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Abstract

In this work, we consider a nonlinear two-term boundary value problem involving the {-Caputo frac-

tional derivative with integral boundary conditions. By the construction of its associated Green function and
application of the upper and lower solutions method together with some fixed point theorems due to Ba-
nach and Schauder, we establish the existence and uniqueness of positive solutions to our considered main
problem. In the end some illustrative examples are provided to validate our theoretical results.
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1. Introduction

Recently, many researchers have considered fractional calculus to be a generalization
of integer order calculus. So, several definitions of derivatives and integrals of non-integer
order have appeared. Currently the use of fractional calculus has become very important
through many fields such as physics, mechanics, chemistry, biology, engineering, and elec-
trochemistry, etc. see for example [1, 2, 3, 4, 5, 6]. In the literature, several works
deal with boundary value and initial value problems using different definitions of differ-
ential operators, such as Caputo [7, 8], Generalized Caputo [9, 10], Atangana-Baleanu
[11], Caputo-Fabrizio [12], Generalized Hadamard [13], Erdelyi-Kober [14, 15], Hilfer
[16], Katugampola [17, 18], Riemann-Liouville [19, 20], Hadamard [21, 22], General-
ized Katugampola [23], Generalized Hilfer [24], etc.

Several research works have been published recently dealing with the problems of
existence of positive solutions of fractional differential equations on a cone, let us quote
as examples [25, 26, 27, 28, 29, 30] and some references therein.
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Recentlly, in [31] the Researchers considered the following configuration

“D§y(3) =C(3,y() +°DE (G, y(G), 0<3<T,
(1.1)
y(0) =71 >0, y'(0)=A >0,

in the help of upper an lower solution method together with some classical fixed point
theorems.

Also, Xu et al. [32] investigated the positivity of solution for the nonlinear fractional
differential equation

D& y() +L(G,y(3) +DEnG,y(G)), 0<3<1,
y(0) =0,
(1.2)
1
o 1 / x—p—1
(1) = gy | W) (D) = )P (o, y () i
0

where fractional derivative is taken in the Riemann-Liouville sense.

In this work we are interested in the nonlinear two-term problem involving the gener-
alized \-Caputo fractional derivative.

“DEVy(5)+ G, y() =° DgPh(sy(), 0<s<1,
y(0) =0, (1.3)

y(1) =90 e(1, y(1) + (1 —m)I98 7 n(1,y(1)),

where1 < p<2,0<o0o<p—10<n<1, CDgf",“Dgﬁ are the \-Caputo derivatives

depending on an increasing function { of orders p, o respectively and ¢,f : [0,1] x Rt —
R* are two known continuous functions where h(0,y(0)) = 0.

In order to study the existence and uniqueness of its positive solutions, we search the
associated Green’s function and apply the method of upper and lower solutions as well as
the classical fixed point theorems due to Schauder and Banach.

2. Preliminary notions and basic tools

We denote by E = C([0, 1], R) the Banach space of all continuous functions defined on
[0, 1] with values in R provided with the norm ||y| = max ly(3)l, and E' = C!([0,1],R).
3€l0,

Let us consider the space
Z={ycE: y(3)>0 forall 0<j3<1}

It is obvious that = is a subset of E. We mean by a positive solution, each function y satis-
fiesye =, y(0)=0andy(3) >0for0 <3< 1,ie,y€=
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Definition 2.1. The upper and lower functions are defined for each y € [a,b] where
a,b e R", by

Ue(3,y) = sup €(3,y), and L¢(3y)= inf {(3y)
a<y<y ySysh

Un(3,y) = sup h(zy), and Lxn(3y) = inf h(zy).
a<y<y ysSysh

It is obvious that the functions U, (3,y), L¢(3,¥), Un(3,¥), Ln(3,y) are non-decreasing with
respect to the second variable and we have

Le(3,y) <L(3y) < Uel3,y) (2.1)

So that we can continue our work smoothly, we will present some useful definitions and
lemmas throughout the proof of our main results.

Definition 2.2. [19] For p > 0, v € C™[a,b] is an increasing function which satisfies
VP'(3) #0, for all 3 € [a,b] and ¢ : [a,b] — R is integrable, the left-sided {—Riemann-
Liouville integral and derivative of order p of the function ¢ are defined respectively, as

7 (3) = rlb’(m)[ll)(z)—ﬂ)(m)]p_lcb(m)dm,

Tp) Ja
and L4
o _ n onp
DR 0) = (i) Te o)
where n = [p] + 1 and T is the Euler gamma function.

Definition 2.3. [33] For p > 0, &, € C"[q, b] are two function such that 1\ is increasing
function which satisfies 1’(3) # 0, for all 3 € [a, b]. The left-sided \{p—Caputo fractional
derivative of order p of the function ¢ is given as

DG P(3) = T3 VDG b3),
here, we haven = [p]+1ifp ¢ Nandn =pif p € N.

Proposition 2.4. [33] For any p > 0, we have the following properties:
e For ¢ € Cl[a, b], we have

“DIPIT b (5) = d3)-
e For \,d € C™|[a, b], we have

Jplbchlb nzli){ (a)}i,
=

here, we haven = [p]+1if p ¢ IN and d)hjj is defined expressed by ¢ H)] (3) =

¢’ (3)
P'(3)

10DV d(3) = d(3) — bla) — by (@) [W(5) —W(a)],

FunEn

Particularly, we have (bib (3) = and for 1 < p < 2, we have
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Proposition 2.5. [34] For p >0, ¢ € Cla,b] and \ € C![a, b], we have for any 3 € [a, b]

o JZT’ : Cla, b] — Cl[a, b] is bounded.
o lim J7V(5) = I3V d(a) = 0.

Proposition 2.6. [9, 19] For p,o > 0 and ¢ : [a,b] — IR, we have the following properties

o 3PP ¢ (5) = 12 ET g 5).
A B o—1 F(U) . pto—1
 IF [6) — (@] = g () — (@]

e cDPM [P(3) —W(a)]’ =0, forallj=0,1,...,n—Tandn € N.

Our main results are based on the following fixed point theorems that we can find
them in [35, 36]

Theorem 2.7. (Banach) Let T : QO — Q be a contraction operator, where Q) is a nonempty
closed convex subset of a Banach space B. Then, there exists a unique point z € Q such that
Jz = z.

Theorem 2.8. (Schauder) Let T : QO — Q be a completely continuous operator, where Q is
nonempty bounded, closed and convex subset of a Banach space B. Then, there exists at least
z € Q such that Tz = z.

3. Existence and uniqueness results

Before starting the proof of our main results on the existence and uniqueness of our
problem (1.3) thanks to the fixed point theorems of Schauder and Banach, we will present
some lemmas which help us in the proof of our theorems.

Lemma 3.1. Assume that 1 < p <2,0<o0<p—-1,0<n <1, yeE Yyy € E! and
g, :[0,1] x Rt — R™ are two continuous functions such that h(0,y(0)) = 0. Then y is a
solution of the problem (1.3) if and only if

1 1
0 0
with
ne(t) 2 06 —wm)]* T = W) —pm)]* T o<m <<,
9¢(t/m) =
o9 — (1) —p(m)]P 7, 0<;<m<1,
(3.2)
and
m+ne( | W) —wm)] " e M —w(m)] o< m < <1,
g-fll)(tr ) =

3.3)



B. Tellab / Positivity results on the solutions for nonlinear two-term BVP... 18

Y (t) —(0)
(1) —(0)

Proof. By applying the {—RL fractional integral Jgfb on both sides of aquation in (1.3),
we get

where O(t) =

I DOy () = —I5 (5, y(3)) + I DGR (5, ¥(3))-
By exploiting Proposition 2.6, it comes that
y(3) —y(0) —yy, (0) [W(3) — W(0)]
= 9505, y06) + 90 DTG,y ()
= 07, y() + 95 (35 eDTN G, y(5))
y(3))

= 350G, y() + 35 (h(5,¥6) —R(0,y(0))
. . R (0, y(0 Y
= 0905, y(3)) + 95 VN5, ¥()) — r(p(—};(+)>1) [W(3) —b(0)]°°.

Hence, from the hypothesis ’h(O, y(O)) = 0 and the first initial condition y(0) = 0, it follows
that

¥(3) =y, (0) [W(3) — 0 (0)] = 952(5, ¥(3)) + 98- (3, y(3)).- (3.4)
Then, by using the second boundary condition, we find
— . +1 ,
¥4, (0) = D___gp-omy(1,y(1)) + —0 70 0(1,y(1)). (3.5)

$(1) —$(0) $(1) —$(0)

By replacing (3.5) in (3.4) we obtain

— (0 1 —o—
yel = _(w(T)(IE(i)(O);br((;)—a) J, b =],y

1 : / . p—o—1
e W Fls) ()] (o, )

+1) (W) —w(0) Jl
(W(1) = ¥(0))T(p) Jo

W’ (m) [ (1) = p(m)]* " e(m, y(m)) dm

_L ? / o p—1
e JO W () [(3) — (m)] " €(m, y(m)) dom, 3.6)
otherwise written
1 1
y(t) = J Sy (b, m)p’ (m)h(m, y(m))dm + J Fy (t, m)’ (m)€(m, y(m))dm
0 0

where G, (t, m) and 3, (t, m) are the Green’s functions defined respectively by (3.2) and
(3.3).
For the inverse case, just we express y(t) as
y) = @GV R(Ly(1) + 957 (s, y(5))
+m+1)0()I5e(1,y(1) 957G,y (). 3.7)
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Taking the operator CD(‘)TI’ to both sides of (3.7), we obtain
“DfMy(3) = —mIhr TPh(L,y(1) DEPOG) +° DI IS V(5 y(5))
+n+ DIFPe(1,y(1) DI O3) - DYV IS (5, ¥(5))-
From Proposition 2.6 , we conclude that

ch;tl)

0+ y(3) = mcﬂgﬁ) [11’(3) *11)(0)] =0,

then, this leads to
DYy () +L(3,¥(3)) = DIV (3, y(3)).-

By crossing the limits when 3 tends to 0 and tends to 1 in equation (3.6) , we find respec-
tively

y(0) = 0 and y(1) =0 e(1,y(1)) + (1 -5 ¥ h(1, y(1)).
Consequently, the problem (1.3) and the integral equation (3.1) are equivalent. O

Lemma 3.2. The functions Gy, and Hy, satisfy the following assertions:

—o—1

: ~ (W) —Pp(m)®
(i) Ofg?’agXle(z,m) = Flo o) , 0<m<1,
y C2(p(1) —p(m)P !
(i1) Dax, Hy (3, m) = o)

, O<m<l.

Proof. To prove (i) and (ii), we distinguish the two cases: 0 < m <3< land0 <3< m <
1.
(i) For 0 < m < 3 < 1, we have

Sulom) = oty |06 ) 00 (1)~ (m)] ]
_ (wm—w(m))“""‘l[(w(a)—w(m)>p“_ ]
- Mo —o) (1) —p(om) new|.
. P(3) —p(m) \ P77
Since 0 < MO(t) < 1and 0 < <1])(1)—1J)(m)) < 1, then 1
P(3) —P(m) \ P~ (W(1) —p(m)” "
oty gt 1910 <3 hense st m) < SR
and for 0 < 3 < m < 1, we have
_ —MO(t) p—o—1
Sy(3,m) = m(‘l)(l)—ll)(m)) <0.
Consequently,
p—o—1
max Gy (3, m) = (Ll)(l)_ll)(m)) O<m<1.

0<3<1 I'p—o0) !
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(i) For0 < m < 3 < 1, we get

Holtm) = [+ 1O (1) —bm) " — (b(5) —b(m)" "]

I'(p)
(W(1) =P (m))° W(3) —

_ ~ $(m) p‘l}
- Mol [(”“)6(” <¢(1)—¢(m)> ’

P(3) —(m)
P(1) —P(m)

(m

p—1
we know that 0 < ( ) <land0< (m+1)O(t) <2, then

therefore,

On the other hand, for 0 <3 < m < 1, we get
(n+1)O(t)

Fwltm) r(p)

/
=
>

Finally, we find

Orgz;a\gxlf}{w(g,m) = o) , O0<m<l1.

O]

In order to establish some existence and uniqueness results of solutions to our main
problem (1.3), we define an operator & : E — E as:

1 1
(Fy)(3) = J Sy (t, m)p’ (m)h(m, y(m))dm + J Hy (t, m)p’ (m)f(m, y(m))dm, (3.8)
0 0

and we assume that the following assertion holds

(A881) For y,y€E such that a < y<y<bwe have
‘DY) +Uels ¥G) = “DEPUN(,¥())), 0<3<
“DOMVy(3) +Le(sy() < “DEPLn(5,y()), 0<5<1, (3.9)

where y and y denote respectively the upper and the lower solutions of the fractional
boundary value problem (1.3).

1,
1

Theorem 3.3. If the assertion (A881) holds, then at least one positive solution y € E exists
for the FBVP problem (1.3) such that y(3) <y(3) <y(3), for0<; < 1.
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Proof. Let us consider the cone

K={yecE: y()<y() <y, 0<3<1}

with |y|| = nax ly(3)|. Clearly, we have ||y|| < b. Then, K is bounded, convex and closed

YA

subset of the Banach space E. In addition, the continuity of the operator F on K is deduced
from that of £ and h. It is obvious that for any y € K, there exist two positive real constants
wg and wy, satisfying

max £(3, < wy,
0<3<Ly(3)<b (3 y(é)) ¢

and

max (3, < Wx.
0<53<Ly(3)<b (5 y(z;)) "

Therefore,

1
(Fy)3) = 9¢(t,m)1b’(m)h(m,y(m))dm+Jﬂw(t,m)w’(m)ﬂ(m,y(m))dm
0

1

O O— =

< [max Gy (3, m)W’ (m)h(m, y(m))dm + J Jmax Hy (3, m)Y’ (m)€(m, y(m))dm
0
1 5 1
Wh ’ _ p—o—1 pass ’ _ p—1
< r(p_g)iw (m) (b(1) — b(om) dm+r(p)i1p (m) (b(1) — (m))° " dm
Wh p—0o 2wy p
< m(‘bm—ﬂ)(o)) +r(p+1)(‘|’( ) —1(0))°,
this means that
W 2(1)@ )
1991 < | ro s + s (v~ w0,

which implies the uniformly boundedness of F(K).
Now, we show that F(K) is equicontinuous. Let y € K, then for all 31, 3> € [0, 1] such that



B. Tellab / Positivity results on the solutions for nonlinear two-term BVP... 22

31 < 32, we have

1
310620~ ¥)60] = | [ (St m) = St m) ) ()i, (o)
0

1
+ [ (3t m) = (1, m) ) (), o)l
0

1
< j |G (t2, 1) — G (b, m) b/ (m) P (mm, y(m) ) dm
0

1
—l—J |Hy (k2, m) — Hy (1, m) [p (m)€(m, y(m))dm.  (3.10)
0

Since
|91b(t2,m) — Sy (tl,m)‘ = ’F(pl—d) [(1])(32) —lb(m))p_c_l — (W) —ll)(m))p_c_l
—1(0(t2) — O(t1)) [(1) —p(m)] 961]
< oo [(”’(‘”’2) —pm)® T = () — ()P

and

|9y (ta, m) — Iy (1, m)| = '

N
—
=3
_|_
=
—
©)
=
=
|
©)
-
=
—~
<
=
|
<
2
~—
el
L
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Hence, from (3.10), it follows that
Wh
Np—0o+1)

+(W(31) — WD)
1 (0(t) —O(k)) (b(1) —xp(m)"‘“‘l]

[(Fy)(32) — (Fy)(31)] <

o

ot
MNp+1)

[ (W(2) — (1) + (W(32) —1(0)°
— (W(31) —W(0)*°

—0

(W (2) = 9(0))° — (Wl32) — W(D)® + (Wis1) —w(O))"}

The right-hand side of inequality (3.11) goes to zero independently of y when t; —t; — 0,
Thus, (FK) is equicontinuous. Consequently, by Arzela-Ascoli theorem it follows that the

operator F : E — E is compact.

Now, in order to apply Theorem 2.8, we have to show that F(K) C K. Let y € K. Then in
view of the assertion (AS881) together with the definitions of upper and lower solutions,

we obtain
1n 1
(Fy)3) = |Gt mp (m)h(m,y(m))dm+ J%p (t, m)p'(m)€(m, y(m))dm
0 0
L 1
< | Gy (b m)p’ (m)Up (m, y(m))dm + J Hy (K, m)p’ (m)Ue(m, y(m))dm
0 0
L 1
< | Gy (b m)p’ (m)Up (m, y(m))dm + J Hy (t, m)p’ (m)Ue(m, y(m))dm
0 0
< y(), 3€I[0,1], (3.12)
and
lh 1
(Fy)3) = |Gt m)p'(m)h(m,y(m))dm+ J%w (t, m)p’ (m)f(m, y(m))dm
0 0
1
> | Gyt mp/ (m)Lp(m, y(m))dm + | Hy (t, m)p’(m)Le(m, y(m))dm

0

> | Gy (t,m)Y’ (m)Ly (m, y(m))dm +
0

> y@), 3€I[01

e m Oe—m =

Hy (£, m) ' (m)Le(m, y(m))dm

(3.13)

Thus, from the inequalities (3.12) and (3.13) we get y(3) < (Fy)(3) < y(3), for any
3 € [0,1]. Therefore, the operator 7 fulfills all assumptions of Theorem 2.8, which ipmlies

[m £ 1)(O(t) — () (B(1) — $(0))® + ((32) — (1))°

(3.11)
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that F admits at least one solution y € K. Consequently, our problem (1.3) has at least
one solution y € E satisfying y(3) < y(3) <¥(3), 5 € [0, 1. O

Corollary 3.4. Assume that there exist four strictly real positive constants {1,{, {3 and {4
satisfying the following inequalities

€1 < e(Zﬁ/Y) < 621 (3/}’) € [01 1] X IRJF/ (314)
and
t3 <h(3y) <l (3y) €01 xR". (3.15)

Then the problem (1.3) admits at least one positive solution y € K. In addition

1 1
v) > b j Gy (t, )Y’ (m)dm + € ijq)(tf m)’(m)dm, (3.16)
0 0
and
1 1
y(5) < | S (b mp (m)dm -+ € | 36 (6 m) ). (3.17)
0 0

Proof. Let us define the following problems
CDIVY(5) + b = DIy, 0<;<1,
y(0) =0, (3.18)

F(1) =n (9% 6) (1) + (1) (3577 e) (1),

and
“DEVY()+l = Dy, 0<5<1,

y(0) =0, (3.19)

y(1) =I5 0) (1) + (1 —n) (3 V) (1).

By using Lemma 3.1, it easy to deduce that the problems (3.18) and (3.19) are respectively
equivalent to the folowing integral equations

1 1
V) = E4J91p(t, m)ll’/(m)dereszHw(tl m)’ (m)dm, (3.20)
0 0
and

Hy, (t, m)p’ (m)dm. (3.21)

[ Y SN

1
y(3) = b5 J G (&, m)’ (m)dm +
0
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By exploiting assumptions (3.14) and (3.15) and inequalities (2.1) and (2.2), we obtain

b <Lezy) <Uelay) <l (3y) €I00,1] x[a,b], (3.22)
and
6 <Ln(3y) <Un(y) <b (3y) €0,1] x[a,b], (3.23)
where a :;,Ien[(iJr}} (3), b= I [%>l<]y(3). Therefore,
1 1
YO =[Syt m)’(m)hlm,y(m]dm -+ [ 36y (b mp (m)m, y(m))dm
0 0
1 1
> | S b m)(m) Lo (m, y)dm + | 5 (6 m (m)L o, y)dm
0 0
1 1
> €3J9w dm+€1JiH (t, m)P'(m)dm
0 0
= yt
and
1
y(t) = 9¢(t,m)w/(m)h(m,y(m))dm+J%w(t,m)w’(m)um,y(m))dm
0

N

[ S S

1
G (&, m) (m) U, (m, y)dm + J 3¢ (¢, m)P’ (m)Ug(m, y)dm
0

1 1

<t St (m)m o+ & [ 96 (mp (m)dm
0 0

~ (.

O

Example 3.5. With regard to the fractional boundary value problem (1.3) , we consider
in this example
tmy) =4+ (L—f)m, 0<m<1,

and
A(m,y) =0+l —Lf)m, 0<m<L

We have clearly,
6 <{(m,y) <&, and {3 <h(my) <l
So that we can plot y(t), y(t) and y(t), we take the following numerical values.

P = 1.5, 0o = 0.5, n= 0.25, 21 = 1, 22 = €3 = 2, 24 = 3,
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with the increasing function \(t) = t. After computing, we obtain

y(t) = 2.4167t+1.1543t(1 —t)'° — 1.5045t"°,
y(t) = 1.5000t+ 0.5771t(1 —t)'> —0.7523t",

y(t) = 1.9583t—0.0560t> — 0.1250t> — 1.1284t"° 4 0.0571¢(1 + t)(1 — )1
+0.8657¢(1 — t)1° — 0.1250¢(1 — £)>° — 0.0071(1 + t)(1 — )2,

Theorem 3.6. Assume that £, : [0,1] x R™ — R are two continuous functions such that
there exist two real constants ywy, wp > 0 which satisfy

|e(t;}’) —e(t/}’” < H1|Y—Y|, te [OI 1]1 (YIY) € RJr X R+/

and
mty) —hty)l <mly—yl, tel01, (yy)eR"xR".

If

(D) —(0)° 7 2 (h(1) —p(0)°
w = Mp—ot1) + Mo+ 1) <1, (3.25)

then the FBVP (1.3) admits a unique solution y € K.

Proof. From Theorem 3.3 , it follows that the problem (1.3) has at least one positive
solution in K. So, it suffices to show that the operator F expressed by (3.8) is a contraction
mapping in K. It is clear that if y € K, then Jy € K. In addition, for any t € [0,1] and
y,y € R", we have

1Ty — Tyl = max |Fy(t) — Fy(t)|
1
< max < J G (&, m)wp’ (m)[R(m, y(m)) — h(m, y(m))|dm
te(0,1]
1
+Jﬂ{¢(t,m)w'(m)w(m,y(mn - um,y(mmdm)
0
1
< 1J(¢(1)—¢(m))"“"1 ly—y|dm
S To—o) mlly =y
1
i | (01D =)y — ylldm
0

w(W(1) —w(0)° 7 2p(W(1) —(0))°
S ( (—(H—l) * Mp+1) )”y_y”

= wly—yl.
Since from the condtion (3.25) we have w < 1, hence the operator J is a conraction.
Thus, The Theorem 2.7 ensures that the FBVP (1.3) has a unique solution y € K. O
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Example 3.7. With regard to the FBVP (1.3), we consider in this situation the following
problem

3. 1 1es 1 (1 1
c:Déjreay(a)_i_( (2+ 3}’(3) ):c Dére& ( +Y(5)_>’ 0<3<1,

24302\ 1+y(3) " m\3+y(G) 3
y(0) =0,

(1) _ 1 j%?eZ' 24+ Y(l) ijl;eé 1+y(1) _1

Y= 1270 T+y1)) " a2 \3+y(1)  3)
(3.26)
In this construction, we have
3 1 1
= — _ — = — — 3
p 2’ o 2/ T] 4/ 11)(3) e,

B 1 3y
tey) = (2+3)e? <2+ 1 —|—y>’

1 /1+y 1
h3y)=—|>—2—=).
G6y) =2 <3—|—y 3)
Hence, the condition h(0,y(0)) = 0 holds and for any y,y € R™ and each ; € [0,1], we
have

and

1 3y 3y
0(3,y) —£(3, = —
£(y) — (e y)l (2+3)e?|1+y 14y
< L| _ |
S 22 YT YV
and
1/1+y 1+y
hy)—hGy) = S|—2——2
mey) —hGy)l = &35y 35y
< i| — |
S oY Y
then, we have
_1 2
H1 2e2’ Hz—gﬂz-
Therefore, we get
3
w8 e U2 1096 <1,

22 " 92T (3)

Consequently, by using Theorem 3.6 we conclude that the FBVP (3.26) has a unique solu-
tion.

If we go further, we note that the functions { and h are nondecreasing on the second
varible y with

. 1 . 2
Jm L) = dim hy) =55
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Figure 1: Graph of the exact solution y, compared with the upper and lower solutions y and y.

and
2 1 1

— < < — — K < —
352 S Gy < 2 3.7 S h(3y) < 3.7
for any 3 € [0,1] and y € R™. Hence, by taking into account ¢ = 3%, & = &, {3 =
3%, Uy = %, and applying Corollary 3.4, we deduce that the FBVP (3.26) admits at least

one solution which satisfies y(3) < y(3) < y(3) where y(3) and y(3) can be easily calculated
by using the expressions (3.20) and (3.21). B
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