # IR. Note that IR C IRU{2} and IRU{2}
but Cly (IR) € IRU{2}, note that for example, 3 € Cl (IR) and 3 ¢ IRU{2}. That is, the
set IR is not gw—closed set.

A topological space (X, T) is called anti-locally countable space [5] if each nonempty
open set in X is an uncountable set.

Lemma 3.12. [5] Let (X, 1) be anti-locally countable space. Then

1. Int(A) = Inty, (A) for every w—closed set A in X.
2. Cl(A) = Clw(A) for every w—open set A in X.

Lemma 3.13. For a topological space (X, t) and A C X, the following hold:
1. Int@(w)(X —A)=X— Cl@(w)(A).
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2. Clg(w)(X—A) =X —Intg(w)(A).

Proof. 1. Since A C Clg(y)(A), then X — Clg()(A) € X—A. Since Clg(y)(A) is a
©(w)—closed set then X — Clg()(A) is a ©(w)—open set. Then

X— Cl@(w)(A) = Int@(w)[X— Cl@(w)(A)] - Int@(w)(X—A).

For the other side, let x € Intg(y)(X— A). Then there is @(w)—open set U such that
x € U C X—A. Then X — U is a ©(w)—closed set containing A and x ¢ X — U. Hence
X ¢ Cl@(w)(A), thatis, x € X — Cl@(w)(A).

2. Similar for the part(1). O

Definition 3.14. A subset A of a topological space (X, T) is called S, —open set if A C
Inty, (Clw(A)). The complement of S,,—open set is called S, —closed set. The set of all
Sw—closed sets in X denoted by S, C(X,T) and the set of all S,,—open sets in X denoted by
SwO(X, T).
Theorem 3.15. Let (X, T) be anti-locally countable space and ©(w)O(X,t) = S, O(X, T).
Then

1. Cl{A) = Clw(A) = Clg(w)(A) for every w—open set A in X.

2. Int(A) = Inty (A) = Intg(w)(A) for every w—closed set A in X.
Proof. (1) Let A be a w—open set in X. It is clear from Lemma (3.12) that Cl(A) =
Clw(A) and it is clear that that Clg(y)(A) € Clw(A). Now, we need to prove that
Clw(A) C Clg(w)(A). Let x € Clg(w)(A). Then there is a @(w)—open set O in X
such that ON A = (). Since O(w)O(X, 1) = S,O(X, 1), then O C Int,(Cl,(O). Hence
Inty (Cly (O) is a w—open set containing x and

Inty,(Cley,(0))NA = Inty(Cley(O))Ninty (A)
Int,[Cly,(O)NA] C Cly,(O)NA
C Cly(ONA)=Cly(0) =0.

That is, x ¢ Cly (A). Hence Clg(y)(A) € Cly(A).
(2) Similar for the part(1), by Lemma (3.13) and Lemma (3.12). O

N

Theorem 3.16. Let (X, 1) be anti-locally countable space and @(w)O(X, t) = S, O(X, T).
Then X is T;— space if and only if every Gg,)—closed set is a @(w)—closed set in X.

Proof. Necessity: By Theorem (2.7), X is a T, ,,— space. Then, by Theorem (3.9), every
Go(w)—Cclosed set is a ©(w)—closed set in X.

Sufficiency: Let x € X be an arbitrary point in X. By using Theorem (2.7), to prove
that X is a T;— space, we will prove that {x} is a closed set in X. Suppose that {x} is not
closed set in X. Then A = X —{x} is not open set. Then X is the only open set containing
A and hence Clg(y)(A) C X, thatis, A is a Gg(,)—closed set in X. Then, by assumption,
A is a O(w)—closed set. That is, Clg(y,)(A) = A. Since X —{x} is a w—open set, then by
Theorem (3.15)

CL(A) = Cly(A) = Clg(w)(A) = A.

That is, {x} is an open set, which contradicts the fact that (X, t) is anti-locally countable
space. Then X is T;—space. O
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Theorem 3.17. If A is a Gg()—closed set in a topological space (X, T) and B is a closed
setin X then AN B is a Gg(y,)—closed set.

Proof. Let U be an open subset of X such that AN B C U. Since B is a closed set in X, then
U U (X —B) is an open set in X. Since A is a Gg(,)—closed setin X and A C UU (X —B)
then Clg()(A) € UU (X~ B). Hence
Clo(w)(ANB) C Clo(w)(A)NClg(w)(B) € Clo(w)(A) N CLB)
= Clg(w)(A)NBC[UU(X—=B)JNBCUNB C U.

Thus, ANB is a Gg()—closed set. O

Theorem 3.18. A subset A of a topological space (X, 1) is a Gg()—open if and only if
F C Intg(y)(A) whenever F C A and F is closed subset of (X, T).

Proof. Let A be a Gg(,)—open subset of X and F be a closed subset of X such that F C A.
Then X — A is a Gg(,)—closed set in X, X —A C X —TF and X —F is an open subset of X.
Hence Lemma (3.13), X — Intg(y)(A) = Clg(w)(X—A) € X—F, thatis, F C Intg(y,)(A).

Conversely, suppose that F C Intg(y,)(A) where F is a closed subset of X such that
F C A. Then for any open subset U of X such that X — A C U, we have X—U C A and
X—U C Intg(w)(A). Then by Lemma(3.13), X — Intg(y)(A) = Clg(w)(X—A) C U
Hence X — A is a Gg()—closed (i.e., A is a Gg(,,)—o0pen set). O

Theorem 3.19. If Aisa Gg(,,)—closed subset of a topological space (X, T) then Clg ) (A) —
A contains no nonempty closed set.

Proof. Suppose that Clg,)(A) — A contains nonempty closed set F. Then
FC Clg(w)(A) —A C Clg(w)(A).

Since A C Clg(w)(A) then F € X —A and so A C X —F. Since A is a Gg(y,)—closed set
and X —F is an open subset of X, then Clg(,)(A) € X—Fand so F € X~ Clg(y)(A).
Therefore

F C Clg(w)(A)N(X—=Clg(w)(A)) =0

and so F = (). Hence Clg(,)(A) — A contains no nonempty closed set. O

Corollary 3.20. If Aisa Gg(,)—closed subset of a topological space (X, T) then Clg,)(A) —
A is a Gg()—open set.

Proof. By Theorem (3.19), Clg(y)(A) — A contains no nonempty closed set, and it is
clear that () C Intg(y)(Cle(w)(A) —A) then by Theorem (3.18), Clg(,)(A) —Ais a
Ge(w)—open set. O

Theorem 3.21. If A is a Gg(y,)—closed subset of a topological space (X, ) and B C X. If
A C B C Clg(w)(A) then B is a Gg(,)—closed set.

Proof. Let U be an open set in X such that B € U. Then A C B C U. Since A is a
Go(w)—Cclosed set then Clg()(A) € U. Since B C Clg(y)(A) then

Clo(w)(B) C Clg(w)[Cle(w)(A)] = Clg(w)(A) € U.

That is, B is a Gg(,)—closed set. O
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Theorem 3.22. Let A be a Gg(,,)—closed subset of a topological space (X,T). Then
A = Clg(w)(Intg(w)(A)) if and only if Clg () (Intg(w)(A)) — A is a closed set.

Proof. Let Clg(w)(Intg(w)(A)) — A be a closed set. Since Intg(y)(A) € A and A C
Cl@(w)(A), then Cl@(w)(lnt@(w)(A)) - Cl@(w)(A) Then Cl@(w)(lnt@(w)(A)) —A C
Clo(w)(A) — A, this implies

Clo(w)(Intg(w)(A)) —A C X—A.

Hence A C X — (Clg(w)(Intg(w)(A)) —A). Since A is a Gg()—closed set and X —
(Clg(w)(Intg(w)(A)) —A) is an open set containing A, then Clg(,)(A) € X— (Clg(w)(Intg(w)(A)) —
A), this implies

Clo(w)(Intg(w)(A)) —A € X—Clg(w)(A).

Therefore
Clo(w)(Intg(w)(A)) = A C Clg(w)(A) N (X = Clg(w)(A)) = 0.

Hence Cl@(w)(lnt@(w)(A)) —A= @, that is, CL@(w)(ITLt@(w)(A)) =A.
Conversely, if A = Clg () (Intg(w)(A)) then Clg(w)(Intg(w)(A)) —A = 0 and hence
Clo(w)(Intg(w)(A)) — A is a closed set. O

Theorem 3.23. Let Y be an open subset of a topological space (X, t). If A isa ©(w)—open
setin (X,T) then ANYisa ®(w)—open setin (Y, tly).

Proof. Since A be a ©(w)—open set in (X, 1), then A C Cl(Inty (CLl(A))). Since Y is an
open set, then by Theorem (2.1),
ANY (ANY)NY C [(Cl(Intey (CLA)))NYINY
C ClUInte,(CUANNYINY = Cly[Inty, (CLA)) NY]
= Clly[Inty (CUA)) N Inty (Y)] = ClylInty, (CLA)NY)]
= Cly[Inty,(CHA)NYNY)] C Clly[Int, (CLHANY)NY)]
= Clly[Inte (Cly(ANY))] C Clly[Intw |y (CUy(ANY))].

Therefore ANY is a ©®(w)—open set in (Y, T|v). O

Theorem 3.24. Let Y be an open subset of a topological space (X, t). If A is a ©(w)—open
set in (Y, Tly) then A is a ©(w)—open set in (X, 7).

Proof. Since A is a ©(w)—open set in (Y, Tly) and since Y is an open set, then

A Clly(Intwlv(Cly(A))) = Cl(Intwly(Cly(A))) NY
Cl(Intwlv(Cly(A)) NY) = Cl(Intw (Cly(A)) NY)
= Cl(Intw (Cly(A) NY)) = Cl(Intw (Cly(A)))

= Cl(Intw(CUA)NY)) C Cl(Intw(CUANY)))
= Cl(Intw(CLA))).

Therefore A is a ©(w)—open set in X. O
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Theorem 3.25. Let Y be an open subset of a topological space (X,t) and A be a subset
of Y. Then Cl@(w)|y(A) = Cl@(w)(A) ny.

Proof. Let x € Clg(w)lv(A) and G be a ©(w)—open set in X containing x. By Theorem
(3.23), GNYis a®(w)—open set in Y containing x and since x € Clg(y,)ly(A), then GN
A =(GNY)NA #0. Then x € Clg(w)(A) and since x € Y, this implies x € Clg(y)(A) N
Y. That is, Clg(w)lv(A) € Clg(w)(A)NY. On the other side, let x € Clg(y)(A)NY
and O be a ©(w)—open set in Y containing x. By Theorem (3.24), O = GNY for some
O©(w)—open set G in X. Since x € Clg(y)(A), then GNA # Jand so (GNY)NA # (),
since x € Y. Hence ONA # (), that is, x € Clg(w)lv(A). Hence Clg(y)(A)NY C
Clo(w)lv(A). O
Theorem 3.26. Let Y be an open subspace of a topological space (X, t) and A C Y. If A
is a Gg(y)—closed subset in X then A is a Gg(,)—closed setin Y.

Proof. Let O be an open subset in Y such that A C O. Then O = UNY for some open
set Uin X and so A C U. Since A is a Gg()—closed subset of X, then Clg(,)(A) C
U. By Theorem (3.25), Clg(w)ly(A) = Clg(w)(A)NY € UNY = O. Hence A is a
Go(w)—Cclosed setin Y. O

Theorem 3.27. Let Y be an open subspace of a topological space (X,t) and A C Y. If A
is a Gg(y)—closed subset in Y and Y is ®(w)—closed in X then A is a Gg(y,)—closed set
in X.

Proof. Let U be an open subset in X such that A C U. Then A C UNY and UNY is open
set in Y. Since A is a Gg(,)—closed subset in Y, then Clg(,)ly(A) € UNY. Since Y is an
open set in X and it is ©(w)—closed in X then By Theorem (3.25),

Clo(w)(A) = Clg(w)(ANY) C Clg(w)(A)NClg(w)(Y) = Clg(w)(A)NY
= Clgw)lv(A)CUNY C U

Hence A is a Gg(,)—closed set in X. O

4. ©(w)—Continuous functions

Definition 4.1. A function f : (X,t) — (Y, p) of a topological space (X, T) into a space (Y, p)
is called ©(w)—continuous if 1 (U) is a ©(w)—open set in X for every open set U in Y.

Theorem 4.2. A function f : (X,t) — (V,p) of a topological space (X, ) into a space
(Y, p) is ©(w)—continuous if and only if f~(F) is a ®(w)—closed set in X for every closed
set Fin Y.

Theorem 4.3. Every w—continuous function is ©(w)—continuous function.
The converse of the last theorem does not need to be true.
Example 4.4. Let f: (R,T) — (IR, p) be a function defined by f(r) = v, where
t={0,R}and p = {0, R, {2}}.

The function f is a ©(w)—continuous, since f~1({2}) = {2} and f!(R) = R are ©(w)—open
sets in (R, 7). The function f is not w—continuous, since f~1({2}) = {2} is not w—open set in
(R, T).
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Theorem 4.5. If f: (X,t) — (Y, p) is a ©(w)—continuous function then for each x € X
and each open set U in Y with f(x) € U, there exists a ©(w)—open set V in X such that
x € Vand f(V) C U.

Proof. Let x € X and U be any open set in Y containing f(x). Put V = f~!(U). Since f is a
O(w)—continuous then V is a ©(w)—open set in X such that x € V and f(V) C U.
conversely, Let U be any open setin Y. Let x € f~!(U). Then f(x) € U and hence by the
hypothesis, there exists a ©(w)—open set V in X such that x € V and f(V) C U. Hence x €
V C f~1(U), thatis, f~1(U) is a ©(w)—open set in X. That is, f is a @(w)—continuous. [J

Theorem 4.6. Let f: (X,T) — (Y, p) be a function of a space (X, T) into a space (Y, p).
Then f is a ©(w)—continuous if and only if f[Clg () (A)] € CL(f(A)) for all A C X.

Proof. Let f be a ©(w)—continuous and A be any subset of X. Then C1l(f(A)) is a closed set
in Y. Since f is a ®(w)—continuous then by Theorem (4.2), f"}[CL(f(A))] is a ©(w)—closed
set in X. That is,

Clo(w) [ ICLUF(A)]] = £ CLF(A))].

Since f(A) C CL(f(A)) then A C f~1[CL(f(A))]. This implies,
Clo(w)(A) € Clg(w) [fHCLUF(A))]] = £ CLF(A)).

Hence f[Clg(y,)(A)] € CL(f(A)).
Conversely, let H be any closed set in Y, that is, CL(H) = H. Since f~!(H) C X. Then
by the hypothesis,

f[Cle(w)[f 1 (H)]] € CUF(f1(H))] € CL(H) = H.

This implies, Clg(q,)[f 1 (H)] C f~}(H). Hence Clg () [f1(H)] = f~1(H), that is, f~1(H)
is a ©(w)—closed set in X. Therefore f is a ®(w)—continuous. O

Theorem 4.7. Let f: (X,T) — (Y, p) be a function of a space (X, T) into a space (Y, p).
Then f is @(w)—continuous if and only if Clg () (f~1(B)) C f~1(Cl(B)) forall B C Y.

Proof. Let f be a ©(w)—continuous and B be any subset of Y. Then C1(B) is a closed set in
Y. Since f is a w—continuous then by Theorem(4.2), f~1[CL(B)] is a ©(w)—closed set in
X. That is, Clg () [ffl[Cl(B)}] = f~1[CL(B)]. Since B C C1(B) then f~1(B) C f~'[CL(B)].
This implies,

Clo(w)(f(B)) C Clg(w)[f ' [CUB)I] = f ' [CL(B)].

Hence Clg () (f~1(B)) C f~1[CL(B)].
Conversely, Let H be any closed set in Y, that is, Cl(H) = H. Since H C Y. Then, by
the hypothesis,
Clow) (1 (H)) € F1(CL(H)) = £ (H).

This implies, Clg(q,)[f 1 (H)] € f~!(H). Hence Clg () [f1(H)] = f~1(H), that is, f~1(H)
is a ©(w)—closed set in X. Hence f is a ©(w)—continuous. O

Theorem 4.8. Let f: (X,T) — (Y, p) be a function of a space (X, T) into a space (Y, p).
Then f is ©(w)—continuous if and if f~1(Int(B)) C Intg(y,)[f(B)] forall B C Y.
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Proof. Let f be a ©(w)—continuous and B be any subset of Y. Then Int(B) is an open
set in Y. Since f is a w—continuous then f~![Int(B)] is a ©(w)—open set in X. That is,
Intg(w) [f ' Int(B)]] = f!{Int(B)]. Since Int(B) C B then f'[Int(B)] C f*(B). This
implies,

fHInt(B)] = Intg () [fInt(B)]] € Inte(w)(f ' (B)).

Hence f~!(Int(B)) C Intg(q,)[f(B)].
Conversely, let U be any open set in Y, that is, Int(U) = U. Since U C Y. Then by the
hypothesis,
£ U) = (Int(W) C Intg (o) [F (W),

This implies, f~}(U) C Intg(,)[f 1 (U)]. Hence f1(U) = Intg(e)[f (W), that is,
f~1(U) is a ©(w)—open set in X. Hence f is @(w)—continuous. O

Definition 4.9. A function f : (X,t) — (Y, p) of a topological space (X, T) into a space (Y, p)
is called generalized ®(w)—continuous (simply Gg(,)—continuous) function, if f~1(U) is
a Gg(w)—open set in X for every open set U in Y.

Theorem 4.10. A function f : (X,t) — (Y, p) of a topological space (X, ) into a space
(Y, p) is Gg(w)—continuous if and only if f~1(F) is a Go(w)—Cclosed set in X for every
closed set Fin Y.

Theorem 4.11. Every ©(w)—continuous function is Gg(,)—continuous function.
The converse of the last theorem is no need to be true.
Example 4.12. Let f: (R,t) — (IR, p) be a function defined by f(r) = r, where
T={0,R,R—{2,3}} and p = {0, R,{2}}.

The function f is a Gg,)—continuous, since f1({2}) ={2}and f(R) = Rare Go(w)—open
sets in (R, ). The function f is not ®(w)—continuous, since f~1({2}) = {2} is not ©(w)—open
setin (R, T).

Theorem 4.13. Let f: (X,t) — (Y, p) be a function of a T; ,—space (X, 1) into a space
(Y, p). If f is a Gg()—continuous then it is a ©(w)—continuous.

Proof. Letf: (X,t) — (Y,p) be a Gg(,)—continuous function and U be any open set in Y.
Then f~1(U) is a Go(w)—open set in X. Since X is a T; ,—space then by Theorem (3.9),
f~1(U) is a ©(w)—open set in X. That is, f is a ©(w)—continuous function. O

Theorem 4.14. Every gw—continuous function is Gg,)—continuous function.

Proof. Let f: (X,T) — (Y, p) be a gw—continuous function and U be any open set in Y.
Then f~1(U) is a gw—open set in X and by Theorem (3.10), f~!(U) is a Go(w)—open set
in X. That is, f is a Gg(,)—continuous function. O

The converse of the last theorem is no need to be true.



S Dawood / Some classes of open sets in topological spaces... 111

Example 4.15. Let f: (R, ) — (IR, p) be a function defined by

2, xelIR
flx) = {X, x ¢ IR

where
v={0,R,IRU{2}} and p = {0, R,{2}},

IR is a set of irrational numbers. The function f is a Gg(,)—continuous, since f~1({2)) = IR
and f~1(R) = R are Go(w)—open sets in (R, T). The function f is not gw—continuous, since
f~1({2}) = IR is not gw—open set in (IR, T).

Theorem 4.16. If f : (X, 1) — (Y, p) is a Gg()—continuous function then for each x € X
and each open set U in Y with f(x) € U, there exists a Gg()—open set V in X such that
x € Vand f(V) C U.

Proof. Let x € X and U be any open set in Y containing f(x). Put V = f~!(U). Since f is a
Go(w)—continuous then Vis a Gg(,)—open set in X such thatx € Vand f(V) C U. O

The converse of the last theorem need not be true.

Example 4.17. Let f: (R, 1) — (IR, p) be a function defined by

(2 xe{23)
fle) = {x, x #12,3)

where
t={0,R,R—{2,3}and p = {0, R, {2}

The function f is not Gg(,)—continuous, since f~1({2})) = {2,3} is not Go(w)—open set in
(R, T). On the other hand, for all x € R, {x} is a Gg(,)—open set in (R, T).

References

[1] K. Al-Zoubi, On generalized w—closed sets, International Journal of Mathematics and Mathematical
Sciences, 13 (2005), 2011-2021.

[2] H. Z. Hdeib, w—closed mappings, Revista Colombiana de Matematicas, 16 (1982), 65-78.

[3] M.E. Abd El-Monsef, S. N. El-Deeb and R. A. Mahmoud, 3—open sets and 3—continuous mapping, Bull.
Fac. Sci. Assiut Univ., 12 (1983), 77-90.

[4] N. Levine, Generalized closed sets in topology, Rend. Cric. Mat.Palermo, 2 (1970), 89-96.

[5] T. Noiri, A. Al-omari and M. Noorani, Weak forms of w—open sets and decompositions of continuity,
European Journal of Pure and Applied Mathematics 1, (2009), 73-84.

[6] F. Helen, 1968, Introduction to General Topology, Boston: University of Massachusetts.

[7] J. Dontchev and H. Maki, On 6—generalized closed sets, Int. J. Math. Math. Sci., 22 (1999), 239-249.



	1 Introduction
	2 Preliminaries 
	3  Generalized ()-open sets
	4  ()-Continuous functions 

