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Abstract

Finsler geometry is a kind of differential geometry originated by P. Finsler. Indeed, Finsler geometry
has several uses in a wide variety and it is playing an important role in differential geometry and applied
mathematics of problems in physics relative, manual footprint. It is usually considered as a generalization of
Riemannian geometry. In the present paper, we introduced some types of generalized W™ -birecurrent Finsler
space , generalized WM -birecurrent affinely connected space and we defined a Finsler space F,, for Weyl’s
projective curvature tensor W]?kh satisfies the generalized-birecurrence condition with respect to Cartan’s

connection parameters F]j}l , such that given by the condition (2.1), where |m |n is h-covariant derivative of
second order (Cartan’s second kind covariant differential operator) with respect to x™ and x™ , successively,
Amn and pmn are non-null covariant vectors field and such space is called as a generalized W -birecurrent
space and denoted briefly by GW™ - BRF,, . We have obtained some theorems of generalized W™ -birecurrent
affinely connected space for the h-covariant derivative of the second order for Wely’s projective torsion tensor
W;';h , Wely’s projective deviation tensor W;‘l in our space. We have obtained the necessary and sufficient
condition forsome tensors in our space.

Keywords: Generalized Wh -birecurrent affinely connected space, Generalized WM . Birecurrent space,
Weyl’s projective curvature tensor lekh’ Finsler space Fn,.
2010 MSC: 53B40, 15A69.

1. Introduction

The recurrent for different curvature tensors have been discussed by Al-Qashbari [1],
Dikshit [2], Matsumoto [3], Pandey [4], Pandey, et al. [5], Qasem [6], Qasemet al. [7,
8] and others. Ahsanand Ali [9] who discussed a recurrent curvature tensor on some
properties of W-curvature tensor of Weyl’s projective curvature tensor Wjikh is skew-
symmetric, it is indices k and h. The generalized birecurrent space was studied by Hadi
[10], Qasem and Hadi [11]. Also, W-generalized birecurrent space studied by Qasem and
Saleem [12] and others.

An n-dimensional Finsler space, Figure 1, equipped with the metric function f satisfies
the requisite conditions [13]. Consider the components of the corresponding metric tensor
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gij , Cartan’s connection parameters F].*,j and Berwald’s connection parameters G}k (the
indices 1,j,k, ... assume positive integral values from 1 to n ). These are symmetric in
their lower indices.

Figure 1: Finsler Space as a Lo-

: : Figure 2: Metric Tensor gj; Figure 3: Metric Tensor g}
cally Minkowskian Space

The vectors y; and y' satisfy the following relations [13]:

Yi=9i Y, (1.1)
yiy' =F, (1.2)
0iYj = Gij, (1.3)
oyt =35} (1.4)

The metric tensor gy; Figure 2, the metric tensor g* Figure 3 and the vector y* are
covariant constant with respect to the above process.

gijik =0, (1.5)
yh =0, (1.6)
g =0, (1.7)

The h-covariant derivative of second order for an arbitrary vector field with respect to
x¥ and %) , successively ,we get

Xy =05 (Xi) = (X ) 1y + (5 ) Tt =0 (X ) e 9

Taking skew-symmetric part with respect to the indices k and j, we get the commuta-
tion formula for h-covariant differentiation as follows [13]:

Xy = X e = X"Kigg — (0:XY) Kigy®, (1.9)
where
Hg = 03Ty + () G + My e — )E (1.10)

where the indices 1,j,k ,...are positive integral values from 1 to n, and —% means the
subtraction from the former term by interchanging the indices k and j.
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The tensor Kirk). as defined above is called Cartan’s fourth curvature tensor.

The process of h-covariant differentiation, with respect to x* , commute with partial
differentiation with respect to y’ for arbitrary vector filed X' , according to [13],

o; ( \k) (05XY) e + X7 (05T55) — (0+X) Py (1.11)

and . .
05T = I (1.12)
The tensor W' jkn 18 known as projective curvature tensor (generalized Wely’s projective

curvature tensor) the tensor W).‘k is known as projective torsion tensor (Wely’s torsion
tensor) and the tensor W]l is known as projective deviation tensor ( Wely’s deviation tensor
are defined by

i i i

i i 6] Zy 6
jkn = Hjm+ mHhk‘i‘ a Hkh+ 1 (nHjn + Hnj +y"05Hny)

Y .
2 - 1 (nHji + Hig +y"05Hir) , (1.13)
i i y a
=Mt et (MHpe =y Higr ), (1.14)
and :
Wi =Hj —H & — == (0:H] —9H) y", (1.15)
respectively.

The tensors W}y, , Wy, and W} are satisfying the following identities [13]

Wi v =Wy, , (1.16)
Whoy =Wy, (1.17)
KW, = ]kh, (1.18)
AW}, = Wy, (1.19)

The projective curvature tensor Wjikh is skew-symmetric in its indices k and h see the
definition in (1.13).
An affinely connected space has some properties as follows:

G}kh = 0, and Cijklh =0 (120)

Remark 1.1. An affinely connected space or Berwald space characterized by any one of
the above two equivalent conditions. Also, we have the following properties.

The connection parameters F].*]i of Cartan and G}k of Berwald coincide in an affinely
connected space and they are independent of the directional arguments [13], i.e.

Gixn = 3Gl = 0, (1.21)
5T =0, (1.22)
Yr Gijie = —2 Cijin y" = 2Py = 0. (1.23)
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2. On Necessary and Sufficient Condition of Generalized W" -Birecurrent

A Finsler space F,, for which Weyl’s projective curvature tensor Wjikh satisfies the re-

currence property withrespect to Cartan’s coefficient connection parameters Fj*‘i which is
characterized by the condition [13]

jikh m = Om Wi, +bm (8h95% — dkgjn) , Win #0, (2.1)

where |m is h-covariant derivative of first order ( Cartan’s second kind covariant differ-
ential operator ) with respect to x™ , the quantities a,, and b, are non-null covariant
vectors field. It’s space is called as a generalized W -recurrent space and is denoted
briefly by GW™ - RF,,.

Taking the h-covariant derivative for (2.1) with respect to x™ and using (1.5), we get

W}kh\mln = Amin Wikn + Gm Wjikhln +bmm (819jk — 8k gjn)
where gjin, =0.
In view of (2.1), the above equation yields

Wiihimin = AmnWiin + Hmn (83,95 — 8kgjn) , (2.2)

where A = @y + Qm Gn, Wmn = @m an + by and [m [nis h-covariant derivative
of second order (Cartan’s second kind covariant differential operator) with respect to x™
and x™, successively, A;nn and um, are non-null covariant vectors field and such space is
called as a generalized W™ -birecurrent spaceand denoted briefly by GW" - BIRF,, .
Result Every generalized W™ -recurrent space is generalized W™ -birecurrent space.
Transvecting the condition (2.2) by yJ and by y* , successively, using (1.6), (1.16),
(1.17), (1.1) and (1.2), we get

Lrim =AM Wi+ Bmn (Shyk —8kyn ), (2.3)

bm e =Amn W+ tmn (S5 —yn yY), (2.4)

Theorem 2.1. In GW™ - BIRF,, , the h-covariant derivative of the second order forWely’s
projective torsion tensor W, and Wely’s projective deviation tensor W}, are given by (2.3)
and (2.4), respectively.

Differentiating partially of (2.3) with respect to y’ , using (1.23) and (1.3), we get

O (Winimin) = (3Amn) Win +Amn Wi + @51mn ) (8hyic — Skyn )
+itmn (3h95k — 8k gjn ) -

Using the commutation formula exhibited by (1.11), for the h(v) torsion tensor Wlim\m ,
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in the above equation, we get
{arwlih\m}l +W12h\m (a]r:rll) _th\m (a r )
Wkr\m (a rﬁ;) Wlthh‘ (a r*r) (arwlihlm) P)'Tn
= (3 mn) Win +Amn Wi + (O51mn ) (3hyk — dkyn )
+imn (849jk — 8k gjn ) - (2.5)

Again, applying the commutation formula exhibited by (1.11), for the h(v) torsion
tensor ( Wi, ), in the equation (2.5) and using (1.18), we obtain

(Wi + W (85158 = Wi, (85T) ~ Wir (5T3) — (0-Wh) Pl },
+Wl];h|m (a r ) rhlm (a)r{gl) Wlla”lm (aJrﬁ;)
Wll<h|‘r (a F*T ) (arwimm) P]Tn
= (3jAmn) Wi + AmnWin + (051mn ) (8hyx — 8kyn )
+Hmn (5}19jk - 6;Zgjh ) ,
which can be written as
W)khlm\n + {th ( r*l ) - ih (ajr*T ) _Wlim‘ (ar}i:n) - (aTwlth) Pjrm }In
+er<h|m (a r;krlt) - rhlm (a)rfgt) - krlm (a r )
thlr (a F*T ) (arwlichlm) P;n
= (&Amn) Wi + AmnWha, + (95mn ) (Shyx — dun )
+imn (8495k — 8k jn ) - (2.6)
This shows that

Wjikh|m|n = Amnwjikh + Bmn (6%19)% - 6]i<g)'h )
if and only if

{Win (05Tm) = Wi (8150) = Wi (35T00) — (0:Win) Pl }

AWinm (O5T5%) = Winm (0160) = Wi (85T0m)

_Wlih\r (6jl“:;fn) - <aTWll<h|m) jn (a Amn) th

— (O51tmn ) (8hyk —dkyn ) =0. 2.7)

Therefore, using the above assumptions and mathematical analysis results the follow-
ing theorem have been derived.
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Theorem 2.2. In GW™" - BIRF,, , Weyl’s projective curvature tensor W].ikh is generalized
birecurrent, if and only if the equation (2.7) is equal to zero.

Differentiating partially of (2.4) with respect to y¥, using (1.19) and (1.3), we obtain

E.)k ( }il|m\n) = (ak}\mn) }il‘i‘}\mnwlih + (akumn ) (5%1}:2 —Yh yi)
+Fhmn (k8L —Skyn ) -

Using the commutation formula exhibited by (1.11), for the h(v) torsion tensor W}le )
in the above equation, we have

(5kW1i1|m>|n + Wi (0km) = Wepm (0T0)
_W]i"LlT (akr:;lrn) - (aTWﬁlm) Plzn
= (OAmn) Wi+ AmnWip + (Okttmn) (65F —yn y')
+Hmn (akéan_ ]1<Uh) . (2.8)

Again, apply the commutation formula exhibited by (1.11), for the h(v) torsion tensor
(W} ), in the equation (2.8) and using (1.19), we get

{Winm + Wi (35T50) = WE (ki) = (0:W4) Pl }
- i\m (akrﬁ;) _W}it\r (akr;:lrn) - (aTW;L\m> Plin

= (ak}\mn) W;LL +)\mnW1i<h
+ (akp-mn ) (6%1]:2 —Yn Ui) + Hmn (ak(S].ELFZ - li<yh ) ’

which can be written as

Winimn + IWh (0T35) = We (0kTin) — (0:Wh) Pl Ji + Wijm (0T7)
= Wi (8Tn) = Wiy (xTin) = (Wi ) Pl

= (dkAmn) Wi +AmaWip
+ (Oxtmn ) (GhFP —yn ') + pmn (Ok8LF> —Skyn ). (2.9)

This shows that

lichlmln = Amnwlih + Hmn (3k5%F2 - iyh ) (2.10)
if and only if

{WE (85T30) — Wi (k) — (0 W) Pl b + Wi (04T37)
- i\m (akrﬁ;) - }ilh" (akr::n) - (arw}ll\m> PIZTL
= (OAmn) Wi+ (dkttmn ) (BhF? —yn yY). (2.11)
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Therefore, it is concluded the following.
Theorem 2.3. In GW™ - BIRF,, , Wely’s projective torsion tensor W, is given by (2.10), if
and only if the equation (2.11) holds good.
3. Affinely Connected Space on Generalized W" -Birecurrent
Let us introduce definition of GW® — BIRF,, to be affinely connected space as follows:

Definition 3.1. The generalized W" -birecurrent space which is an affinely connected
space [satisfies any one of the conditions (1.21), (1.22) and (1.23)] will be called gener-
alized W -birecurrentaffinely connected space and will denote it briefly by GW™ - BIR
-affinely connected space.

Remark 3.2. It will be sufficient to call the tensor which satisfies the condition of GW™ -
BIR -affinely connected space as generalized h -birecurrent tensor ( briefly Gh - BIR) .

By using the conditions (1.21), (1.22) and (1.23), the equation (2.6) reduce to

jikh\mln = (0Amn) Wlih"i_}\mnwjikh + (O51tmn ) (Shyk —8kyn )
Hhmn (5195% — 8k gjn ) - 3.1
This shows that

lichlm\n = )\mnW;Lkh + Hmn (5%19jk - 5129]'11 ) (3.2)
if and only if

(0Amn) Wiy + (d5mn ) (Shyx —8kyn ) = 0. (3.3)

Therefore, using the above assumptions and mathematical analysis results the follow-
ing theorem have been derived.

Theorem 3.3. In GW™" - BIR - affinely connected space, Weyl’s projective curvature tensor
Wjikh is Gh - BIR if and only if the equation (3.3) is equal to zero.

Transvecting the equation (3.1) by yJ , using (1.6), (1.16) and (1.1), we get

L = (@Amn) Win ¥ + Ama Wiy + (O51mn ) (Shyk —8kyn ) v/
+Umn (&hyk - 5119}1 ) . (3.4)
This shows that

1i<h\m|n = }\mnW]ih + Wmn (6]11yk - 6}<yh ) (35)
if and only if
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(3jAmn) Win+ (djnmn ) (Shyx —8kyn ) =0, since y’ # 0. (3.6)
Transvecting the equation (3.4) by y* , using (1.6), (1.16), (1.2) and (1.1), we obtain

}itlm\n = (ai}‘m“> W]I’L Uj + ?\mnW}iL + (a)'limn ) (&LFZ —Yh Ui) Uj
+Hmn (6}1]:2 —Yh yi) .
This shows that
b = AMmaWh + tmn (51F —yn y') (3.7)
if and only if
(3 Amn) WiY + (O5pmn ) (8hFF —yny')y’ =0. (3.8)

Therefore, using the above assumptions and mathematical analysis results the following
theorem have been derived.

Theorem 3.4. In GW" - BIR -affinely connected space, Wely’s projective torsion tensor Wi,
and Wely’s projective deviation tensor Wﬁ are given by (3.5) and (3.7), respectively, if and
only if the equations (3.6) and (3.8), respectively are equals to zero.

By using the conditions (1.21), (1.22) and (1.23), the equation (2.9) reduce to

lihlm\n = (akAmn) ]11 + }\mnwlih + (akl»imn ) (S%Fz —Yn yi)
Fitmn (O 8> —8iyn ). (3.9)

This shows that
Erimm = AmnWin + Bmn (9 8, F> —diyn ) (3.10)
if and only if
(dxAmn) Wi + (Oxkmn ) (SLFP —yn y') =0. (3.11)
Therefore, it is concluded the following.

Theorem 3.5. In GW" - BIR - affinely connected space, Wely’s projective torsion tensor
Wi, is given by (3.10) if and only if the equation (3.11) hold good.

Transvecting the equation (3.9) by y* , using (1.6), (1.17), (1.2) and (1.1), we get

W‘:qm\n = (ak)\mn) Wﬁyk + )\mnwﬁ + (akumn) (6%1]:2 _Uhyi) yk
+Umn (6"}‘1]:2 —Yh yi) .
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This shows that

}il\mhl = }\mnw}il + Wmn (5]1}:2 —Yh Ui) (3.12)
if and only if

(OkAmn) WEYS + (dktmn ) (8LFF —yn y') y* =0. (3.13)

Therefore, using the above assumptions and mathematical analysis results the follow-
ing theorem have been derived.

Theorem 3.6. In GW™" - BIR -affinely connected space, Wely’s projective deviation tensor
W;L is given by (3.12) if and only if the equation (3.13) hold good.

4. Conclusions and Recommendations

A Finsler space is called generalized W -birecurrent spaceif it satisfies the condition
(2.1). In GW" - BIR, the h-covariant derivative of the second order for Wely’s projective
torsion tensor W}(h and Wely’s projective deviation tensor W;L are given by (2.3) and (2.4),
respectively. In GW™ - BIR , the necessary and sufficient condition of Weyl’s projective
curvature tensor Wjikh is generalized birecurrent, if and only if the equation (2.7) is equal
to zero and Wely’s projective torsion tensor W{, is given by the equation (2.10), if and
only if the equation (2.11) is equal to zero.

In GW" - BIR - affinely connected space, Weyl’s projective curvature tensor W).ikh

is Gh - BIR if and only if the equation (3.3) is equal to zero, GW™" - BIR - affinely
connected space, Wely’s projective torsion tensor W{,, and Wely’s projective deviation
tensor W;l are given by (3.5) and (3.7), respectively, if and only if the equations (3.6)
and (3.8), respectively are equals to zero and in GW" - BIR - affinely connected space,
Wely’s projective torsion tensor Wi, and Wely’s projective deviation tensor W} are given
by equations (3.10) and (3.12), if and only if the equations (3.11) and (3.13) are hold
good.

Authors recommend the need for continuing research and development in generalized
WM _birecurrent Finsler spaces and interlard it with the properties of special spaces for
Finsler space.

References

[1] Algshbari AMA (2016). "Certain types of generalized recurrent in Finsler space". Ph.D. Thesis, University
of Aden, (Aden) (Yemen).

[2] Dikshit S (1992). "Certain types of recurrences in Finsler spaces". D. Phil. Thesis, University of Alla-
habad, (Allahabad) (India).

[3] Matsumoto M (1971). On h-isotropic and Ch -recurrent Finsler. J. Math. Kyoto Univ. 11: 1- 9.

[4] Pandey PN (1981). A note on recurrence vector. Proc. Nat. Acad. Sci. (India), 51(A): 6-8.

[5] Pandey PN, Saxena S and Goswani A (2011). On a generalized H-recurrent space. J. Int. Academy of Phy.
Sci. 15: 201-211.

[6] Qasem FYA (2000). "On transformation in Finsler spaces". D. Phil Thesis, University of Allahabad, (Al-
lahabad) (India).

[7] Qasem FYA and Al-Qashbari AMA (2016). Study on generalized H" -recurrent Finsler spaces. J. Yemen
Eng. Univ. Aden, 14: 49-56.



A.M.A. Al-Qashbari /Recurrence Decompositions in Finsler Space 86

[8] Qasem FYA and Al-Qashbari AMA (2016). Certain identities in generalized RM™ -recurrent Finsler space.
Int. J. Innov. Sci. Math. 4(2): 66-69.
[9] Ahsan Z and Ali M (2014). On some properties of W-curvature tensor. Palest. J. Math. 3(1): 61-69.
[10] Hadi, WHA (2016). "Study of certain types of generalized birecurrent in Finsler space". Ph.D. Thesis,
University of Aden, (Aden) (Yemen).
[11] Qasem FYA and Hadi WHA (2016). On a generalized RM— birecurrentFinsler space. Int. J. Math. Phys.
Sci. Res. 3: 93-99.
[12] Qasem FYA and Saleem AAM (2010). On W;Lkh generalized birecurrent Finsler space. J. Faculties Educ.
Univ. Aden, 11: 21-32.
[13] Rund H (1981). "The differential geometry of Finsler spaces". Springer-Verlag, Berlin Gottingen-
Heidelberg, (1959), 2nd Edit. (in Russian), Nauka, Moscow.



	1 Introduction
	2 On Necessary and Sufficient Condition of Generalized Wh  -Birecurrent 
	3 Affinely Connected Space on Generalized Wh -Birecurrent 
	4 Conclusions and Recommendations

