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Abstract

In this paper, numerical technique based on monic Laguerre polynomials is proposed to obtain approxi-
mate solutions of initial value problems for systems of fractional order integro-differential equations (FIDEs).
Operational fractional integral matrix is constructed. This operational matrix is applied together with the
monic Laguerre Tau method to solve systems of FIDEs. This systems of FIDEs will be transformed into a sys-
tem of algebraic equations which can be solved easily. Numerical results and comparisons with other methods
are also presented to show the efficiency and applicability of the proposed method.

Keywords: Fractional integro-differential equations, Monic Laguerre polynomials, Operational matrix, Tau
method.
2010 MSC: 34A08 , 33F05, 65M70.

1. Introduction

Fractional calculus (FC) is the branch of mathematical analysis which concerned the
integrals and derivatives of fractional order of the function. FC have many different ap-
plications in various phenomena in the fields of science, engineering, physical, chem-
istry, electric circuits and mechanical systems [1]. In fact, there are various definitions
of fractional derivative which do not coincide in general, such as Caputo [2], Atangana-
Baleanu [3], Riemann-Liouville [4], Hadamard [5], Caputo-Fabrizio [6] and Riesz deriva-
tive [7], The Caputo derivative commonly used in various applications of fractional dif-
ferential equation (FDEs). There is new definition of fractional differential derivative
called Caputo-Fabrizio (CF), which based on the exponential function. The FIDEs play
an important role in different physical phenomena from science and engineering [8].
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Khader and Sweilam [9] presented numerical approximation based on Chebyshev pseudo-
spectral method to solve system of linear and non-linear FIDEs of Volterra type. Wang et
al. [10] presented Bernoulli wavelets and operational matrix to solve coupled systems
of non-linear fractional order integro-differential equations. Loh and Phang [11] intro-
duced Genocchi polynomials to solve system of Volterra integro-differential equations nu-
merically. Ghasemi et al.[12] introduced a reproducing kernel method to solve system
of integro-differential equations with nonlocal boundary conditions. Haar Collocation
Scheme (HCS) is devoted to obtain the solution of non-linear Volterra-Fredholm (FIDEs)
and fractional linear integro-differential equations with variable order [13, 14]. Rida
and Hussien [15] presented a new approximation method for solving fractional differen-
tial equations based on Mittag-Leffler function. There are many numerical methods have
been developed to solve numerical solutions for system of fractional integro-differential
equations , such as variational iteration method [16, 17], homotopy perturbation method
[18, 19], Adomian decomposition method [20], homotopy analysis method [21] and col-
location method [22, 23]. Haar wavelet collocation scheme (HWCS) devoted for solving
delay fractional order differential equations (FODEs) and non-linear fractional integral
equations (NFIEs) [24, 25]. Shah et al.[26] presented Haar Wavelet technique (HWT) for
solving non-linear variable order integro-differential equations (VO-IDEs). Abbasbandy
and Taati [27] employed the operational Tau method for solving a system of non-linear
Volterra integro-differential equations with non-linear differential part.

Other than previous methods, we present Tau monic Laguerre method based on oper-
ational matrix for solving systems of FIDEs. let’s consider the following system of FIDEs
[28]:

m t
D“ue(t) + Z <uj (t) —i—J kg]‘ (t,x)uj (x)dx) =1, (t),£=1,2,..,m, (1.1)
=1 0

with initial conditions:

u0)=0,¢ r=01.n-1, €=12,..m meN, (1.2)

[4

n—1<p<n,n e N, where u, are the unknown functions, k¢; and f, are the continuous
functions.
The main target of this work is to extend monic Lagurre Tau method based on operational
matrix to solve systems of FIDES..........ccccccceeeennne

The rest of the paper is organized as follows: Section 2 contains properties of the
fractional calculus and monic Laguerre polynomials. Section 3 present monic Laguerre
operational matrix of fractional integrals. Section 4 present Tau monic Laguerre method
based on operational matrices for systems of FIDEs. Section 5 display the numerical results
for some examples. Finally, in Section 6 the conclusion is drawn.

2. Preliminaries

In this section, we present some definitions and notions of FC and monic Laguerre
polynomials which are utilized in this paper.
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2.1. Caputo fractional derivative and the Riemann-Liouville fractional integral
Definition. The Riemann-Liouville fractional integral I* of order y, is defined as [4]:

t

_1 _ g \u1
IMu(t) = ) L (t—s)* u(s)ds,t >0, u>0,

u(t), u=0.

(2.1

For the Riemann-Liouville fractional integral, we have the properties (see [4, 2]):

I* (Alul(t) +Mup(t) + ...+ Anun(t)> = (Alluul(t) + MIMup (t) + o+ A TMun (t) ),

(2.2)
where A1, Ay, ..., A, are constants.
Fw+1) twWe
MW = , > —1. 2.3
w+l+w = (2.3)
Definition. Caputo’s fractional derivative of order u is defined as [2]:
1 t
D”u(t):J(t—s)“ w1y (M (g)ds, t > 0,1 > 0, (2.4
Mn—u)
wheren—1<pu<nnelN.
For the Caputo derivative, we have the following important properties (see [2]):
W M (w+1)
w —
Drgw — ) Tt Y forw € No,w > ful, 2.5)
0, for w € INg, w < [u],
where [1t| denote to the smallest integer greater than or equal to p.
(i1)
DHIMu(t) = u(t). (2.6)
(iii)
n—1 tk
_ +
PDHu(t) =u(t) — ) uM(0%) it >0, (2.7)
k=0

2.2. Some properties of Monic Laguerre polynomials

The monic Laguerre polynomials [, ., (t), for n € IN and > —1, can be defined on
the interval [0, o[ ( see e.g. [32]):

ji D™ Ma+n+1Dn+1)

,n>1, 2.8
'm—r+1MNa+r+1)I(r+1) m (28)

=0
where [, o(t) =1and [, 1(t) =t — (1 + ).

The Orthogonal property of monic Laguerre Polynomials is given by:
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(e¢]

< Lan®), Loom(®) >=J Coon (O oom (5% et dt = CoonBrm,

0
0 ifn#m,

where (qn =n'n+a+1) and dnm = ]
1 ifn=m.

Let u(t) have a monic Laguerre expansion series as:

= Z aktoc,k(t)/ (29)
where the coefficients ay are given by:
1 (= .
ay = J t¥ ety ()i ()dt, k =0,1,2, ... (2.10)
Coc,k 0

In practice, we truncate the infinite series up to (N + 1) terms monic Laguerre polynomials
are considered. Then we have

L = ATP(t), (2.11)

@]

N
where AT = [ag, a1, az, ..., an] and lb(t) [Lo0(t), Lot (t), Laa(t), oo Lagn ()],

3. Monic Laguerre operational matrices of fractional integration

Here, we derive the monic Laguerre polynomials of fractional integral.
Lemma: The fractional integral of monic Laguerre polynomials is given by:

N
t) =) du(n)Lailt), (3.1)
where 9, (n, 1) is the operational matrix of integration of tcx,n-

Proof: By appling Eq. (2.3) to the monic Laguerre polynomials defined by Eq.(2.8), we
get

- T Drin+1
-3 & latnt DPntl) _iw (5 @2
= —r—i—l Moa+r+1)F(r+p+1)
Approximating t""* in terms of the monic Laguerre polynomials as:
N
= Eilgi(t), (3.3)
where . -
Bi=———7-— “tpedTER] s (t)dt
: i'F(oc+i+1)J y wi(t)
(—pm*t JOO —tyotT
— t KMt
L Ti—m+ DN (a+m+ 1T (m+1) (3.4)

Z D™ (o 41+p+m+1)
N 1—m+1 Moe+m+DT(m+1)
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Substituting from Eq. (3.4) into Eq. (3.3), then we have

D™ r(a+r+p+m+1) s
T+
v Z[Zrl—erl MNMoo+m+1)T(m+1) Lai(t). (3.5)

an(t) =) duln, )lailt), (3.6)

where

: (=)™ (x4 n+ DM+ DM (e +1+p+m+1)
Z ( —r+1)F(oc+r+1)F(r—|—p.—i—1)F(i—m—|—1)F(oc+m+1)F(m+1))

3.7)

r=[u] m=0

4. Implementation of the proposed method

Applying the Riemann-Liouville fractional integral of order u on Eq. (1.1) and using
Eq.(2.7), we get the integrated formula of Eq. (1.1), as follows:

n—1 ; m

-y ugﬂ(oﬂ: FI* [Z (uj(t) + JO Kej (t, X)u (x)dx) = fe(t)], 4.1)

j=0 ' j=1

0

m t
ue(t) —z, (t) + 1" [Z <uj (t) —|—J kej (1, x) (x)dx) =f, (t)} A=1,2,..,m, 4.2)
j=1

where

n—1 i
)= ug“(oﬂ;. (4.3)

The function terms in Eq. (4.2) can be approximated as:

(1) = U (t) = ¥ (1)U,
kej (t,x) = ¥ (H)Kegh(x),
f,(t) = F{b(t) =¥ (D)Fe,
z,(t) ~ Z{P(t) =T (1)Z,

where U,, Z, and F; are (N + 1) vector and Kgj is (N +1) x (N +1) matrix {,j =1,2,...,n
Hence, integral term in Eq.(4.2) is approximated as:

(4.4)

t t
J Kej (t, %)y (x)dx ~ P (1)K JO Y)Y (x)U; dx =

0

t
WT(OKe Uy | $E0wT 0 dx = 9T (OKyy Uy MO (4.5)
0

Iu(Jt kej (£, X)u; (X)dx) ~ IH<¢T(t)Kg]- U M(O’t)>,

0
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where .

MO — J DY (x)dx.

0
Substituting from Egs.(4.4) and Eq.(4.5) into Eq.(4.2), we obtain

Rn () = (wT(ti)uz — () Ze + TP (1) [Z (uj +Ke5 U M“””) —FeD- (4.6)

j=1
As in a typical Tau method (see [30]), we generate (N + 1) linear algebraic equations by
applying

<Rn(t), Lak(t) >= J Ry () Dok (tw(t)dt =0, k=0,1,2,..,N—n. 4.7
0

To approximate the integration in Eq. (4.7), as follow in [31], we use

o0 N~ e (Fn+1))2 o
Then Eq.(4.7) becomes:
RUUe(t)) = 3 (R (1) (1) e ). 4.9)
i=0

Egs.(4.9) generate (N + 1) system of algebraic equation. This system solved by using
least squares approximation to be an unconstrained optimization problems with objective

function:
n

2
S=)_ [R(ue(ti))} : (4.10)

i=0
The unknown values U, (t;) can be solved by using Leap Frog Algorithm (LFOPC) method
(see for more details [33]).

5. Numerical Results

In order to show the efficiency and applicability of present method, we introduce three
examples for solving system of FIDEs.

Example 1. Consider the following system linear Volterra FIDEs [9]:

t
D%uy(t) = () — wa(t) —JO (un(s) + ua(s))ds, o
1 5.1

Dua(t) = f2(6) w1 ()~ | (1 (5) ~ wals))ds,
0
where fi(t) =1+ t+t? and fo(t) = —(1+1t), t € [0,1], « €]0, 1], with the conditions
u1(0) = 1,u(0) = —1. The exact solution for x =1 isu;(t) =t +e' and uy(t) =t — et
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By applying the proposed method with n = 7, we plotted the approximate solution at
some selected values of « in Fig 1. In Table 1, we present the absolute error of u; and w,.
It is clear from Fig 2, the absolute error of proposed method is better than absolute error
for Chebyshev pseudo-spectral method [9].

Table 1: Absolute error of Example 1 forn =7 and o = 1.

approximate solution

t ug 18%]

0.00000 4.7851e-14 2.2204e-14
1.4286e-01 8.5899e-10 5.4253e-10
2.8571e-01 2.2263e-09 8.9617e-10
4.2857e-01 2.1737e-09 1.0056e-09
5.7143e-01 3.5702e-09 8.9099e-10
7.1429e-01 6.3894e-09 1.6161e-09
8.5714e-01 1.1485e-09 8.0605e-10
1.0000e+00 4.1407e-09 1.3921e-10

Figure 1: Numerical solutions for different values of « for Example 1.

¢

u 1exact

u 2exact

_ul

— - D
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Figure 2: The absolute error comparison of present method with Chebyshev pseudo-spectral method
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Example 2. Now we consider the system of nonlinear Volterra FIDEs [10]:

DBy (t) = %ul(t)uz(t) + %u%(t) +2up(t) — Jo

DPuy(t) = Jus (tua(t) —w(t) + 1 —J (ur(s) — 2uz(s))ds,

t

0

t
(u1(s) +uz(s))ds,

where t > 0, § €]0, 1], with the conditions u;(0) = 0,u,(0) = 0.
The exact solution for B = 1 is u;(t) = t*> and uy(t) = t.The approximate solution is

(5.2)

plotted at some selected values of and 3 in Fig 3. In Table 2, we present the absolute error
of u; and uy,. In Fig 4, the absolute error of proposed method is better than absolute error
for wavelets method (BWM) [10].

Table 2: Absolute error of Example 2 forn =7 and = 1.

t u Uy

0.00000 4.6313e-10 9.7930e-11
1.4286e-01  8.3883e-10 2.7338e-09
2.8571e-01  8.3878e-10 4.3003e-10
4.2857e-01  6.7606e-10 2.7042e-09
5.7143e-01 1.1265e-09 3.4787e-10
7.1429e-01  2.1987e-09 6.8821e-10
8.5714e-01 1.7535e-09 2.4683e-09
1.0000e+00 9.2903e-10 2.0162e-09
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Figure 3: Numerical solutions for different values of 3 for Example 2.
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Example 3. In this example, we consider the following system of nonlinear FIDEs [10]:
t
DYu(t) = u%(t) —|—u§(t) —J uq(s)ds,
0 t (5.3)
DYu,(t) = *71 <u§(t) +2uy(t) — l> —J ui(s)us(s)ds,
0

where v €]0,1],t > 0, with the conditions u;(0) = 0,u,(0) = 1.

The exact solution for y = 1is u;(t) = sint, up(t) = cost.

We have plotted the approximate solution at some selected values of y in Fig 5. In Table
3, we present the absolute error of u; and u,. The absolute error of proposed method Less
than absolute error for BWM [10] as it shown in Fig 6.

Table 3: Absolute error of Example 3 forn =7 and y = 1.

t U Uy

0.00000 6.0054e-10 6.8090e-10
1.4286e-01  3.2167e-09 5.6199e-09
2.8571e-01 3.3274e-09 2.2910e-09
4.2857e-01  3.2031e-10 4.4477e-09
5.7143e-01  8.5872e-09 9.0616e-10
7.1429e-01  5.4139e-09 2.6741e-09
8.5714e-01 9.6374e-09 4.4517e-09
1.0000e+00 8.9055e-09 8.7073e-09

Figure 5: Numerical solutions for different values of -y for Example 3.

# u exact

‘ u,exact

— ]

_— . D

approximate solution
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Figure 6: The absolute error comparison of present method with BWM [10] for Example 3.
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In Table 4, we present CPU time and optimization error of the proposed method for all

examples.

Table 4: CPU time in seconds and optimization error S.

S
Example No. CPU time u=1 u=0.95 u=0.85
1 15.20 8.2707e-27 3.3166e-27 4.4556e-27
2 23.38 2.5758e-17 3.0060e-17 4.1878e-17
3 32.30 9.0691e-17 9.8870e-17 1.1862e-16

6. Conclusion

In this paper, we have introduced monic Laguerre operational matrix of fractional
integral. We have obtained Tau monic Laguerre method based on operational matrix.
This operational matrix is applied to approximate the solution of initial value problems for
systems of FIDEs. We have obtained accurate solutions for the systems of FIDEs by using
Tau monic Laguerre method based on operational matrix of fractional integral. We have
presented the effects of fractional order on the solution and simulations of approximate
solutions graphically. The proposed method gives good accuracy with a small number of
unknowns for all discussed examples and the results are more accurate compared with
other treatments. We have presented the CPU time and optimization error of discussed
examples. We have utilized MATLAB software of all computational work.
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