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Abstract

In this paper, we conclude that n-linear functionals spaces J has approximate fixed points set, where J
is a non-empty bounded subset of an n-Banach space H under the condition of equivalence, and we also use
class of (i, 0)-nonexpansive mappings.
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1. Introduction

Functional analysis studies the spaces of functions and the processes operated on them,
among which are the normed space and the inner product spaces. They are the basis
for studying many concepts in the different branches of mathematics and measuring the
vector and non-vector quantities in physics. Thus, when studying these spaces with equal
dimensions or greater than the n'" dimensions, we get to measure the sizes between n-
vectors that make up the different spaces. In this case, it leads to generalizing and re-
reading many terms for the various branches of science that study these two spaces. Thus,
the importance of this research lies here. The idea of n-normed spaces was first presented
by Gahler [1, 2, 3]. The idea of n-inner product spaces was created by Misiak [4]. As
we realize that the length of a vector is a subject we talk about on normed spaces, in
n-normed spaces we talk about the volume of a parallelepiped which is crossed by a set
comprised of n-vectors. There are some results, though they are few that addressed these
spaces in their study. For example, Batkunde et al., introduced the topological properties
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with respect to its quotient space of n-normed spaces, see ([5, 6, 7]). Basic properties,
fuzzy cases and n-distance of n-normed spaces were found in ([8, 9, 10]). Sequences
on n-normed spaces were discussed by Ekariani et al. in [11, 12, 13]. Also, fixed point
theory on bounded set was introduced by Meiti et. al., in [14] and Gunawan et. al., in
[15]. On the other hand, the theory of fixed point started by Banach in[16] by contraction
mapping and was then developed and circulated by many researchers from that time until
now. They obtained their results using contraction, contractive or nonexpansive mapping.
In the current years, few speculations of nonexpansive mapings have gotten consideration
and their fixed point theorems have been concentrated by numerous creators, (see[17,
18, 19, 20, 21, 22, 23, 24, 25, 26]). Researchers are thus looking into the possibility of a
solution and its uniqueness to different forms of spaces under changing conditions. From
these spaces, we chose in our work n-linear functional space on n-normed and n-inner
product space. Few types of researches study the existence and uniqueness of the solution
on n-normed and n-inner product spaces in such cases. If the researcher can prove his
results with the addition of a complete n-normed spaces we will get results on n-Banach
spaces, recent studies such as these are mentioned in [27]. In this paper, we will prove
that n-linear functions have the existence and uniqueness set of the solution on n-normed,
n-inner product spaces using Xianbing’s results in [20] by type of (u, 0)-non-expansion
mappings.

2. Preliminaries

We will recall the following Preliminary facts so as to plan for our results.

Definition 2.1. Let H be a real linear space dimH > n, and let ||-,-| : H x H — R such
that the following are hold

@ |h,...,h | =0ifand onlyif, hy,..., hy, are linearly dependent for all hy, ..., h, € H;
G |h,....h || =hi,... hi ], forall (iy,...,in) € (1,...,n);
(i) ||kh,,...,h. || =Iklh, ..., " ],k E€R;

(V) ||hi +hyhy,.o hall < fhe e hall + |, .. |, for all hy, hy, ..., hy € H
Then |-, -|| is an n-normed on H and (H, ||, ..., -||) is a linear n-normed space.
We can see that ||h,,...,h, [ > 0.

In the same direction, Batkund et al.[28] add
th + k2h2 +e knhﬂ./hZ/ cee /hTLH = ||h1/h2/ cee /hnH/ (21)
forall hy, hy,...,h, € Hand kp,...,k, € R

Definition 2.2. Let H be a real linear space dimH > n+ 1. A function (-,-|-,...,-) :
H x H — R such that the following are hold

@) (hy,hilhg,...,hn) =2 0 and (hy, hilhy,...,hy) = 0 if and only if hy,..., h, are
linearly dependent;
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(ii) <h1,h1|h2,. . .,hn> = <hil,hil|h12,. . .,hin>, for all (il,. . .,in) S (1,. . .,TL),'
(iii) <h\-l/h1|h21 ceey hn> = <h1/ Hl|h2/ e /hn>;
(iV) <k.h1,h1|h2, .. ~/hn> - |k|<hl/hl|h2/ cee /hn>/k S R:

(V) <h0+h:0/hl|]:12/“'/hn> - <h0/hl|h2/"'/hn> + <H'0/hl|h2/"'/hn>z
for all hg, hg, hy,..., hn € H.

The pair (H, (-,+|-,...,-)) is called an n-inner product spaces. The relation between
n-normed spaces and n-inner product spaces was referenced by Kristi et al. [29], as
ththI v /hTLHZ = <hl/ hl|h2/ e /hTL>'

Example 2.3. If (H, ||-,...,||) is an n-normed spaces and H’ it is containing of bounded
n-linear functionals on H, we can define the following function on H

gi(h1) -+ gi(hn)
Ihy,..., ha||€ = sup : : . (2.2)
Example 2.4. If (H,(-,]...,-)) is an n-Inner product spaces,we can characterize the stan-
dard n-norm on H as
1
(hy,hy) -+ (hy,hp)|?
Ihy,..., Wl =] , : (2.3)
<hn/ h1> e <hn/ hn>

Determinate (2.2) is known to always a non-negative Gram’s determinate. We rely on
changing parameters g; to prevent the negative value from being obtained, while the value
of ||hy,..., hn||S form the size of parallel from the dimensions of hy,...,h,,. For more
clarification see[30]. In next section, we characterize the class of (u, o)-non-expansive
mappings on n-Banach and prove that if J be a non-empty bounded form an n-Banach
spaces, then every (i, o)-non-expansive mappings p : 3 — J with p > 0 and o > 0 has an
approximate fixed point sets.

3. Main Results

In this section, we will introduce definitions and thoughts regarding n-linear functional
on n-normed spaces in a different way.

Definition 3.1. Let (H, ||-,...,||) be an n-normed spaces and hy, hy, ..., h,, be n-subspaces
of H and let {(hy,hy,...,hy) € J. Such that 3: ((hy, hy, ..., hn) — R, then

Afunction ¢(hy, hy, ..., hn) = [|hy, &y, ... x4 |||Ihe, Biy, - Bigll -+« [T, Yy - - - Vi, || s called
n-linear functinal on H for all hy, hy,..., h, € Hand for all (i5,---,in) € (1,--- ,m) with
(12 <o <ip)and i € {1,...,Tl}\{iz,...,in}.

Definition 3.2. A sequence ((hy,) € J in an n-normed space H is said to be converges to
some hy € H if

Jim |¢(hug) —hyha,. Ml =0, for allhy,... hn € Hand ki € N. (3.1)
1—00
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Definition 3.3. A sequence ((hy,) € J in an n-normed space H is said to be Cauchy if
kl,léznioo |C(hy,) — C(hiy)1, ho, .., hn]| =0, forall hy, ..., hn € Hand kg, ko € N.
(3.2)
Corollary 3.4. Every convergence sequence in J on H is Cauchy sequence.

Definition 3.5. A function ((hy, hy,...,hn) C J — R is satisfies an n-Lipschtz condition
if there is T > 1 such that

|[Chq1 — Ch, Chy — Ch, ..., Chy — Ch|| < 1||lhy —h,hp, —h,...,hy —h||, (3.3)
for all h,hy, hy, ..., hy € H, tis Called n-Lipscitz constant.

Definition 3.6. Let (Hy, ||-,..., | )n,, (H2, |-, ..., -[Dhys -, (Hn ||+ -+, <] )1, De the n-normed

spaces and let & = {&,, ..., i, Jo, B ={Biys---, BinJps---»Y ={Viy -+, VinJy be a fix lin-
early independent sets. An n-linear functional ¢ : H; x Hy x --- x Hy — IR is said to be
bounded of first index with respect to a pairs of «, 3, ..., v, if there exist M € R such that:

‘C(hlth/---/hnN < M(th/ O(i]/"'/(xinHH]) X (HhZ/ Bh/"'/[‘))inHHz)
X X (||hn/Yill"'/Yin||Hn)/ (34)

forall hy € Hy,...h,, € Hy, and (ip, -+ ,in) € (1,---,n) with (i < --- < i) such that
11 E{l,...,n}\{iz,...,in}.

Definition 3.7. Let (Hy, ||-,..., [ )ny, (H2, [l - [Dhgs - - (Hi ||+ - -+, || )1, be the n-normed
spaces and let & = {&,, ..., 6, Jo, B ={Biys---, Bin)ps---»Y ={VYiy, -+, Vin}y be a fix lin-
early independent sets. An n-linear functional {: H; x Hy x --- x H;; - Rand 1 < 1t < oo,
is said to be bounded of T*" index with respect to a pairs of «, B, ..., v, if there exist M € R
such that:

1 1
IC(he, ho, o b))l S M(JTha, oy, e o (T )™ X (e, Bay, -0 Bin I, ™
1
Xoee X (th/'Yil/- . '/‘YinHF]E[n)TI (35)

forall hy € Hy,hp, € Hy for all (ip,---,in) € (1,---,n) with (i, < --- < i) and i; €
{1,...,n\{ip, ..., inh

We can re-write definition 3.1 on n-inner product spaces as

Definition 3.8. Let (H, (-, |,...,-)) be an n-inner product spaces and let
((hy,hy,...,hn) C J,such that 3: ((hy, hy, ..., h) = R, A function

|C(h1/h21 LR /hn)| :(Z<hll (x'il|(xiz/ ey (Xin>) X (Z(hZI ﬁh”siz/ ey Bin>)
X (O (e, Vi ags - Yin))s (3.6)

is called n-linear functinal on H for all hy,hy,..., h,, € H and for all (ip,---,in) €
(1,--- ,m)with (i <---<in)and iy € {1,...,n}\{io, ..., ink
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In the next procedure, we will show that the n-linear functionals J are bounded, equiv-
alent, forming an n-Banach spaces.

Lemma 3.9. Let H be an n-normed spaces and let {{(hy)},{@(sx)} C T € H be two Cauchy
sequences in n-linear functional spaces then

(a) ((hy) is a Cauchy sequence on R.
(d) ||¢(hk) + @(sk), x, ..., anl|, is Cauchy sequence in H,
(c) If{¢(hx)} —» hand{¢(hk)} — h, then h=h, k — oo.

Proof. Since {C(hi)},{¢(sx,)} are two Cauchy sequences in n-linear functional spaces, we
obtain

[C(hi), o, .., o] = [[(Chi) — @ (sK,)) + @[5k, ), X2, ., o],
< H(C(hk) - (p(skl))/ X2,.. -/O(TIH + H(P(Skl)z X2,.. -/(xn”/

so, we have
[C(hie), &2, - o || — [l ( Skl) 2, ..y Ot
< (¢ @(sk,)), &2, an|l + |[@(sk, ), &2, ..., xnll,
and,
lo(si,), 02, an || = [|C(hx)), a2, - .o o || < [[(Clhi) — @(s1,)), &2, - o,

consolidating the above, we make sure that

[C(hi), o, .o o[ = [[@ (81, ), 02, . an ||| < [[(C(Mi) — @(s1,)), 02, -, aen || = 0,

as k, k; — oo. Hence, ||¢(hy), xy,..., an || is a Cauchy sequence in R, (a) is proven.
To prove (b), since {{(hy)},{®(sk)} are two Cauchy sequences, then

lim ||¢(hg)—C(hk,), x2,...,xn]| =0, forall xy,...,0n € H,
k, k1 —00

and,
lim [[@o(hx) —@(hi, ), 00,...,an]| =0, forall ay,...,axn € H,
k,kq1—00
therefore,
[ (C(hk) + ( k)_(C(hkl)+(P(hk1)))/“2/---r“n”
:H C hkl) ( (hk)_(p(hkl)))/o@/"'/(xn”/

< I(C C(hi) o, ol + [[(@(hy) — @(hi,)), o2, ..., on || — 0,
as k, k; — oco. Now, to prove (c) follow

”h—h, O(z,...,(XnH = Hh—h—i— C(hk) —C(hk), (Xz,...,OCnH,
g Hc(hk)_hIOCZI"'/(XTLH + Hc(hk)_hIOCZI"'/(XTLH _>O/

as k — oo. Since dimH > n We have one choice to consider that h — h is linearly
dependent with «y, ..., an, which is h —h = 0. Hence, h = h. O
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Corollary 3.10. ||Ex((hy), &1, ..., an|| is Cauchy sequences in H, such that £y Cauchy in R.
Corollary 3.11. Every J € H is an n-Banach space.
Theorem 3.12. The following assumptions are holds
(@) n-linear functional (3.6) is bounded of first index with

1clly = lloct, s ol 1B, - Bl - lve, - Yl (3.7)
(b) n-linear functional is bounded of T*"index with

1Tl =nelloa, . amllig 1B -0 Bl v, el (3.8)

n,n_ ..
where = + < =mn;

(c)
[Cllr = sup{llet, &, o, o [[IB1, B2, oo Bl -+ Y1, Y2, - Yl
D I oy ) 1,00 o, By Bigllny) < 1,
o (D I Yig v Ig) < 1% (3.9)
(d)
IC]le =: sup{n=loa, oz, ..., anllIB1, B2 s Brull - V1, Y2, L,
) I, iy, 15, < 1,00 Tha, By, BinIFy) < 1,
v v IR < 13 (3.10)
(e)
1<l = llCfl- (3.11)

Proof. Note that, for all h; € Hi,hy € Hp, ..., h, € H, we get

IC(ha, o, R )<Koy, - o [y X IBags o0 B He X X Vi - - -0 Vi [ Ha

< (>, ot 0 1) O N2, By Bra i) - O o Yins - Yin )
(3.12)

by using triangle and Cauchy Schwarz’ inequality.
If we take

h1 :H(Xiz/ ey O(inHO(l

hy =[[Bi,, .-, Bi, lIP1

hTL :HYizl . /’YinH’Y1'



J. Patil, B. Hardan, A. Bachhav, A. Chaudhari /Approximate fixed points for .... 26

Then

(Z th/ (Xiz/”'/(xinH) - (Z ||h2/ Biz/'--/ BhnH) s — (Z ”hTL/Yiz/---/Yin”) - ]-/
and,

1C(h1, ha, . h)l = o, 02, e o || THIBL, Base e, Bl Ve Yooy Y|
X (Z(OCLOHJOHQ,--~,0<in>)(z<(51,f511|f512,-~-,f51n>)
"‘(Z<Y11Yilwiz/---/Yin>)/ (3.13)

such that i1 # 1 and i; € {1,...,n}\{iz, ..., in}. By using Cauchy-Schwarz inequality we
have

(o1, oty loxiy, o i)l < llea, ooy anlIBr, oo Bl - bya, oo vl = 0.

Also,

|<OC],,OC1'_1|OC1"2,...,OCin>| = |<Bl// ﬁil|Bi2/"'/Bin>| == |<Y111Y11|Y1'.2/-"/Yin>| = O/

since, «; should be equal one from «,, ..., &4, , same case for 31,...,v;.
Then we get,

|C(h1/h2/"'/hn)| = HCXl,...,(XnH_lnﬁl,...,BnH_l"'||'Y1,...,'YnH_1
x (o, xqlo, ..., on) (B, B1lB2, - Br) - (Y1, Yilv2, - Yn)
— HO(1,---,OCnH||f31,---, BTLH e H'Yll---/'YT‘LH/ (314)

such thati; #1 and i, €{1,...,n}\{iz,...,in}
Then ( is bounded of first index, such that

1Clly = llect, -y o lIBr, s Bl - Ve, - vl (3.15)
condition (b) is hold. To prove (c) we will apply H6lder inequality on (3.6) to get

||C(h1/h2/---/hn)|| < T]'%HO(]/-' -IOCTIHHBL' cey BTLH e ||Y11- . -I’YTLH
1 1
< () h iy, )7 Iha, By o) By I)
1
O M i Yinl ) (3.16)
Take

1 _
hy =n= |ag, ..., &n|| Yog +++ an)

Ry =n 7 ||B1, ..., Bl (B1+ - + Brn)

=1 -1
hn =07 [[y1,...,¥nll  (vi+--+vn).
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Therefore, by (2.1), we have

_1
|C(h11h21~-'/hn)| =nr H(xll"‘

conl| O (o o, o oy, o))

1 _
XnTHBlr---/BnH 1(Z<Bl+"'+Bn/“i1|ﬁi2/---/ﬁin>)
1 _
<7 [y, vl O (it Y Yai -0 Yin))
—1 _
=7 o, o TN (o, oy oy, 1))
1 _
xR, Bl O (B Biss IBiys -, Biy))
1 _
<7 [y1, e yall T O s Bi Vg Yin))
. -1 2
=no |, ..., oxn| Nfag, ...,
—1 _
Xnr« ||BL“'/[5T1H 1“”[51/"'16“”2
1 _
Xnr ||Yl/"'/YTLH 1nHY1I"'/YnH2
=non™og, ..., nll||Br - Bull - Ve Yl
This leads to
HCHT :n%”(xl/”w(xﬂ-””ﬁlﬁ-'/BTLH e ”Yl/"'/YTLH/ (317)

(c) has been proven.

Now, let ¢ : (H; x Hy x --- x H) — IR, be an n-linear functional defined on the n-inner

product spaces

(Ha, (ol ), (Ho, Gl ) (Hiy (oo, ), ) as
C(hy, hy, ..., hn) :(Z<h1, 0611|0612,~~-,0€in>H1)(Z<h2,ﬁi1|f312,~~,f51n>H2)
(D (hn, Vil Vi) Hy) (3.18)
<O lhy ey, o ) IO oy, &y, i Il
(> e, By Bin I IO 1B By -0 By I 1)

(D e Yoo Vi IO i Vi 0 ig )

O T T [{ P Sy [

(> 12, By s Bin ) 1B, Bis -+ B ll1,)

O M Yizr - Vi D T Yigr - Vin 1, )- (3.19)
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Now, take
o P1 Y1
h’1 = /hZ = ,...,h = .
o, o2, .., otn || 1B1, B2, -, Bnll " e v vl
Then we get

(Z thl “iz/ . CxlnH}—ll Z HhZI [-))12/ ey BinHHz) g 1/
A s Yigs v ) < 1 (3.20)

From, (3.19) and (3.20 ) we get (3.9), The same proof of method (d) can be used to find
( 3.10) with helping (c). To prove (f), suppose that (3.9) is satisfying , it implies that each
term of the total is under 1, as outcome

(Z thl (xiz/ ey O(in ”T)(Z th, Bizl ey BinHT) e (Z ||hinzf .. IYinHT)
Then
¢l < ¢l

In the opposite direction, let (3.10) is hold, therefore

(Z thl (Xizl~ ey (XinHT)(Z th, ﬁi2/~ “ey BinHT) e (Z ||hTL/yizl- . -/YinHT) <1

this leads to

O Ihy iy, DO 2, Big o Bl - O e, Yigs -, Yinll) <1e,

and

1. ¢ n O n
(Q_IRP)7, oyt ) ZH hy) ﬁlz, B
Z” /le/ . /Yin”) gl-

Then we obtain

h1 hz
|C(—, e

O‘nO'

’ )HT g ||C(h1/h2/ .. ~/hn)||1-

3‘3

Q=

Hence,

||C(h1/ h2/ .. '/hn)HT < n%HC(hl/hZ/' . ,hn)‘ 1-

We conclude that ||C(hy, hy, ..., hn)ll1, ||C(hy, ho, ..., hn )|« are equivalent by

|¢(hy, o, .. )|l < JJC(he, o, e ha) e S0 f|C(hy, ha, o ) | (3.21)
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From all of the above, it is possible to extract the result of existence and uniqueness
of the approximate solution set to the n-linear functionals J space useing nonexpansive
mapping from type (u, o). We assume that ¢ # J C n-Banach sapces then we draw the
next results

Definition 3.13. Let J # ¢ be an n-Banach space, we say p : J — H is (W, 0)-non-
expansive mappings, if for all hi,si, hy, ..., hn € H,{(hi), @(si) € T € Hand ,u,0 €
R,i€ (1,...,n) we have

IpC(hi) — p@(si), iz, ..., an|? (3.22)
< ullpc(hi) — @(si), My, hn[* + wllp@(si) — C(hi), M, . Fn 2
+0llp¢(hy) — ¢(hi), g, ..., Rl + ollo@(si) — @(si), R, ..., A
+2(n—0)[¢(hi) = @(si), ha, oo, o |2 (3.23)
Remark 3.14. Suppose that, the equivalence relationship between bounded n-linear func-
tionals can be transformed in some case into something of a congruence, such that the

relationship of (3.11) will be transformed into ((h;) = @(s;), this means the special case
affects into Definition 3.13 we get

”C hZI . /thH ||pC h2/ 1;1'1’L|| (324)
Definition 3.15. Let ((hi), @(si) € J € H, a point (||C(h1),hy, ..., hnl| =& R) € T is
called a fixed point for p when ||p¢(h1), hy, ..., hn| = [[C(h1), ha,..., hnll. AsetT D
IIC(hi), hy, ..., hn|| = Ris called an approximate fixed points for p When

||pC h'2/ . h’ || - HC h2/ . IthHl

forallhy,...,hp € H,and i; € (1,...,n)\(iz,...,1in).

Theorem 3.16. Let p : J — H be (u, 0)-non-expansive mappings. Then p({(hi)) = ((hy) for
all ¢((hy) €H, i€ (1,...,n).

Proof. First: Existence
Let,

p(t(hy, hy,.. hn)) = > ¢(hiy, hy, oo hiy,) 2 R (3.25)
i1,i2,...,in€{1,2,... 0}

For all hy, hy, ..., hy € H. Then, for all n-linear functionals {, ¢ C J € H and
hi,, ..., h, € hl,...,h ,Siy,---Si, € S1,...5n, where {x; ,xi,,...,Xi, J, are linear indepen-
dent subsets of H, such that x it takes the following values sequentially, , 3,v, a, b, ¢, &.
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We have

(pC(h) —pp(si)) = > (e, ailotey, ..o, i) D (hay, BiylBiz, ..., B,
o Z<hinth Wiz o0 Vin)
- Z(Si1, ai,lai,, ..., ai,) Z(siz,billbiz, s, bi)
o Z(Sin,C11|Ciz, e Cig )y

= Z<hi1 - Si_l,OCi_l - ai1|(o‘i2/"~/(xin - a‘i,z/' cey ain)>
Z(hiz —si,, Bi, — by, l(Biz, ..., Bi, —biz..., by, )
. 'Z<hin —Si,,Yi; — Cigl(Yigs -+ Vi, — Cipro-+,Ciy))

< Hhil — Sy, &izl ceey &in” Hhiz — S4,, Biz/ ey BinH
oy = st Vi Tl
< H&‘iz" cc7 &in”HBiZ’ MR Bin””?izl .. 'Ii\/in”

e ||hin _Sinzhil _511/---rhin _SinH'

We get
lpg(hi) — pC(s)|1* < (i, - -0 & [ Bins - s Bin l[Fins - - Vil -+ - 11C(R) — @(s) ||
(3.26)
Hence,

lp¢(hi) — pl(si)])* < oflpg(hi) — C(hy)|1> + ollp@(si) — @ (si)[|* — 20]|¢(hi) — @(s1)]*
(3.27)

Where,

ollp¢(hi) — ¢(hi)[|* + ollpe(si) — @(si)||* — 20 =
6y &y 1B - s BinllFigs - - Vil

Then p has approximate fixed points.

Second: uniqueness

(3.11) in Theorem 3.12, told us that all n-linear functional spaces are equivalent in any

bounded, hence they have a same solution which means same approximate fixed points.
O

4. Conclusion

In this paper, we have successfully established the approximate fixed points set for n-
linear functionals spaces J such that the class of (1, 0)-nonexpansive mappings are equiv-
alent, where 7 is a non-empty bounded subset of an n-Banach space H.
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