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Abstract

Motivated mainly by a variety of applications of Euler’s Beta, hypergeometric, and confluent hypergeo-
metric functions together with their extensions in a wide range of research fields such as engineering, chem-
ical, and physical problems. In this paper, we introduce modified forms of some extended special functions
such as Gamma function, Beta function, hypergeometric function and confluent hypergeometric function by
making use of the idea given in reference [1]. Also, certain investigations including summation formulas,
integral representations and Mellin transform of these modified functions are derived. Further, many known
results are obtained as special cases of our main results.
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1. Introduction

The classical Gamma and Beta functions are defined respectively as follows (see [2]):

IMx)= Joo t*le~tdt, (Re(x)>0). (1.1)
0
and )
B(x,y) = J 1 (1—t)V " dt, (Re(x)>0,Re(y)>0), (1.2)
0

for each x,y € (0,+00). The Gamma and Beta functions posses the following relation:

rx)riy)

Bloy)= Mx+y)’

(1.3)
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Recently, many authors have introduced certain extensions for Gamma and Beta func-
tions (see [3, 4, 5, 6, 7, 8, 9, 10]) and studied its properties. Chaudhry and Zubair [11]
introduced the following extended Gamma function:

(o ¢]

Iy (x) _JO exp (— t—B) dt, (Re(x) >0, Re(p) >0). (1.4)

Chaudhry et al., [3] presented the following extended Beta function:

1

B (x,y;p) =J

0

x—1 -1 —P
T (1—t)Y Texp <t § —t)> dt, (1.5)
(Re(x) >0,Re(y) >0, Re(p) >0).

Note that, for p =0, (1.4) and (1.5) reduce to (1.1) and (1.2).
Also, the extended hypergeometric and confluent hypergeometric functions are intro-
duced in [4] as follows:

o0

B, (b+n,c—b) zm
F .. — P 4 = .
p(a,b;c;2) 1; Boc—p Wnr (1.6)
where Re (p) > 0 and Re(c) > Re (b) >0, |z| < 1.
= By, (b+mn,c—b)z"
(b; D - 1.
@z nZ_O B(bc—b) nl’ (1.7)

where Re (p) > 0 and Re (c) > Re (b) > 0.

It is clear that when p = 0, the equations (1.6) and (1.7) reduce to the well known
classical hypergeometric and confluent hypergeometric functions respectively.

Very recently, the modified Laplace transform is introduced by Saif et al. [1] as follows:

Lo{f(t)} = J:O a SYf(t)dt, Re(s) >0, a € (0,00)\{1}, (1.8)

which for a = e reduces to the known Laplace transform given as:

(o ¢]

L{f(t)} = J e SYf(t)dt, Re(s) >0, (1.9)

0

Motivated by the idea given in [1], in this paper, we introduce a new modified forms
of the extended Gamma, Beta, hypergeometric and confluent hypergeometric functions
defined in equations (1.4)-(1.7) respectively.

2. Modified Gamma and Beta functions

In this section, we introduce a new modified forms of extended Gamma and Beta
functions in the following forms :

M (x;a) = JOO el gt t)dt, 2.1
0
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for Re(x) > 0,Re(p) > 0 a € (0,00)\{1}, and

1 P
Bp (x,y;0) ZJ 11—ty alato) gy, (2.2)
0

for Re(x) > 0, Re(y) > 0, Re(p) > 0, and a € (0, c0)\{1}.

Remark 2.1. For p = 0, definition (2.1) reduces to a new modified Gamma function
defined as:

I'(x;a) :J 1 atdt, Re(x) >0,and a € (0, 00)\{1},
0

which forx =n+1,n =0,1,2,... gives the following relation between I" (x; a) and the
recently known result [[1], p. 129] (for s =1) :

o _ Fn+1) n!
r La)=| thatdt= = : 2.3
(m+1a) Jo . (loga)™™  (loga)™"! @3

Also, we note that

M (x;e) =Ty (x), 2.4)
lo(xe)=T(xe)=T(x), (2.5)
By (x,y;e) =By (x,y), (2.6)
Bo (x,y;¢) =B (x,y). 2.7)

Now, we introduce certain properties of the modified forms of the extended Gamma
and Beta functions in the form of the following theorems:

Theorem 2.2. The following summation formulas for I, (x; a) and By, (x,y; a) hold true:

Z loga) ————T(x—m;a), (2.8)
n=0
By (x,y;a) = Z(p)r(ll'oga)B (x—m,y—mn). (2.9)
n=0 ’

Proof. To prove (2.8), expanding the R.H.S. of equation (2.1) by using the following rela-
tion:

o n l_ n
=Y x(139a) (2.10)
n=0 )
we get
00 oo n n
cq) — - —p )\ (loga)
M (x;a) = L t* a nZ_O <t) m dt,

which on interchanging the order of summation and integration and then using rela-
tion (2.1) yields the desired result (2.8).

Similarly, proceeding on the same lines of proof (2.8) and using relation (1.2), we get
result (2.9) and thus the proof of Theorem 2.1 is completed. O



M.A. Kulib, A.A. Al-Gonah, S.S. Barahmah /Certain investigations in the field of.... 90

Remark 2.3. Using the relation (1.3) in the R.H.S. of relation (2.9) and then applying some
properties of pochhammer symbol, we get the following hypergeometric representation
for By (x,y;a):

1—x—y 2—x—y‘1

> , > —x,1—vy;4p loga>, (2.11D)

B‘p (X/y; (1) =B (X/y) ZFZ (
where ..Fs(-) is the generalized hypergeometric function (see [12] or [2]).

Theorem 2.4. The following summation formulas for B, (x,y; a) hold true:

[e¢]

By (x,1-y;0q) y),“Bp (x+m,1a), (2.12)
n=0 n
Bp (x,y;a) =) Bp(x+ny+1a), (2.13)
n=0
= n
By (x,y;a):Z<k> By (x+k,y+n—k;a), neNp . (2.14)
k=0

Proof. To prove result (2.12). From (2.2), we have

1 79
By (x,1—y;a) :J (1Y o7e) gt

R )
_ Yy _ Yingn
1-t7¥=) =Bt <1, (2.15)
n=0
we obtain
1 ©©
By (x,1—y;a) = JO Z (-'::L)'ntXJrTl 1 (jpt))dt.

n=0

Now, interchanging the order of summation and integration in the above equation and
using (2.2), we get the required result (2.12). The proof of result (2.13) is similar to that
of (2.12).

To prove equation (2.14), we use the mathematical induction on (n € Ng) as follows:

Clearly, For n = 0 the equation (2.14) holds.

Forn =1, we have

-1
Bp (x+1,y;a)+ By (x,y+1a) = {t*(1 —t)y i1 —t)Y} a(ﬁ) dt
Jo

1 _

= | -yt + (1—t)}a(ﬁ)dt
JO

rl —p

= | 1 —t)y_la(‘“*”)dt

JO

= Bp(xy5a).
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Therefore, the equation (2.14) holds for n = 1.
Continuing this process for all (n € Ny), we finally obtain the desired relation (2.14)
and thus the proof of Theorem 2.4 is completed. O

Theorem 2.5. The following integral formulas for T, (x; a) and By, (x,y; a) hold true:

JOO M (x;a) ps_ldp =T (s;a) T(x+s;a), (Re(s) >0, Re(x+s)>0), (2.16)
0

J By (x,y;a) ‘ps_ldp:r(s,'a) B(x+s,y+s), (2.17)
0

(Re(s) >0, Re(x+s) >0, Re(y+s)>0).

Proof. Multiplying (2.1) by p*~! and integrating with respect to p from p = 0 to p = oo,
we get

00 00 1
J My (x;a) pStdp —J ps_1J £l t T dp dt. (2.18)
0 0 0

The order of integration in (2.18) can be interchanged because of the uniform conver-
gence of the integral. Therefore , we have

P

00 1 00
J M (x; a) ps_ldp —J gt <J ps_la_T dp) dt, (2.19)
0 0 0

which on putting u = % and using relation (2.1) yields the desired result (2.16).
Similarly, proceeding on the same lines of proof (2.16) and using relation (2.1) and

(1.2) , we get the desired result (2.17) and thus the proof of Theorem 2.5 is completed. [J

Remark 2.6. Putting s = 1 in relations (2.16) and (2.17), we get the following results:

Corollary 2.7. The following integral formulas for T, (x; a) and By, (x,y; a) hold true:

&0 1
I (x; =—T 1; 2.2
L p (x;a)dp Toga (x+1a), (2.20)
J'OOB (x,y;a)d —LB(1+X1+ ) (2.21)
o 7 Y )ep = loga ATy '
Theorem 2.8. The following integral representations hold true:
7 Y N S
By (x,y;a) = ZJZ cos?* 19sin?¥y~19 a p<(c°ses"“9)2> do, (2.22)
0
00 uxfl 7p<(1+u)z>
B, (x,y;a) = ——a Y Jdu, 2.23
v yra) Jo (14+u)*"Y ( )

C

Bp (x,y;a) = (c—a)' ¥V J w—a) " e—w'la " () 4, (2.24)

a
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Proof. To prove result (2.22), putting t = cos?0 in (2.2), we have

7 B 1
By (x,y;a) = 2J cos?*20sin’Y 20 a p<cos29stnze>cosesin6d9,

0
which yields the desired result (2.22).

Similarly, results (2.23) and (2.24) can be proved by taking the transformations t =
—— and t = ¥=2 in (2.2) respectively and thus the proof of Theorem 2.8 is completed. [J

I+u c—a

Theorem 2.9. For the product of two modified gamma function T}, (x; a) , the following
formula holds true:

o0

M (xa) Ty (y;a) = ZJ (r)z("“”_1 cFTZBL2 (x,y;a)dr, Re(x),Re(y) > 0. (2.25)

0

Proof. Substituting t =n? in (2.1), we get

M (xa) = ZJ > 1 o *?)dn.
0

Therefore,
fOO OO .2 P 2 P
M (xa)lp(y,a) = 4 X2yl a( n ﬂz) a( e 02)dndp
Jo Jo
[0 0O
= 4 o T]2x—1p2y—1 a—(n2+p2) a*‘P(nz 92)dndp
OO OO 24 n2
_ 4 n2x-1p2u-1 o= (n*+e?) a—p("r‘%;‘ﬁ) dndp.
Jo Jo

Substituting n = rcos6, p = rsind, we get

M (x;a)Tq (y; a)

7T

P _ 1
- 4JJ (2O (cos0) ! (sin®) T @ a (o7 arag
0 JO

e

00 z _r 1
= ZJ (r)20ty)—1 g (2J2 (c0s0)> 1 (sing)¥ ! a r2<(C°S‘3Sm‘”2>d6> dr,
0 0

which on using relation (2.22) yields the desired result (2.25). O

Remark 2.10. (i) For a = e and using relations (2.4) and (2.5), all the above relations
related to I, (x; a) reduce to the known results due to Chaudhry and Zubair [11].

(ii) For a = e and using relation (2.6), all the above relations related to By, (x,y;a)
reduce to the known results due to Chaudhry et al. [3].
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3. Modified hypergeometric functions

In this section, we introduce modified forms for the extension of hypergeometric and
confluent hypergeometric functions given in (1.6) and (2.8) by using the modified Beta
function defined in (2.2).

Definition 3.1. The modified forms of the extension of hypergeometric and confluent
hypergeometric functions are defined as

& By(prny—Ba)t
Fp(oc,B,%z,a)—Z_o(oc)n R ORETE (3.1)

for Re(y) > Re() > 0,Re(p) = 0, a € (0,00)\{1}, and |z| < 1.

3

O By (Bt y—pia)
d)p (6/’Y1Z1a)—nz_0 B(B,Y_B) Tl!,

for Re(y) > Re() > 0,Re(p) = 0, a € (0,00)\{1}, and |z| < 1.

(3.2)

Remark 3.2. It is clear that, for a = e, (3.1) and (3.2) reduce to the extended hypergeo-
metric and confluent hypergeometric functions (1.6) and (1.7) respectively.

Now, we prove some properties of the modified hypergeometric and confluent hy-
pergeometric functions F, («, 3;v;z,a) and ¢, (B;v;z a) in the form of the following
theorems:

Theorem 3.3. The modified hypergeometric and confluent hypergeometric functions

Fp (&, B;v;z;a) and ¢y (B;v:2a) (3.3)
have the following integral representations:

1 _
FoloBiviza) = 573 i—(s) Jotﬁ_l -0 Pz o )a, 3.4

for Re(y) > Re(p) > 0,Re(p) >0, a € (0,00)\{1}, and |arg(1 —z)| < 7.

1 P
d)p (B;v;z,a) = B(Bﬂlf—ﬁ) L Pl (1 _t)v—ﬁ—l exp (zt) a(ﬁ) dt, (3.5)

for Re(y) > Re(B) > 0,Re(p) = 0, a € (0,00)\{1},

Proof. Using relation (2.2) in equation (3.1), we have

n

! _—P ©

dt, (3.6
By —B) Jo D v 3o

which on using relation (2.15) yields the desired result (3.4).

Similarly, result (3.5) can be obtained by using relation (2.2) in equation (3.2) and
then using the definition of the exponential function, thus the proof of Theorem 3.3 is
completed. O
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Remark 3.4. Substituting t = p%u, t = sin?0 and t = tan h?0 in relation (3.4) respec-

tively, we get the following results:

Corollary 3.5. The modified hypergeometric function F, («, 3;;z; a) has the following in-
tegral representations:

1 ! p—1 xX—y x <7p(1+u)2)
F (oc,ﬁ;v;z;a)=J WP 1+ 1 -uz—1)" % a\ " Jduy,
Fo (o, B2 Q) = : J'Tzr sin 10 cos™ 2210 a(ﬁ> de (3.8)
P PYE Y =B Ry =B Jo (1—zsin26)¢ ’ '
2 ® gin h2b—19 cog h2a—2¢+1g (419; )
F X P,;Y,Zz,a) = J a tanh20 sech20 de (3.9)
pleBviza) =g )

2 a
0 (cosh 0 —zsinhze)
Remark 3.6. Substituting t = 1 —t in relation (3.5), we get the following result:

Corollary 3.7. The modified confluent hypergeometric function ¢ (B3;v;z; a) has the fol-
lowing integral representation:

1 —P
dp (B;v;z,a) = m L tYy—h-1(q —t)ﬁ_l exp (—zt) a<ﬁ> dt. (3.10)

Remark 3.8. Taking z =1 in relation (3.4) and using relation (2.2), we get the following

result: B, (B 8: )
Fp (o, B;vi1;a) = —2or Y — &= B 3.11
Pl B =y g G0
Theorem 3.9. The following differentiation formulas for Fy, (¢, 3;v;z; a) and ¢y, (B;7Y;z; a)
hold:
d~ (e)x(B)
o P (@ Biv;z a)} = #Fp (a+k B+ky+kza), (3.12)
d~ (B)x
@{d)p(ﬁ;v;z;a)}:m¢p(ﬁ+k;v+k;z;a)- (3.13)
Proof. Differentiating (3.1) with respect to z , we have
d e d ¢ By (B+mn,y—pB;a)z"
o luBvizal = dznzo(oc)n BBy_p) nl
— By (B+n,y—p;a) zM !
— o), . (3.149)
2T T o
Putting n =n + 1 in (3.14), we have
d - By (B+n+1y—pB;a)z"
7{Fp(“/B}Y;Z}a)}:Z(‘X)n+1 p(Brntly—p a)z—, (3.15)

dz B(B,y—B) n!

n=0
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which on using the following relation

B(b,c—b):%B(bJrl,c—b), (3.16)
In the R.H.S. gives
d fodh)
E{Fp (o, B;v;z;a)} = 7Fp (x+1,B+1Lyv+12a). (3.17)

Again differentiating (3.17) with respect to z , we obtain

d? o a(a+1)B(R+1T)
@{Fp ((X/ BIY/ZI Cl)}— 'Y('Y‘f‘l)

Fola+2,3+2v+2za). (3.18)

Continuing up to k times, we get the required result (3.12).
Applying the similar procedure used to prove result (3.12), we get the desired result
(3.13), thus the proof of Theorem 3.9 is completed. O

Theorem 3.10. The modified hypergeometric and confluent hypergeometric functions
Fp (o, B;v;z;a) and ¢y (B;v; 2 a)

have the following Mellin transforms:

M{Fp (&, B;v5z;0) ;p — s} = MB B+s,vy—B+s)Fi(x,B+s;v+2s;2),
(3.19)
M{dy (Biviz a)ip — s} = MB (B4syts—B)o(B+syt2sz). (3.20

Proof. Applying Mellin transform on both sides of (3.4), we have

M{F, (e, B;v;2z;0) ;p — s}
o0 1 _—P
- B(Bwlf B)J P”J =1 (1— B (120 o) dap,
Y 0 0

Interchanging the order of integrations in above equation, we have
M{Fp (o, B;v;z;a);p — s}

1 1 [5_1 A _ o0 -~ (;L)
- - 1)y B-1(1— “( s—1 t(1t>d)d,3.21
By =gy 7 e ([l T

Using the following relations:

J pst a<t(;”)dp =t°(1—-1t)° Ty (s;a), (3.22)
0
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and (2.15) in the R.H.S. of (3.21), we get
M{Fy, (e, B;v;z;0) ;p — s}

FP (s;a) . i ! B+s+n—1 (1 __ ) y—B+s—1
Sy B & ey 1-1) at

n=0
o0

I (s;a) Z(a) iF(B—Fern)F(y—[?H—s)
B(B,y—RB) ™ n! I'(y+2s+n)
M (s;a) — (o), (B+s),z"
= —————B(B+s,vy—PR+5s) —n__ ___n_
BBy —p0 ey —PHs) L T
which yields the desired result (3.19).
In similar way, we can prove result (3.20), thus the proof of Theorem 3.10 is com-
pleted. O]

n=0

Remark 3.11. Taking the inverse Mellin transform of both sides of equations (3.19) and
(3.20), we get the following results:

1 Y+1ioco
Fy (&, B;v;2;a - J I (s;0)B(R+s,y—PB+s
plabiviza = oopan ] | Tls@BBEsy- gy
X oF1 (o, B+s;7v+2s;z)p °ds (3.23)
and
1 Y+1ioc0
b;c;z,a) = - J I, (s;a)B(B+s,y—P+s
bp(vieizal = gy | T(saBB sy =By
XO(P+s;vy+2s;z)p °ds (3.24)
respectively.

Theorem 3.12. The modified hypergeometric and confluent hypergeometric functions

Fp (o, B;v;z;a) and ¢y (B;y; 2 a)

have the following transformations formulas:

Fo(x,B;viz;a) =(1—2)"% Fp <ow— B;v; z—il" a> , (3.25)

dp (B;v;iza) =exp(z) ¢p (v —B;v;—za), (3.26)
where |arg (1—2z)| < 7.

Proof. Putting t =1 —t in (3.4) and then using

(1—z(1—-1t) *=1—-2)¢% <1+ z t>“, (3.27)
1—2z

in the resultant equation, we obtain

B(B,y—B)Jo -

1—2) ! e,
Fp (o, B;v;2;0) = (Z)J ty P11 — )Pt <1+ : z t) o(9) g,
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which in view of definition (3.1) yields the required result (3.25).
From (3.5) and (3.10), we can easily establish the required result (3.26), thus the
proof of Theorem 3.12 is completed O

Remark 3.13. For a = e, all the above relations reduce to the known results due to
Chaudhry et al. [4].

4. Conclusion

In our present investigation, by using the idea given in reference [1], we have intro-
duced some modified forms for basic extended special functions such as Gamma function,
Beta function, hypergeometric function and confluent hypergeometric function. We have
investigated some properties of these functions. Most of the special functions of math-
ematical physics and engineering, such as Jacobi and Laguerre polynomials can be ex-
tended by using the idea given here. Therefore, the corresponding extensions of several
other familiar special functions and polynomials are need to be investigated.
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