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Abstract

In this paper, we study the relationship between Cartan’s second curvature tensor P}kh and (h)hv—torsion
tensor C}k in sense of Berwald. Moreover, we discuss the necessary and sufficient condition for some tensors
which satisfy a recurrence property in BC-RF;,, P2-Like-BC-RF,,, P*-BC-RF,, and P-reducible-BC — RF,,.

Keywords: BC-Recurrent Finsler space, Cartan’s second curvature tensor, (h)hv—torsion tensor, recurrence
property.

1. Introduction

The concept of C-recurrent space in sense of Cartan and Berwald has been studying
by Matsumoto [9] and Sarangi and Goswami [8], respectively. Mishra and Lodhi [2]
discussed the properties of C"-recurrent and CV-recurrent Finsler spaces, Mohammed [1]
introduced P —recurrent space and studied the properties of P2-like space and P*-space
in PM-recurrent space, Pandey and Dikshit [12] discussed P*-and P-reducible Finsler space
of recurrent curvature.

Let F,, be an n-dimensional Finsler space equipped with the metric function F(x,y)
satisfying the request conditions [4]. The (h) hv-torsion tensor C}k is the associate tensor
of the tensor Cijx which are defined by

@) Ciyry' =Crijy' =Ciay' =0,  b)Chy =Cyy =0,

C)C?k = g™ Ciji, d)Cijk = thC,hk, (1.1)
e)Cj; = Cj and f)ICy* = C,
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where C ijk = %61 Jixk = %6161 8k Fz.

Berwald covariant derivative Biji of an arbitrary tensor field Tji with respect to x*
given by 4 _ _ 4 _

Berwald covariant derivative of the vector y' vanish identically, i.e.

Byy! = 0. (1.2)

But, in general, Berwald covariant derivative of the metric tensor gi; does not vanish and
given by
Brgij = —2Cijiny™ = —2y"Bn Cyjx - (1.3)

The tensor P].ikh called hv— curvature tensor ( Cartan’s second curvature tensor) is
positively homogeneous of degree —1 in y' and defined by [4]
Pjikh = Clih\j - gircjkhlr + erkPirh - Pjrhcirk/ (1.4)
which satisfies the relations

*1

@)Phn ¥ =Tty = Pin = Clnpy” and 1) Pijin = gir Pl (1.5)

where Pyjyp, called associate tensor of hv— curvature tensor and P]i<h called v (hv) — torsion
tensor which satisfies

a) PLy* =0, b) Pren = gir Py, and ¢) PYy, = Prcng'’, (1.6)

where P, called associative tensor for v (hv)-torsion tensor.
P— Ricci tensor Pji , curvature vector Py and curvature scalar P of Cartan’s second
curvature tensor given by

a)Pje =Phi,  b)Pe=Py and ¢)P=Pry¥, (1.7)

respectively.

Recently, Alaa et al. [5, 6, 7] discussed the necessary and sufficient condition for some
tensors which satisfy the generalized recurrence property in G(BP) — RF,, and studied
some properties of P2-like space, P*-space and P-reducible space in it.

2. On BC-Recurrent Space

Matsumoto [9] introduced a Finsler space which the (k)hv-torsion tensor C?k satisfies
the recurrence property in h— covariant derivative (Cartan’s second kind covariant differ-
entiation) and called it C"-recurrent space. This space characterized by the conditions

a) li<h|m = AmCin and b)Cjxnim = Am Cjkn, (2.1
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where Cyjy is associate tensor of C}, .

Sarangi and Goswami [8] introduced a Finsler space for which the (h) hv-torsion ten-
sor C}k satisfies the recurrence property in sense of Berwald and called it C-recurrent
space. Let us denote this space briefly by a BC-RF,,.

This space characterized by the conditions

a)BmCly, = A Cly, and b)Bm Cikh = AmCjkn. 2.2)

Let consider a BC — RF,, .
Using (2.1)(a) and (2.1)(b) in (1.4), we get

Phn = AjCion — A'Cicn + CliPin — Cric P, (2.3)

where Al = Argir.
Taking B-covariant derivative for eq. (2.3) with respect to x™ , using (2.2)(a) and
(2.2)(b) in the resulting equation, we get

BiPin = Am (AjChn —ATCjkn + ClPhy — CHPLL) + (BmAj) Chp — (BimA!) Ciin
+ ClBmPly, — ChiB Pl
Using eq. (2.3) in above equation, we get

BmPjin = AmPlin + (BmAj) Cin — (BmAY) Cyjin + CJi BmPrp — CiBmPjh. (2.4

This shows that BmP]flkh = )\mP).ikh if and only if
(BmAj) Cin — (BmA') Cjkn + CjyBimPhy, — Cly B PJ, = 0. (2.5)
Transvecting eq. (2.4) by gi,, then using (1.3) and (1.5)(b), we get
BmPrjkh = AmPrjkn + gir{(BmAj) Cin — (BmAY) Cjxn + C;kBmP}'h
- CirkBmP]Th}_ZPjikhysBsCirm- (2.6)
This shows that By, Prjkh = Am Prjkn if and only if
9irl (BmAj) Cip — (BmAY) Cjn + ChBmPh, — ChBm P} — 2Py y*Bs Cirm = 0. (2.7)

Transvecting eq. (2.4) by y’ , using (1.5)(a), (1.2), (1.1)(a), (1.1)(b) and (1.6)(a),
We get . . . .
BmPih =Am Pin + (BmAj) Crn V. (2.8)

This shows that By, P, = APy, if and only if
(BmAj) Ckn v’ =0. (2.9)

Contracting the indices 1 and h in eq. (2.4), using (1.7)(a), (1.1)(e) and (1.7)(b), we
get

BimPjk = AmPjk + (BmAj) Ck — (BmAY) Cjii + Cy B Pr — Ch Bm PJi. (2.10)
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This shows that B, Pjx = A Pj if and only if
(BmAj) Ck — (BmAY) Cjii + CJy BmPr — Ch BmPj; = 0. (2.11)
Contracting the indices i and h in eq. (2.8), using (1.7)(b) and (1.1)(e), we get
BmnPx = AmPx + (BmAj) Cr v’ (2.12)
This shows that By, Px = A, Pk if and only if
(BmAj) Cry’ =0. (2.13)
Transvecting eq. (2.12) by y* , using (1.7)(c), (1.2) and (1.1)(f), we get
BinP =AmP + (BmAj) Cy’. (2.14)
This shows that B,,P = A,,P if and only if
(BmAj) Cy’ =0. (2.15)

Consequently, from previous equations, we proved that, the behavior of P).ikh , Prikn

s Plid'w P;x , Py and P as recurrent if and only if egs. (2.5), (2.7), (2.9), (2.11), (2.13) and
(2.15), respectively hold. Thus, we conclude:

Theorem 2.1. In BC-RF,,, Cartan’s second curvature tensor Pjikh, the associate curvature
tensor Prjyy , the torsion tensor P}(h, the P-Ricci tensor Pjy, the curvature vector Py and
the curvature scalar P satisfy the recurrence property if and only if egs. (2.5), (2.7), (2.9),
(2.11), (2.13) and (2.15) respectively hold.
3. A P2-LikeBC-Recurrent Space

A P2-Like space is characterized by the condition[10]

P}kh = (chih - (PiCJ'khf (3.1)
where ¢; and @' are non-zero covariant and contravariant vectors field, respectively.

Definition 3.1. The BC-recurrent space which is P2-Like space [satisfies the condition
(3.1)1, will be called a P2-Like BC-recurrent space and we will denote it briefly by a P2-
Like-BC-RF,,.

Let consider a P2-Like-BC-RF,,. Taking B-covariant derivative for the condition (3.1)
with respect to x™ , using (2.2)(a) and (2.2)(b) in the resulting equation, we get

BimPhcn =Am (©;Chi — ©'Cjin) + (Bm®;) Cin — (Bm@') Cjkn.
Using the condition (3.1) in above equation, we get

Bmp)'ikh = }‘ijikh + (Bm(f’i) Clich - (Bm(Pi) Cixn- (3.2)
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This shows that BmP]flkh = )\mP).ikh if and only if
(Bm®;j) Chn — (Bm@*) Cjxn = 0. (3.3)
Transvecting eq. (3.2) by gi, , using (1.5)(b) and (1.3), we get
BmPrikn = AmPrikh + Gir{ (Bm @) Chn — (Bm@®") Cjin} — 2Phy°BsCirm. (3.4)
This shows that B, Prjxn = AmPrjxn if and only if
9ir{(Bm®;) Chi — (Bm®") Cjkn} — 2P} y*BsCipm = 0. (3.5)
Contracting the indices i and h in eq. (3.2), using (1.7)(a) and (1.1)(e), we get
BmPjk = AmPjk + (Bm®;j) Ck — (Bm®*) Cjxi. (3.6)
This shows that By, P = AmPji if and only if
(Bm®;) Ck — (Bm®') Cjxi = 0. (3.7)

Consequently, from previous equations, we proved that, the behavior of Pjikh » Prikn
and Pjy as recurrent if and only if egs. (3.3), (3.5) and (3.7), respectively hold. Thus, we
conclude

Theorem 3.2. In P2-Like-BC-RF,,, Cartan’s second curvature tensor P}kh, the associate cur-
vature tensor Pyjxn and the P-Ricci tensor Pjy satisfy the recurrence property if and only if
egs. (3.3), (3.5) and (3.7), respectively hold.
4. A P*- BC-Recurrent Space
A P*-Finsler space is characterized by the condition [3]
P]i;_h - (pcth. (4.1)

Definition 4.1. The BC-recurrent space which is P*-space [satisfies the condition (4.1)],
will be called a P*-BC-recurrent space and we will denote it briefly by a P*-BC-RF,,.

Let consider a P*-BC-RF,,. Taking B-covariant derivative for the condition (4.1) with
respect to x™ | using (2.2)(a) in the resulting equation, we get

BmPin = (Bm®) Cip + @Am Ch,.
Using the condition (4.1) in above equation, we get
BmP{Eh = AmPlzh + (Bm o) Cli<h- (4.2)
This shows that By, Pl = AmPL,, if and only if

(Bm) Ci,, =0. (4.3)
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Transvecting eq. (4.2) by gi; , using (1.6)(b), (1.3) and (1.1)(d), we get
BmPjkh = AmPjkn + (Bm®) Cjkh + 2Py B Cijm. (4.9
This shows that By, Pjxn = Am Pjkn if and only if
(Bm®) Cjkn + 2Pk y°BsCijm =0. (4.5)
Contracting the indices i and h in eq. (4.2), using (1.7)(b) and (1.1)(e), we get
BmPk = AmPx + (Bmo) Ck. (4.6)
This shows that B,,, Px = A, Pk if and only if
(Bme)Cx =0. 4.7)
Transvecting eq. (4.6) by y*, using (1.7)(c) and (1.1)(f), we get
BmP =AmP+ (Bme)C. (4.8)
This shows that B,,P = A,,P if and only if
(Bme) C=0. (4.9)

Consequently, from previous equations, we proved that, the behavior of Pih, Pjkh, Pk
and P as recurrent if and only if egs. (4.3), (4.5), (4.7) and (4.9), respectively hold. Thus,
we conclude:

Theorem 4.2. In P*-BC-RF,,, the torsion tensor P}(h, the associate curvature tensor Pjy,
the curvature vector Py and the curvature scalar P satisfy the recurrence property if and only
if egs. (4.3), (4.5), (4.7) and (4.9), respectively hold.

5. A P-Reducible-BC-Recurrent Space

A P— reducible space is characterized by the condition [11, 13]
Pjxh = ACjkn + @ (h]’kch +hinCj + hny Ck) , (5.1)

where A and ¢ are scalar vectors positively homogeneous of degree one in y/ and hyy is
the angular metric tensor.

Definition 5.1. The BC-recurrent space which is P -reducible space [satisfies the condition
(5.1)], will be calleda P-reducible-BC-recurrent space and we will denote it briefly by a
P-reducible-BC-RF,,.

Transvecting the condition (5.1) by gV using (1.6)(c) and (1.1)(c), we get
Pin = ACkn + @ (hiCh + hienCH -+ hi Cy), (5.2)

where hi = gUh; and C' = gV C;. Let consider a P-reducible-BC-RF,,.
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Taking B-covariant derivative for the condition (5.2) with respect to x™, using (2.2) (a)
in the resulting equation, we get

BmPin = MmCin + (BmA) Cip + B [@ (RECh + hin C* + hE Cy)] -
Using the condition (5.2) in above equation, we get

BmPin = AmPin —Am@ (MCh+hinCH+hi Cy) + (BmA) Cyy
+ Bum [@ (NiCh +hinC* + 1, Ci)]

This shows that
B [@ (hiCh + hinC" +hj,Ci)] = Ame (hiCh + Nih C' +h} Cx) — (BmA) Ciyy (5.3)

if and only if BiPL,, = AmPL, . Taking B— covariant derivative for the condition (5.1)
with respect to x™ , using (2.2)(b) in the resulting equation, we get

BmPjkn = MmCjkn + (BmA) Cjkn + Bm [@ (hjkCh + hxnCj + hnj Ci) | -
Using the condition (5.1) in above equation, we get

BmPikn = AmPjkh —Am@ (hjkCh + hinCj + hnj Ci) + (BmA) Cikn
—Bm [(p (hjkCh + hthj +hhj Ck)} .

This shows that

Bm [(p (hjkch + h,thj + hhj Ck)] = 7\m(p (h)’kCh + hthj + hh]‘ Ck) - (Bm}\) Cjkh
(5.4)
if and only if B Pjn = AmPjkn -

Consequently, we proved that, Berwald’s covariant derivative of the first order for the
tensors @ (hiCh +hinCt +hi Cx) and @ (hjxCh +hinCj + hnjCy) satisfy egs. (5.3)
and (5.4) if and only if the torsion tensor P}ch and the associate torsion tensor Pjyn
behave as recurrent, respectively hold. Thus, we conclude the following theorem:

Theorem 5.2. In P-reducible-BC-RF,,, Berwald’s covariant derivative of the first order for
the tensors @ (hjxCn +hxnCj + hnjCx) and ¢ (hiCn + hxnCt+ hi Cy) are given by egs.
(5.3) and (5.4) if and only if the torsion tensor Pih and the associate torsion tensor Pjin
satisfy the recurrence property, respectively hold.

6. Conclusion

We obtained the necessary and sufficient condition for Cartan’s second curvature ten-
sor Pjikh, associate curvature tensor Pijyxy , torsion tensor P}(h, P-Ricci tensor Pjy, curva-
ture vector Py and scalar curvature P which satisfy the recurrence property in BC-RF,,,
P2-Like -BC-RF,,, P*-BC-RF,, and P-reducible -BC-RF,,, we got the relationship between
Cartan’s second curvature tensor Pjikh and (h) hv-torsion tensor C}k in sense of Berwald.
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