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Abstract

The aim of this paper is to define and emphasize a strong form of D-compact sets in generalized metric
spaces, namely D-precompact sets. Also with other sets, we shall study the relationships. Furthermore, we
give the notions of sequentially D-precompact sets.
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1. Introduction

The metric space is the fundamental concept in functional analysis and topology. Dhage,
[1], introduced some results in D–metric spaces obtained. In addition, the notions of D-
open and D-closed balls are introduced. For some fixed point results applied in D-metric
spaces, see [2, 3]. In, [4], Al-shami introduced the notions on somewhere dense sets and
ST1−spaces. The class of somewhere dense sets contains all preopen, regular open, semi
open, α-open, β-open, b-open and β-open sets with the exception of the empty set. Al-
shami and Noiri, [5], applied to define new types of continuous maps. Hussain and Saif,
[6], introduced the class of D-precontinuous functions as a weak form of the class of D-
continuous functions in D-metric spaces. Recently, Al-shami, [7], introduced a topological
method to produce new rough set models. This method is based on the idea of somewhat
open sets which is one of the celebrated generalizations of open sets.

The remainder of this manuscript is organized as follows: In section 2, we recall some
definitions and properties of D–metric spaces that help the reader to well understand this
manuscript. In section 3, we introduce the notion of D-precompact sets via utilizing the D-
preopen sets. Section 4 introduces the notions of sequentially D-precompact sets. Finally,
we give some conclusions and make a plan for future works in Section 5.
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2. Preliminaries

Definition 2.1. [8]. A nonempty set X, together with a function D : X×X×X→ [0,∞) is
said to be a D-metric space, denoted by (X,D), if for x,y, z,u ∈ X D satisfies the following
x,y, z,u ∈ X:

1. D(x,y, z) = 0 =⇒ x = y = z (coincidence);
2. D(x,y, z) = D(p(x,y, z)), where p is a permutation of x,y, z (symmetry);
3. D(x,y, z) ⩽ D(x,y,u) +D(x,u, z) +D(u,y, z) (tetrahedral inequality).

OD
δ (y) denotes the D-open ball with radius δ > 0 and center y,

OD
δ (y) = {x ∈ X : D(y, x, x) < δ}.

CD
δ (y) denotes the D-closed ball with radius δ > 0 and center y,

CD
δ (y) = {x ∈ X : D(y, x, x) ⩽ δ}.

A subset M of (X,D) is said to be a D-open set if for every y ∈ M, there exist δ > 0
where OD

δ (y) ⊆M. The set M is said to be a D-closed set if X−M is a D-open set.

Theorem 2.2. [1]. Every D-ball OD
δ (y), y ∈ X, δ > 0 is a D-open set in X.

A subsetM of (X,D) is said to be a D-preopen set, [9] if for every y ∈M, there exist ε > 0
where for every x ∈ OD

ε (y), OD
δ (x) ∩M ̸= ∅ for every δ > 0. The set M ⊆ X is said to be

a D-preclosed set if X−M is a D-preopen set.

Theorem 2.3. [9]. A subset M of (X,D) is a D-preclosed set if and only if ClDP (M) =M .

Definition 2.4. [8]. Let (X,D) be D–metric space. A subset M of X is called bounded if
these exists constant K > 0 such that, D(x,y, z) ⩽ K, for all x,y, z ∈M and N is aid to be
D–bound of M.

Theorem 2.5. [10]. The arbitrary unioin of D-open sets is D-open set.

Definition 2.6. [11]. A sequence {xm} in (X,D) is called D-convergent if there exists an
element y ∈ X such that limD(xm, xn,y) = 0 as m,n → ∞, i.e. for any δ > 0, there
exists I ∈ N such that D(xn, xm,y) < δ for all m,n ⩾ I. Write {xm} −→ y and here {xm}

is called convergent to y and y is a limit point of {xm}.

Definition 2.7. [11]. A sequence {xm} in (X,D) is called Cauchy ( or D-Cauchy) if for any
δ > 0 there exists I ∈ N where D(xm, xn, xk) ⩽ δ for all m,n,k ⩾ I.

Definition 2.8. [12]. A D-metric space (X,D) is said to be complete (or D-complete) if
every D-Cauchy sequence in X is D-convergent in X.

Remark 2.9. [10]. Let (X,D) be D–metric space. A subset B of X and if x ∈ B, then
{xm} −→ x, where {xm} = x for m ∈ N, because limD(xm, xn, x) = 0 as m,n→ ∞, Thus
B ⊆ clD(B).
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Theorem 2.10. [1]. If {xm} a D-Cauchy in (X,D) contains a D-convergent subseq. {xmk
}

as k→ ∞ then the {xm} is D-convergent.

Definition 2.11. [1]. Let δ > 0. A finite subset M of (X,D) is called an δ-net for X if for
every x ∈ X, there is x ∈ M where x ∈ OD

δ (x). That is, M is an δ-net for X if M is finite
and X =

⋃
{OD

δ (x) : x ∈ M}. An (X,D) is called totally D-bounded if X has an δ-net for
every δ > 0.

Recall [1] that if every open cover of X has a finite subcover then we say that X is
D-compact space.

Theorem 2.12. [1]. Every sequentially D-compact is totally D-bounded.

Theorem 2.13. [9]. For M,G ⊆ X in (X,D), the following hold:

1. If M ⊆ G then ClDP (M) ⊆ ClDP (G)

2. ClDP (M∩G) ⊆ ClDP (M)∩ClDP (G).
3. ClDP (M)∪ClDP (G) ⊆ ClDP (M∪G).
4. ClDP (M) ⊆ ClD(M).

Theorem 2.14. [1]. In (X,D) , the following statement are equivalent.

1. X is D-compact space,
2. X is countably D-compact space,
3. X is sequentially D-compact space.

Theorem 2.15. [13]. For M ⊆ X in (X,D), the following hold:

1. If M is a D-compact set then M is a D-closed set and D-bounded set,
2. (X,D) is a D-compact if and only if it is totally D-bounded and complete,
3. a M of a complete (X,D) is D-compact if and only if is totally D-bounded set and

D-closed set.

3. D-precompact sets

Definition 3.1. Let (X,D) be a D-metric space and A ⊆ X. A is called a D-precompact
set in (X,D) if for every D-preopen cover {Gλ : λ ∈ I} of A has finite D-preopen subcover
{Gλk

: k = 1, 2, ...,n} of A such that A ⊆ ∪n
k=1Gλk

.
Similar, X is called a D-precompact space if X = ∪n

k=1Gλk
.

Example 3.2. Let (X,D) be D-metric space with any nonempty finite set X, where

D(x,y, z) = max{d(x,y),d(y, z),d(z, x)},

where (X,d) is any metric space. Since {{x} : x ∈ X} is D-preopen cover of X. Any subset of
X has finite D-preopen subcover {{x} : x ∈ X}. Note that any subset of X is D-precompact
set.

Theorem 3.3. Every D-precompact set is D-compact set.
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Proof. The proof of the theorem is cle.

Theorem above converse need not be true.

Example 3.4. Let (R,D) be D-metric space given by

D(x,y, z) = 0.

Note that {{x} : x ∈ R} is D-preopen cover of R which has no finite subcover. So R is not
D-precompact space but D-compact space.

4. Sequentially D-precompact sets

Definition 4.1. An (X,D) is called sequentially D-precompact if every sequence has in X
a D-convergent subsequence.

Definition 4.2. An (X,D) is said to have the finite intersection property for D-preclosed
sets if every decreasing sequence of nonempty D-preclosed sets has a nonempty intersec-
tion.

We mean by F dense in E that ClDP F = E.

Theorem 4.3. An (X,D) is sequentially D-precompact if and only if it has the finite inter-
section property for D-preclosed sets.

Proof. Suppose that X is sequentially D-precompact space. Given a decreasing sequence
of nonempty D-prclosed sets {Fn}, choose xn ∈ Fn for each n ∈ N. Then (xn) has a D-
convergent subsequence (xnk

) with xnk
→ x as k→ ∞. Since xnk

∈ Fn for all nk ⩾ n, Fn
is D-preclosed sets and x ∈ Fn for every n ∈ N then x ∈ ∩∞

n=1Fn, that is, and ∩∞
n=1Fn ̸= ∅.

Conversely, suppose that X has the finite intersection property. Let (xn) be a sequence in
X and define

Fn = ClDP Tn, Tn = {xk : k > n}.

Then (Fn) is a decreasing sequence of non-empty D-preclosed sets, so there exists

x ∈ ∩∞
n=1Fn.

Choose a subsequence (xnk
) of (xn) as follows. For k = 1, there exists (xn1) ∈ T1 such that

D(xn1 .xn2 , x) < 1, since x ∈ F1 and T1 is dense in F1. Similarly, since x ∈ Fn1 and Tn1 is

dense in Fn1 , there exists xn2 ∈ Tn1 with n2 > n1 such that D(xn1 .xn2 , x) <
1
2

. Continuing

in this way (or by induction), given xnk
we choose xnk+1 ∈ Tnk

, where nk+1 > nk, such
that D(xnk+1 , xnk

, x) < 1/(k + 1). Then xnk
→ x as k → ∞, that is, X is sequentially

D-precompact space.

Theorem 4.4. Every sequentially D-precompact in (X,D) is totally D-bounded.
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Proof. by contradiction, say (X,D) is not totally D-bounded. Then ∃ δ > 0 where X has no
δ−net. Let y1 ∈ X. ∃ must exists the points y1,y2,y3 ∈ X not necessary distinct, such that
D(y1,y2,y3) ⩾ δ, for otherwise, {y1}, would be an δ−net for X. Again ∃ a point y4 ∈ X
such that D(y2,y3,y4) ⩾ δ, for otherwise {y1,y2} would be an δ−net for X. Continuing
this process, we get a sequence {y1,y2, ...} having the property that D(yi,yj,yk) ⩾ δ, i ̸= j
or j ̸= k or k ̸= i. That the sequence {yn} cannot contain any D-convergent subsequence.
Hence (X,D) is not sequentially D-precompact space.

Lemma 4.5. A subset Y of (X,D) is totally D-bounded if and only if every sequence in Y
contains a D-Cauchy subseq.

Theorem 4.6. Let (X,D) be a D-precompact. Then (X,D) is complete.

Proof. Let (X,D) be a D-precompact by contradiction, say (X,D) is not complete. So we
found a D-Cauchy sequence {ym}m⩾1 in (X,D) does not have a limit in X. Let x ∈ X; since
{ym}m⩾1 does not D-converge to x, ∃ an δ0 > 0 such that

D(ym,yn, x) ⩾ δ0. (4.1)

Since {ym}m⩾1 is D-Cauchy, ∃ an integer n0 such that m,n,p ⩾ n0 then

D(ym,yn,yp) ⩾ 3δ0

select n,k > n0 for which D(yk,yn,y) ⩾ δ0 (by inequality (4.1) ). Then

D(yk,yn,yp) ⩽ D(yk,yn, x) +D(yk, x,yp) +D(x,yn,yp)

then
D(yk,yn, x) ⩾ D(yk,yn,yp) −D(yp,ym, x) −D(x,yn,yp)

> 3δ0 − δ0 − δ0 = δ0

for all n,k ⩾ n0. So, the D-open ball OD
δ0
(x) contains yn. In this way, we can assign with

each x ∈ X a D-ball OD
δ0(x)

(x), where δ0(x) is a positive number that depends on y, and
the D-ball OD

δ0(x)
(x) contains ym . Observe that

X = ∪{OD
δ0(x)

(x) : x ∈ X}

Since X is D-precompact, there is OD
δ0(xj)

(xj), j = 1, 2, ...,n, of X. So

X = ∪n
j=1O

D
δ0(xj)

(xj).

Hence, (X,D) be complete.

Theorem 4.7. Let (X,D) be complete a totally D-bounded. Then (X,D) is D-precompact.
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Proof. Let (X,D) be complete totally D-bounded and not D-precompact. Then ∃ a D-
preopen covering {Gλ : λ ∈ I} of X that does not admit a finite. Since (X,D) is totally
D-bounded, then for some δ > 0 and some y0 ∈ X, we have OD

δ (y0) ⊆ X. Observe

that X ⊆ OD
δ (y0) then X = OD

δ (y0). Let εn =
δ

2n
. Since X is totally D-bounded, it

can be covered by a finite number of D-balls with radius ε1 because there is OD
ε1
(y1)

which cannot be covered by a finite number of sets Gλ. In this way, a sequence {yn}n⩾1
OD

εn
(yn) cannot be covered by a finite number of sets Gλ and yn+1 ∈ OD

εn
(yn). We to

show that the sequence {yn}n⩾1 is D-convergent. Since yn+1 ∈ OD
εn
(yn), it follows that

D(yn,yn+1yn+2) < εn and hence,

D(yn,yn+1,yn+p) ⩽ D(yn,yn+1,yn+2) +D(yn+1,yn+2,yn+3) + ...

+D(yn+p−2,yn+p−1,yn+p) < εn + εn+1 + ...εn+p−2 <
δ

2n−2

So {yn}n⩾1 is a D-Cauchy and since X is complete, it D-converges to x ∈ X. Since x ∈ X,
there is λ0 ∈ I such that y ∈ Gλ0 . Because Gλ0 is D-open(D-preopen), it contains OD

δ (x)

for some δ > 0. Select n so large that D(yn,yn, x) <
r

3
and εn <

r

3
. Then, for any y ∈ X

such that D(y,y,yn) < εn, it follows that

D(y,y, x) ⩽ D(y,y,yn) +D(y,yn, x) +D(yn,y, x)

<
r

3
+
r

3
+
r

3
= r

so that OD
εn
(yn) ⊆ OD

r (x). Therefore, OD
εn
(yn) has a finite subcover and this is contradic-

tion.

Theorem 4.8. A D-metric space is D-precompact if and only if it is complete and totally
D-bounded.

Lemma 4.9. Every infinite set in (X,D) has at least one limit point in X if and only if
every infinite sequence in (X,D) contains a D-convergent subseq.

Proof. Let the first case be hold. Let {yn}n⩾1 be in X. If the set {y1,y2,y3, ...} is finite, then
there is yj0 where yj0 = yi for i ∈ N. Hence {yj0} is a subsequence of {yn}n⩾1. Assume
that the set {y1,y2,y3, ...} is infinite. Hence there is a limit point of {y1,y2,y3, ...}, say
y ∈ X. Let n1 and n2 are belong to numbers integer such that D(yn1 ,yn2 ,y) < 1. Having
defined nm, let nm+1 and nm+2 be the smallest integer such that nm+2, nm+1 > nm

and D(ynm+1 ,ynm+2 ,y) <
1

m+ 1
. Then the sequence {xnm}m⩾1 D-converges to y. Let the

second case be hold. Let Y ⊂ X infinite. Then ∃ a sequence {xn}n⩾1 in X of distinct terms.
As (2), {xn}n⩾1 contains a subsequence {xnj

}j⩾1 that D-converges to x ∈ X. Hence every
D-open ball with centre x contains an infinite number of the D-convergent subsequence
{xnj

}j⩾1.

Theorem 4.10. An (X,D) is D-precompact if and only if every sequence has a converted
subseq. in X.
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Proof. Let X is D-precompact and {yn}n⩾1 be any sequence in X. Since X is totally D-
bounded, using Lemma (4.5), then {yn}n⩾1 contains {ynj

}j⩾1. But {ynj
}j⩾1 is D-converges

to y ∈ X because X is complete.
Conversely, it depends on Lemma (4.5) that X is totally D-bounded. By assumption,
{yn}n⩾1 has subsequence {ynj

}j⩾1 that D-converges to y ∈ X. We shall show that limnyn =
y. Let δ > 0. Since limjynj

= y, there is j0 where j ⩾ j0 then

D(ynj
,ynj−1 ,y) <

1
3
δ (4.2)

Since {yn}n⩾1 is D-Cauchy, there is n0 where n,m,p ⩾ n0 then

D(yn,ym,yp) <
1
3
δ (4.3)

If j ⩾ j0 and nj ⩾ n0, then using (4.2) and (4.3), we have

D(yn,ym,y) ⩽ D(yn,ym,ynj
) +D(ynj

,ym,y) +D(yn,ynj
,y) <

1
3
δ+

1
3
δ+

1
3
δ = δ

whenever n,m ⩾ n0.

Theorem 4.11. Let (X,D) be a D-metric space. The following statements are equivalent:

1. (X,D) is D-precompact;
2. (X,D) is totally D-bounded complete;
3. every infinite set in X has at least one limit point;
4. every {xn} in X has a D-convergent subseq.

Let X be a D-preclosed subset of the D-precompact (Y,D). Then (X,DX) is D-precompact.

Proof. Let {xn}n⩾1 be in X.Then {xn}n⩾1 also in (Y,D) has a subseq. D-converging to
y ∈ Y by Theorem (4.11). But then y ∈ X since X is D-preclosed, by Theorem (2.13).
Thus by Theorem (4.11), X is D-precompact.

Corollary 4.12. Let X be a subset of (Y,D). If (X,DX) is D-precompact, then X is a
D-preclosed subset of (Y,D).

5. Conclusion

We introduce the notions of sequentially D-precompact sets and the relationships
among this form with totally D-bounded sets, and complete and D-preclosed sets. In
an upcoming paper, we plan to use the idea of D-precompact sets to study new types of
locally D-precompact sets and countably D-precompact sets in D-metric spaces.
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