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Abstract

In their lecture note [1], P. Singh et al. (2022) argue that the Dirichlet conditions (DCs) commonly
stated in engineering texts are incomplete, and propose bounded variation (BV) together with an “extended
Carleson-Hunt theorem” as a more appropriate framework. This paper re-examines these claims in light
of the historical development of Fourier convergence theory and the distinction between Fourier-series and
Fourier-transform settings. The standard textbook conditions—absolute integrability, finitely many extrema,
and finitely many finite discontinuities—are shown to be a faithful modern formulation of classical Dirichlet-
type sufficient conditions for Fourier-series convergence on a finite period. Bounded variation, introduced by
Jordan (1881), constitutes a later and strictly broader criterion rather than a correction of Dirichlet’s original
hypotheses. Moreover, while BV(T) ¢ LP(T) holds on any finite period, BV(R) ¢ L!(R); consequently
BV alone does not guarantee the existence of the classical Fourier transform on the real line. Re-analysis
of the seven examples in [1] confirms that they do not expose any deficiency in the classical Dirichlet-type
conditions, but rather illustrate the need to distinguish domains, function spaces, and modes of convergence.
No replacement of the standard Dirichlet-type conditions is required for Fourier-series convergence on a finite
periodic domain.

Keywords: Fourier series, Fourier transform, Dirichlet-type conditions, bounded variation, Carleson-Hunt
theorem, convergence, LP spaces, .
2010 MSC: 42A16, 42A24, 42A45.

1. Introduction

The convergence of Fourier representations is a fundamental topic in mathematical
analysis and signal processing. Beginning with Dirichlet’s work in 1829 [7], the theory
has developed substantially through the contributions of mathematicians such as Jordan,
Fejer, Carleson, and Hunt. These developments have introduced broader frameworks for
studying Fourier-series convergence, including bounded variation and, subsequently, re-
sults formulated in LP spaces. They have also made it increasingly important to distinguish
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between different types of convergence, such as pointwise and almost-everywhere conver-
gence, summability, and the existence of Fourier transforms under different function-space
assumptions.

Recent studies continue to extend Fourier analysis to broader classes of functions and
more general notions of bounded variation. Berdysheva et al. [17], for example, devel-
oped a metric Fourier-approximation framework for set-valued functions of bounded vari-
ation and established a Dirichlet-Jordan-type pointwise convergence result. Darji [20]
investigated (3-absolute convergence of Fourier series with small gaps for functions be-
longing to generalized bounded-variation classes, while Bera and Ghodadra [21] studied
convergence rates for double rational Fourier series associated with functions of general-
ized bounded variation. These results demonstrate that bounded-variation-type assump-
tions continue to play an important role in contemporary Fourier analysis.

Within signal processing, Singh et al. [18] revisited the existence and convergence of
Fourier representations and considered the use of Schwartz distributions for signals that
do not admit classical Fourier representations. Vural and Akbas [19] discussed Fourier-
series representations and Dirichlet conditions in a contemporary signals-and-systems set-
ting. In the Fourier-transform setting on the real line, Bakhvalov [22] obtained a precise
estimate for the decay rate of the Fourier transform of an integrable function of bounded
variation on IR. Together, these developments emphasize the need to distinguish between
classical sufficient conditions, bounded-variation convergence results, almost-everywhere
convergence theorems, and generalized or distributional Fourier representations, particu-
larly when passing from periodic to nonperiodic settings.

P. Singh et al. [1] argued that ‘none of the textbooks on signals and systems specify
correctly the Dirichlet conditions (DCs)” for the existence and convergence of Fourier
representations. They further suggested that bounded variation (BV) should be regarded
as the appropriate Dirichlet condition and discussed an ‘extended Carleson—-Hunt theorem”
in connection with BV functions.

The purpose of the present paper is to examine these statements by distinguishing
the historical development of Dirichlet-type conditions from the later bounded-variation
framework and, importantly, by separating the Fourier-series and Fourier-transform set-
tings. In particular, we consider the following points. First, the conditions commonly
presented in modern textbooks as classical Dirichlet-type conditions are consistent with
the role of Dirichlet’s classical sufficient criterion, although their modern formulation may
explicitly include an L'-integrability requirement. Second, Jordan’s bounded-variation
criterion represents a later and broader convergence framework and should therefore be
distinguished from the historical formulation of Dirichlet’s conditions. Third, the relation-
ship between bounded variation and integrability depends essentially on the underlying
domain. On a finite-period domain, BV(T) C LP(T), 1 < p < oo, whereas on the un-
bounded domain R, BV(R) ¢ L!(R). Consequently, bounded variation alone does not
ensure the existence of the classical Fourier transform on R.

1.1. Mathematical Novelty and Contribution of the Present Rebuttal

The contribution of this rebuttal is a systematic clarification of the mathematical as-
sumptions, domains, and convergence notions underlying the statements made in [1].
Rather than introducing a new convergence theorem, the paper brings together the rele-
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vant classical and modern frameworks and examines their precise scopes. In particular, it
distinguishes the modern textbook formulation of Dirichlet-type sufficient conditions from
the precise historical wording of Dirichlet’s original work, while also distinguishing both
from the later bounded-variation framework associated with Jordan.

The analysis further provides a unified comparison of the Dirichlet-type, Jordan, and
Carleson-Hunt frameworks for periodic Fourier series and contrasts these results with the
classical Fourier-transform setting on IR. For a finite-period domain, BV(T) C LP(T), 1<
p < oo, whereas BV(R) ¢ L'(IR). This distinction is important when considering whether
bounded variation can provide the integrability required for the classical Fourier-transform
integral. On R, bounded variation by itself does not provide such a guarantee.

The seven examples considered in [1] are also examined individually with respect to
their L!- and L2-integrability, bounded variation, underlying domain, and the particular
notion of Fourier representation involved. This allows the conclusions associated with
Dirichlet-type conditions, Jordan’s bounded-variation result, and the Carleson-Hunt the-
orem to be considered under their respective hypotheses, rather than being treated as
interchangeable results.

Overall, the paper places the classical Dirichlet-type conditions, the later bounded-
variation framework, and the Carleson-Hunt results within their respective mathematical
settings. For Fourier-series convergence on a finite periodic domain, the analysis does not
indicate a need to replace the standard modern formulation of the Dirichlet-type sufficient
conditions. The principal contribution is therefore a mathematically explicit clarification
of the hypotheses, domains, and convergence interpretations relevant to the claims under
consideration.

The remainder of the paper is organized as follows.

Section 2 reviews the background on Fourier series and Fourier transforms, including
the classical Dirichlet-type conditions and their standard textbook interpretations. This
section establishes the mathematical setting used throughout the paper.

Section 3 discusses the historical development of Fourier-series convergence and summa-
bility, from Dirichlet’s 1829 work and Jordan’s bounded-variation criterion to Fej’er’s Ces‘aro
summability and the later Carleson—-Hunt almost-everywhere convergence results.

Section 4 summarizes the principal convergence theorems and Fourier-transform frame-
works, with particular emphasis on the distinction between periodic Fourier series and
Fourier transforms on the unbounded domain R.

Section 5 examines the principal points requiring clarification in [1], including the
attribution of bounded variation to Dirichlet, the distinction between Fourier-series and
Fourier-transform hypotheses, and the interpretation of the examples presented in that
work.

Section 6 presents the mathematical framework used for the subsequent analysis, dis-
tinguishing the finite-period Fourier-series setting from the unbounded Fourier-transform
setting and clarifying the respective roles of bounded variation, LP-integrability, and clas-
sical Fourier-transform existence.

Section 7 examines the relationships among Dirichlet-type conditions, bounded vari-
ation, and Carleson—-Hunt convergence, with the examples in [1] interpreted according to
their domains and regularity properties.

Section 8 discusses the implications for signal-processing literature and considers how
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classical Dirichlet-type conditions and broader convergence frameworks should be stated
and applied in engineering contexts.

Section 9 concludes the paper by summarizing the principal mathematical and his-
torical observations and their implications for the interpretation and teaching of classical
Dirichlet-type conditions.

2. Background: Fourier Representations and Classical Conditions

This section introduces the notation and mathematical setting used throughout the
manuscript. Let T > 0 denote a finite period, and let y(t) be a periodic function with
period T. Its fundamental angular frequency is denoted by wy = 2% The index k €
Z. is used for Fourier-series coefficients, while f € IR denotes the frequency variable in
the Fourier-transform setting. Throughout the paper, FS and FT denote Fourier series
and Fourier transform, respectively. The notation LP(Q) and BV(Q) refers to the usual
Lebesgue space and the space of functions of bounded variation on the domain Q.

For a periodic function y(t) of period T, its complex Fourier series is written as

0 T
YO~ D Xkt Xy = 1J v(t)e Tkwot gy, 2.1)
k=—00 T 0
The symbol “~” emphasizes that the relation between y(t) and its Fourier series depends
on the regularity of the function and on the particular mode of convergence under con-
sideration. Under suitable hypotheses, the series converges to y(t) at points of continuity
and to the appropriate limiting value at jump discontinuities.
For a nonperiodic function y(t) defined on the unbounded domain IR, the classical
Fourier transform, whenever the defining integral exists, is given by

9(f) = Jm V(e 2T gy, 2.2)

—00

In particular, if v € L'(RR), the integral is absolutely convergent and ¥ is a bounded
continuous function of f.

2.1. Classical Dirichlet Conditions

The term “Dirichlet conditions” is used in different ways in historical and modern
treatments of Fourier-series convergence. Dirichlet’s work provided important sufficient
conditions for the convergence of trigonometric series, whereas modern textbooks often
state these conditions in a more explicit form involving integrability, extrema, and dis-
continuities. To maintain this distinction, we use Dirichlet-type conditions when referring
to the standard modern textbook formulation and reserve historical statements for the
original mathematical work of Dirichlet.

Dirichlet’s work on Fourier-series convergence dates to 1829 [7]. For a function y(x)
defined on a finite period, such as [—, 71}, the classical Dirichlet-type conditions are com-
monly stated in the following form:

1. y(x) is single-valued and finite on the interval,
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2. v(x) has a finite number of maxima and minima; and
3. v(x) has a finite number of finite-magnitude discontinuities.

Under the usual piecewise-regularity interpretation of these conditions, the Fourier series
converges to y(x) at every point of continuity and, at a jump discontinuity, converges to
the average of the corresponding one-sided limits,

y(x ) +y(x")
——

The conditions denoted by (B1)-(B3) in P. Singh et al. [1] —absolute integrability over
one period, a finite number of extrema, and a finite number of finite-magnitude discontinuities—
represent a commonly used modern textbook formulation of classical Dirichlet-type suffi-
cient conditions [2, 5, 3, 4]. In the present paper, we use (B1)—(B3) in this modern sense
and do not interpret them as a literal reproduction of the wording of Dirichlet’s original
work.

The explicit integrability condition in (B1),

(2.3)

Jﬂ ly(x)] dx < oo, (2.4

is natural in the modern treatment of Fourier series because the Fourier coefficients are
defined through integrals. Moreover, on a finite interval, boundedness of y already implies
absolute integrability, since

7T
J ly (%) dx < 271 ¥]| 00 < 00 (2.5)
—7t

Thus, when boundedness is known in advance, the explicit L' condition does not impose
an additional restriction. It is nevertheless useful to state the integrability requirement
separately because it makes the analytical assumptions underlying the Fourier coefficients
explicit.

Accordingly, conditions (B1)-(B3) are treated throughout this paper as a standard
modern formulation of sufficient Dirichlet-type conditions for Fourier-series convergence
on a finite periodic domain. This formulation should be distinguished from the precise
historical wording of Dirichlet’s original work, particularly with respect to the explicit
presentation of the L! condition.

3. Historical Evolution of Convergence Theorems

For clarity, this paper distinguishes historical statements concerning the development
and attribution of Fourier convergence results from mathematical statements concern-
ing the hypotheses and conclusions of the corresponding theorems. Historical references
are used to identify the origin and chronological development of the relevant frame-
works, whereas mathematical claims are stated according to their modern formulations
and stated hypotheses.

In particular, the classical Dirichlet-type conditions are discussed as a standard mod-
ern formulation of sufficient conditions associated with the classical theory, rather than as
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a literal transcription of the precise wording of Dirichlet’s original work. The bounded-
variation framework is considered separately as a later development associated with Jor-
dan. The results of Carleson and Hunt are considered in their modern LP(T) setting,
with their almost-everywhere convergence conclusion distinguished from the pointwise
convergence obtained under stronger regularity assumptions.

Historical attribution and mathematical implication therefore address different aspects
of the theory. For example, the statement

BV(T) CLP(T), 1<p< oo, (3.1)

is a mathematical property of the corresponding function spaces, whereas the attribution
of the bounded-variation convergence criterion to Jordan is a historical statement. Both
are considered separately and under their appropriate contexts.

Table 1 summarizes the historical development of increasingly general convergence
and summability results for Fourier series.

Table 1: Historical Development of Fourier-Series Convergence and Summability Results

Year = MathematicianResult / Condition Domain Convergence / Summabil-
ity Result

1829 Dirichlet Classical  Dirichlet-type Finite-period Pointwise convergence at

sufficient conditions Fourier series on T continuity points; conver-

gence to the midpoint of
the one-sided limits at
jump discontinuities

1881 Jordan Bounded variation, f € Finite-period Pointwise convergence at
BV(T) Fourier serieson T every point to %[f(x_) +

f(x*)]
1904 Fejér [10] Cesaro (Fejér) means Finite-period Uniform convergence for
Fourier series on T continuous periodic func-

tions
1966 Carleson fe L2(T) Finite-period Almost-everywhere  con-
Fourier serieson T vergence of the Fourier

series
1968 Hunt felP(T,l<p<oo Finite-period Almost-everywhere con-

Fourier series on T vergence of the Fourier
series

Dirichlet’s 1829 work provided important sufficient conditions for the convergence of
trigonometric series [7]. In modern mathematical and engineering texts, the correspond-
ing Dirichlet-type conditions are commonly expressed through absolute integrability over
one period, a finite number of extrema, and a finite number of finite-magnitude disconti-
nuities. Under the usual piecewise-regular interpretation, these conditions provide point-
wise convergence of the Fourier series at continuity points and convergence to the average
of the one-sided limits at jump discontinuities. The present paper adopts this modern for-
mulation for its mathematical analysis while keeping it distinct from the precise historical
formulation of Dirichlet’s original work.
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A later development was Jordan’s bounded-variation framework. If f € BV[—m, 7,
then the Fourier series converges at each point to

2106 +10c), (3.2
with the usual interpretation at points of continuity [6]. Jordan’s result provides a broader
sufficient framework for pointwise Fourier-series convergence than the classical Dirichlet-
type conditions.

This historical distinction is relevant to the discussion in [1], particularly the sug-
gestion that bounded variation should be identified as an “original” Dirichlet condition.
The bounded-variation framework belongs to a later stage in the development of Fourier-
series convergence theory and is associated with Jordan’s work [6]. It is therefore more
appropriate to regard BV as a later generalization of the classical Dirichlet-type framework
rather than as part of Dirichlet’s original formulation.

The conditions traditionally presented in modern mathematical and engineering texts
as Dirichlet conditions—including a finite number of extrema and finite-magnitude jump
discontinuities over a period—provide a convenient sufficient formulation of the classi-
cal convergence criterion. Under the usual piecewise-monotone interpretation of these
conditions, such functions have finite total variation and therefore belong to BV(T). The
converse does not hold in general: the bounded- variation class contains functions with
more complicated local behavior, including functions with infinitely many oscillations or
discontinuities, provided that their total variation remains finite.

Consequently, within the finite-period setting considered here, the relationship be-
tween the two frameworks can be represented schematically as

classical Dirichlet-type conditions C BV(T). (3.3)

Both frameworks provide pointwise Fourier-series convergence under their respective hy-
potheses, but the bounded-variation framework covers a broader class of functions. Jor-
dan’s result can therefore be viewed as a later extension of the classical sufficient-condition
framework rather than as a redefinition of Dirichlet’s conditions.

4. Summary of Convergence Theorems

To provide a unified overview of the principal results used in this paper, Tables 2—4
summarize the classical convergence theorems associated with Dirichlet [7], Jordan [6],
Lebesgue [16], Carleson [8], Hunt [9], and Kolmogorov [11], together with standard
[2 and distributional frameworks for Fourier transforms [12, 13, 14, 15]. A central dis-
tinction throughout these results is that Fourier series (FS) are naturally formulated for
periodic functions on a finite period, whereas Fourier transforms (FT) are formulated on
the unbounded domain RR.

On a finite period T, a function of bounded variation is bounded and therefore belongs
to LP(T) for every 1 < p < oo. Thus, a function in BV(T) satisfies the function-space
assumption required by the Carleson-Hunt theorem for every 1 < p < oo, while Jordan’s
theorem gives the stronger pointwise convergence conclusion for the BV class. These
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results, however, have different hypotheses and conclusions and should not be treated as
equivalent statements.

The situation changes on the unbounded domain R. In particular, BV(R) ¢ L!(R), so
bounded variation alone does not ensure the existence of the classical Fourier transform
as an absolutely convergent integral. This distinction is essential when results concerning
Fourier-series convergence are compared with statements about Fourier-transform exis-
tence.

More generally, the Fourier transform can be considered under broader function-space
frameworks, including the 1% theory associated with Plancherel’s theorem and the theory
of tempered distributions. These frameworks extend the notion of Fourier transform be-
yond the classical L' setting, but they represent different senses of transform existence
and should therefore be stated separately.

Table 2: Fourier-Series Convergence Results under Different Hypotheses

Theorem / Re- Hypotheses Domain Convergence / Conclusion

sult

Dirichlet Classical Dirichlet-type sufficient con- Finite-period Pointwise convergence at continuity

(1829) [71 ditions: absolute integrability over one Fourier series on points to f(x), and at jump discontinu-
period, finitely many extrema, and T. ities to %[f(x*) + f(x1)].
finitely many finite-magnitude discon-
tinuities.

Jordan f € BV(T), i.e., f is of bounded varia- Finite-period Pointwise convergence at every point

(1881) [6] tion on one period. Fourier series on to %[f(x*) + f(x*)]; in particular, to

T. f(x) at continuity points. This pro-
vides a broader sufficient framework
than the classical Dirichlet-type condi-
tions.

Lebesgue/Dini [16] € L(T) together with the appro- Finite-period Pointwise convergence at points satis-
priate Dini-type regularity condition at Fourier series on fying the corresponding Dini regularity
the point under consideration. T. condition.

Carleson felP(T),1<p<oo. Finite-period Almost-everywhere (a.e.) convergence

(1966) [81; Fourier series on of the Fourier series.

Hunt T.

(1968) [9]

Kolmogorov feLI(T). Finite-period There exists an L'(T) function whose

(1923) [11] Fourier series on Fourier series diverges almost every-

T. where; hence L!(T) alone does not
guarantee pointwise or a.e. conver-
gence.

Riemann- fell(T). Finite-period The Fourier coefficients tend to zero.

Lebesgue Fourier series on This coefficient-decay result alone does

T.

not guarantee convergence of the
Fourier series.
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Table 3: Fourier-Transform Existence under Different Function-Space Frameworks

FT Result
Framework

/ Hypotheses

Domain

Sense of Transform / Conclusion

Classical Fourier f e L'(RR).

transform

BV on R (Clarifi-

cation)

Plancherel f e L2(R).
Distributional

Fourier  trans- tributions.
form

Riemann- f e LI(R).

Lebesgue lemma

f € BV(R), but BV(R) ¢ L(R).

f € 8'(R), the space of tempered dis-

Nonperiodic func-
tions on R.

Nonperiodic func-
tions on R.
Nonperiodic func-
tions on R.
Nonperiodic func-

tions on RR.

Nonperiodic func-
tions on R.

The Fourier integral exists absolutely
and defines a bounded, continuous
function that vanishes at infinity.
Bounded variation alone does not
guarantee existence of the classical L'
Fourier transform. For example, f(t) =
1 belongs to BV(R) but not to L1(R).
The Fourier transform is defined in the
L2 sense and extends uniquely from
L1(R) NL2(R) to an [2-isometry.

The Fourier transform exists in the
sense of tempered distributions; ev-
ery tempered distribution has a Fourier
transform in 8'(IR).

The classical Fourier transform satisfies
?(w) — 0 as |w| — oo. This describes
decay of the transform and does not
by itself constitute a separate existence
condition.

Table 4: Core Structural Differences Between Fourier Series

and Fourier Transforms

Property FS on a Finite Period T FT on R
Domain measure Finite Infinite
BV(T) = L*®(T) Yes BV(R) = L*(R) also holds

[ = T!
BV = 1!

Jordan’s BV theorem

Carleson-Hunt theorem

Classical Fourier-transform

existence

Yes, on a finite-period do-
main
Yes, on a finite-period do-
main

Applies to  periodic
Fourier-series conver-
gence

Applies to Fourier-series
convergence for LP(T),
l<p<o

Not the relevant frame-
work

No, on R
No; BV(R) ¢ L'(R)

Not a classical Fourier-
transform existence theorem
on R

Does not provide a clas-
sical Fourier-transform exis-
tence result on R

Requires f € L'(R) for the
absolutely convergent Fourier
integral

5. Interpretive Issues in Singh et al. (2022)

This section examines the principal claims made by P. Singh et al. [1] concerning the
definition of Dirichlet conditions, the role of bounded variation, the interpretation of the
Carleson-Hunt theorem, and the Fourier representations of the examples considered in
their work. Each point is considered in relation to the relevant historical development,
mathematical hypotheses, function space, and underlying domain.
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5.1. Redefinition of Dirichlet Conditions

Singh et al. [1] distinguish between two sets of conditions referred to as Dirichlet
conditions (DCs):

(A1)-(A2) J ly(t)ldt < oo and vy(t) € BV(T),
T

(B1)-(B3) le(t)ldt<oo,
T

together with a finite number of maxima and minima and a finite number of finite-
magnitude discontinuities.

They argue that standard textbooks use (B1)-(B3) as the Dirichlet conditions. The
conditions (B1)-(B3), however, are more appropriately described as a standard modern
textbook formulation of classical Dirichlet-type sufficient conditions for Fourier-series con-
vergence. They should not be interpreted as a literal reproduction of the precise historical
wording of Dirichlet’s original work.

The bounded-variation framework appearing in (A1)-(A2) should likewise be distin-
guished from the historical Dirichlet formulation. The bounded-variation convergence
criterion is associated with Jordan’s later work [6] and provides a broader sufficient frame-
work for Fourier-series convergence. Thus, the two sets of conditions represent different
stages and formulations in the development of Fourier-series convergence theory rather
than two alternative versions of Dirichlet’s original conditions.

5.2. Interpretive Issues of Carleson-Hunt

Singh et al. further state that if y(t) € BV(T), then y(t) € LP(T) for all p and hence
the Carleson-Hunt theorem applies. This statement is valid in the finite-period setting,
but its domain must be specified. On a finite periodic interval T, a function of bounded
variation is bounded and therefore belongs to LP(T) for every 1 < p < co. Consequently,
for 1 < p < oo, the function satisfies the function-space hypothesis of the Carleson-Hunt
theorem.

The corresponding implication does not extend to the unbounded domain IR. In par-
ticular, BV(R) ¢ L!(R). Thus, bounded variation on R does not by itself provide the
[ L-integrability required for the classical Fourier-transform integral.

The following examples illustrate the distinction between bounded variation and L!-
integrability on R. Example 1 shows that bounded variation does not imply L'-integrability,
whereas Example 2 shows that L'-integrability does not require bounded variation. To-
gether, they demonstrate why the finite-period inclusion BV(T) C LP(T) cannot be trans-
ferred directly to the Fourier- transform setting on IR. For the classical Fourier transform,
L!(R) is the relevant integrability framework, while bounded variation alone is neither
sufficient nor necessary for the existence of the classical Fourier transform.
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5.3. Example 1: Constant Function y(t) =1 on R
=1,

Consider the constant function y(t) t € R. Its total variation is zero, and hence

v € BV(IR). However,
J Iy(t)ldt:J 1dt = oo, (5.1)

—00 —00

so that vy ¢ L!(RR). Accordingly, the classical Fourier-transform integral [* e 27t dt
does not converge as an ordinary absolutely convergent integral. Thus, bounded variation
alone does not guarantee the existence of the classical L! Fourier transform on R.

5.4. Example 2: The Function sin(1/t) (Compact Support)
Consider the function defined on R by

(5.2)

) = {sin(l/t), 0<t<1,

0, t=0or|t| > 1.

This is the type of example used by Singh et al. [1] in their equation (5) to illustrate a
function with infinite variation.

For t # 0,
d . cos(1/t)
Consequently,
1 o0
d
J sin(l/t)’ dt:J |cosu| du = oo, (5.3)
o|dt 1

where the substitution uw = 1/t has been used. Hence the total variation is infinite and
Y ¢ BV(R).

On the other hand, |y(t)| < 1 and 'y has compact support. Therefore, fofoo ly(t) dt <
2 < o0, so that y € L!(IR). Its classical Fourier transform therefore exists and is a bounded
continuous function. This example demonstrates that L' (R) integrability, and hence exis-
tence of the classical Fourier transform, does not require bounded variation.

Taken together, Examples 1 and 2 show that bounded variation and L' (R)-integrability
are distinct properties on the real line. Consequently, bounded variation cannot be used
as a necessary condition for the existence of the classical Fourier transform, nor does it by
itself provide the required L'-integrability.

6. Correct Theoretical Framework

The distinction between Fourier-series convergence on a finite period and Fourier-
transform existence on R can be made precise through basic relations between bounded
variation and Lebesgue integrability. The following results provide the mathematical foun-
dation for this distinction.
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6.1. Basic Mathematical Results
Proposition 1. Let T be a finite interval. If f € BV(T), then

fFelP(T), 1<p<oo. (6.1)

Proof. A function of bounded variation on a finite interval is bounded. Thus, for some
M >0,|f(t)) <M, teT.Hence, forl<p< oo,

J If(t)[P dt < MP[T| < oo, (6.2)
-

while boundedness gives f € L*°(T). Therefore,
BV(T) C LP(T), 1<p< oo (6.3)

Proposition 2. On R,
BV(R) ¢ L}Y(R). (6.4)

Proof. Consider the constant function f(t) = 1. Its total variation on R is zero, so
f € BV(IR). However,

J If(t)ldt:J 1dt = co. (6.5)
R R

Thus, f ¢ L!(R), and consequently
BV(R) ¢ LY(R). (6.6)
Proposition 3. The converse inclusion also fails:
LY(R) ¢ BV(R). (6.7)

Proof. The compactly supported function considered in Subsection 5.4 belongs to
L!(IR) but has infinite total variation. Hence it does not belong to BV(IR), which gives

LYR) ¢ BV(R). (6.8)
Corollary 1. On R,
BV(R) ¢ L}(R), LYR)¢ BV(R). (6.9)

Thus, bounded variation alone is neither sufficient nor necessary for the existence of the
classical Fourier transform defined through the absolutely convergent L' (IR) integral.

6.2. Finite Interval (Fourier Series)

On a finite period T, every function of bounded variation is bounded. Consequently,
for some M > 0,

J ()P dt < MPIT| <00, 1<p < oo (6.10)
.

Together with boundedness, this gives BV(T) C LP(T), 1 < p < oo. Hence, for 1 <
P < o0, a function in BV(T) satisfies the function-space hypothesis of the Carleson-Hunt
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theorem. However, Jordan’s 1881 theorem [6] already provides the stronger pointwise
convergence result for functions of bounded variation: the Fourier series converges at
every point to the average of the left- and right-hand limits. By contrast, Carleson-Hunt
provides almost-everywhere convergence for the broader class LP(T), 1 < p < 0.

Thus, within the subclass BV(T), the Jordan and Carleson-Hunt results should be
distinguished by both their hypotheses and their conclusions. Jordan’s theorem gives
pointwise convergence at every point for the BV class, whereas Carleson-Hunt establishes
almost-everywhere convergence for the larger LP(T) class.

This distinction is relevant to the interpretation of the discussion in Singh et al. [1],
where Carleson-Hunt is presented in connection with the convergence of Fourier series
of BV functions. The Carleson-Hunt theorem is certainly applicable to BV(T) through the
inclusion BV(T) C LP(T) for 1 < p < oo. Nevertheless, the historical and mathemati-
cal roles of the two results are different: Jordan’s earlier theorem already provides the
stronger pointwise conclusion for functions in BV(T).

6.3. Unbounded Domain (Fourier Transform)

The situation is different on the unbounded domain IR. Bounded variation does not
impose sufficient decay at infinity to ensure L!(IR)-integrability. For example, the constant
function belongs to BV(R) but satisfies

ro ly(t)] dt = oo. 6.11)

—00

Consequently, the classical Fourier-transform integral need not exist as an absolutely con-
vergent integral.

Therefore, a bounded-variation condition on R cannot, by itself, serve as a replacement
for the L!(IR) condition required for the classical Fourier transform. Broader frameworks,
such as the [2-Fourier transform and the Fourier transform of tempered distributions,
remain available when the classical L' framework does not apply. These settings, however,
represent different notions of Fourier-transform existence.

6.4. Re-examination of Examples 1-7 from [1]

We next reconsider Examples 1-7 presented in [1], summarized in Table 5. For each
example, we identify the signal, the claim attributed to P. Singh et al., and its mathematical
status with respect to the domain, L!- and L*-integrability, bounded variation, and the
relevant notion of Fourier convergence or transform existence.

This comparison emphasizes the distinction between Fourier series on a finite periodic
domain and Fourier transforms on R. In particular, failure of bounded variation does
not by itself imply failure of L'-integrability or of a Fourier representation. Conversely,
bounded variation on R does not guarantee L' (IR)-integrability. The examples therefore
illustrate why sufficient conditions, necessary conditions, domains, and the precise sense
in which a Fourier representation exists must be considered separately.
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Table 5: Comparative Re-analysis of Examples 1-7 from P. Singh et al. (2022)
Ex. Signal Claim by P. Singh Mathematical Re- Domain / Function- Fourier-Series /
et al. analysis Space Status Transform Conse-
quence

1 vy = Claimed to satisfy The total vari- Finite-period do- The Fourier series
= 1 “original” Dirichlet ation satisfies main; 1'([0,1]): yes; converges pointwise
Z ﬁl[ﬁ %n](t) conditions (DCs), 21 BV([0,1]): yes. under the bounded-

S : VIY) € ) g < oo o

on [0,1] (0 other- Yv1th BV allow- = 2 variation/Jordan

wise) ing countably Hence v c framework; the clas-
many steps, and BV([0,1]) N L([0,1]). sical  Dirichlet-type
hence the Fourier sufficient framework
series should con- is also applicable
verge.  Textbook under the stated
conditions  were formulation.
described as re-
strictive.

2 x(t) =1/v/t,0 < Claimedtobeinl; jé t1/2dt = 2 < oo Finite-period do- Classical Dirichlet-
t < 1, 0 other- and hence to admit ([,); f(l)t—l dt = oo main; L1([0,1]): yes; type and Jordan
wise (periodic on a TFourier series; (not L,); total varia- BV([0,1]): no; L, conditions fail.
[0,1D) textbooks were de- tion infinite near t = (P < 2): yes. Carleson-Hunt

scribed as misclas- (0 (not BV). Belongs to theorem gives
sifying the exam- L, for1<p<2. almost-everywhere
ple. convergence.

3 x(t) = sin(2nt/t), Claimed to be in Substitution w = 1/t Finite-period do- Classical Dirichlet-
0<t<100th- I; while BV was yields fé ly/(t)|dt = main; L;1([0,1]): yes; type and Jordan
erwise stated to fail. 27t f ;X’ |cos(2mu)|du = BV([0,1]): no; L, (all conditions fail.

0. Hence not BV. ‘p): yes. Carleson-Hunt
Bounded, so y € theorem gives
L, ([0,1]) for every 1 < almost-everywhere
p < 0. convergence.

4 y(t) = Claimed to be in Since |y(t)] < 1, vy € Finite-period domain; The Dirichlet-type
sin(tan(rtt)), 0< L' but not BV be- LP([0,1]) for every 1 < LP([0,1]) for every 1 < and Jordan BV cri-
t < 1,0 otherwise cause of rapid os- p < oo. The rapid p < oo; BV([0,1]): no. teria do not apply

cillations, suggest- oscillations near t = directly. =~ However,
ing a limitation of 1/2 give infinite to- since y € LP([0,1])
the textbook con- tal variation, so y ¢ for 1 < p < oo,
ditions. BV([0,1]). the Carleson-Hunt
theorem gives
almost-everywhere
convergence of the
Fourier series.

5  y(t) = NotinL!(R)butin For large lt, Unbounded domain The classical L!
sin(2rt/t), t € [L2(R); the Fourier sin(2m/t) ~ 2m/t, R; L1(R): no; I>(R): Fourier integral is
R\ {0} transform may so the L! integral vyes. unavailable; the

therefore exist in diverges, whereas the Fourier  transform
an energy or distri- squared tail behaves exists in the L2 sense
butional sense. like 1/t> and is inte- by Plancherel and
grable. distributionally  in-

terpretation.

6 y(t) = Used as a con- As |t — 00, Unbounded domain The classical I!
cos(2m/t), t € trast; integrability cos(27/t) — 1. R;LP(R): no for finite Fourier  transform
R\ {0} was left unclear. Hence the function p; BV(R): no. does not exist. The

has no decay sufficient function also does
for membership in any not fall within the
I[PR), 1 < p < oo, L2 Plancherel frame-
and it is not globally work.

of bounded variation.

7 y(t) = Not in LY(R) be- The sinc function is Unbounded domain The classical 1!

sin(7tt) ¢ cause of its 1/[tf not absolutely inte- R; L'(R): no; I2(R): Fourier integral
, eR . . .

mt tail, but in L?(IR); grable but belongs to yes. is not absolutely

its Fourier trans- [%(R). Its Fourier convergent. The

form is associated transform is therefore Fourier  transform

with the rectangu- understood in the L2 exists in the L2 sense

lar function. and corresponding dis- and corresponds,

tributional framework. under the chosen

Fourier convention,
to a rectangular
spectrum.
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7. Correct Hierarchical Application of Convergence Theorems

For Fourier series defined on a finite period T, the principal convergence results can
be viewed in a historical and mathematical hierarchy according to the function classes to
which their hypotheses apply and the type of convergence they establish.

1. Dirichlet (1829) [7]:
The classical Dirichlet-type sufficient conditions (B1)-(B3) stated by Singh et al.,
namely,

* absolute integrability over one period,
¢ a finite number of maxima and minima, and
* a finite number of finite-magnitude discontinuities,

provide sufficient conditions for pointwise convergence of the Fourier series. At a
jump discontinuity, the series converges to the average of the left- and right-hand
limits.

2. Jordan (1881) [6]:
The condition y € BV(T) provides a broader regularity framework for Fourier-series
convergence. For a periodic function of bounded variation, the Fourier series con-
verges pointwise at every point to the average of the left- and right-hand limits.
Thus, the BV framework includes functions with more general variation and dis-
continuity structures than those described by the finite-extrema formulation of the
classical Dirichlet-type conditions.

3. Carleson (1966)-Hunt (1968) [8, 91:
If y € LP(T) for some 1 < p < oo, then its Fourier series converges almost every-
where. This theorem applies to a larger function class than BV(T), although the
conclusion is almost-everywhere convergence rather than pointwise convergence at
every point.

For the finite-period setting, the corresponding relationships between the commonly used
function classes may be summarized as

BV(T) cLP(T), 1<p<oo, (7.1)

since a function of bounded variation on a finite interval is bounded and the interval has
finite measure. The associated convergence results can then be summarized as

Dirichlet-type conditions —> pointwise convergence everywhere,
BV(T) = pointwise convergence everywhere, (7.2)
LP(T), 1< p < oco—=— almost-everywhere convergence.

It is important, however, to distinguish the inclusion of function classes from the logical
structure of the convergence theorems. The above results should not be interpreted as a
strict sequence of automatic “fallback” conditions. Failure of the classical Dirichlet-type
conditions does not, by itself, determine whether a function belongs to BV(T), and failure
of bounded variation does not determine whether the function belongs to LP(T). The
hypotheses of each theorem must therefore be examined independently.
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For example, a function may fail the finite-extrema formulation of the Dirichlet-type
conditions while still belonging to BV(T). In such a case, Jordan’s theorem remains appli-
cable and provides pointwise convergence. Similarly, a function may fail to have bounded
variation while still belonging to LP(T) for some 1 < p < oo; Carleson-Hunt may then
provide almost-everywhere convergence.

The examples presented by Singh et al. [1] should therefore be considered in accor-
dance with their respective domains and regularity properties. Examples defined on a
finite periodic interval belong to the Fourier-series setting and can be examined using the
convergence results described above. In contrast, examples posed on the unbounded do-
main R belong to the Fourier-transform setting and should not be placed directly within
the finite-period Fourier-series hierarchy. This distinction is essential because the hypothe-
ses and conclusions of the Fourier-series convergence theorems are formulated for periodic
functions on a finite-measure domain.

Accordingly, the seven analytical examples discussed by Singh et al. [1] (pp. 80-84)
are more appropriately interpreted according to the particular hypotheses satisfied by each
example. The finite-period examples illustrate how different convergence theorems apply
to different regularity classes, while the examples posed on R require a separate analysis
in the Fourier-transform framework. Thus, the seven analytical examples presented in
Singh et al. [1] (pages 80-84) do not expose any flaw in the classical Dirichlet conditions
— they merely illustrate precisely this descent down the hierarchy when the finite extrema
or absolute-integrability requirements are breached.

8. Discussion and Clarifications for Signal Processing Literature

Standard signal-processing textbooks [2, 5, 3, 4] commonly present the classical Dirichlet-
type conditions (B1)—(B3) as convenient and readily verifiable sufficient conditions for the
convergence of Fourier series of periodic signals. These conditions remain useful in engi-
neering applications because they provide a relatively simple way to establish pointwise
convergence without requiring the use of more advanced function-space theory.

A potential source of confusion arises when results formulated for periodic Fourier
series are discussed together with results concerning nonperiodic signals or Fourier trans-
forms. The underlying domain, function class, and mode of convergence must be distin-
guished when applying these results.

From the signal-processing perspective, the following points are particularly relevant:

* The conditions (B1)-(B3) provide classical sufficient conditions for Fourier-series
convergence on a finite period.

* The bounded-variation framework provides a broader sufficient condition for Fourier-
series convergence, but it does not replace or invalidate the classical Dirichlet-type
conditions.

* The Carleson-Hunt theorem concerns the almost-everywhere convergence of Fourier
series for functions in LP(T), 1 < p < oco. It should therefore not be interpreted as a
general convergence theorem for the classical Fourier transform on IR.
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In this context, describing the standard textbook Dirichlet-type conditions as “incor-
rect” does not reflect their mathematical role. They are sufficient conditions formulated
for the finite-period Fourier-series setting and are not intended to characterize all functions
for which a Fourier series converges. Consequently, the existence of broader convergence
theorems does not, by itself, require the replacement or redefinition of these classical
conditions.

The same distinction applies to the notation (D1)-(D3) when these conditions are
presented under an alternative labeling. Their use for Fourier series on a finite period is
mathematically consistent with their status as sufficient conditions. For the Fourier trans-
form on IR, however, the relevant questions are different. In particular, one must consider
integrability, decay at infinity, and the sense in which the transform is defined, such as the
classical L! transform, the L% Plancherel framework, or a distributional interpretation.

It is also important to distinguish the historical development of the Dirichlet-type con-
ditions from later generalizations. Bounded variation should not be attributed to Dirichlet
as though it formed part of the original classical formulation. The BV convergence re-
sult is associated with Jordan and represents a later extension of the class of functions
for which pointwise Fourier-series convergence can be established. Similarly, on a finite
period, BV(T) C LP(T), 1 < p < oo, so the Carleson-Hunt theorem applies to BV func-
tions as a consequence of this inclusion. This observation does not constitute a separate
“extended Carleson—-Hunt theorem” based on bounded variation, nor does the same argu-
ment extend automatically to functions on IR, where bounded variation does not imply LP
or L! integrability.

Therefore, the continued pedagogical use of the classical finite-extrema conditions
associated with the Dirichlet-type formulation is appropriate when their scope is stated
clearly. The main requirement is to distinguish their role as sufficient conditions for
Fourier-series convergence on a finite period from later and broader convergence results,
and from the separate analytical framework required for Fourier transforms on the un-
bounded domain IR.

9. Conclusion

This paper has examined the historical development, mathematical scope, and appro-
priate application of the classical Dirichlet-type conditions for Fourier-series convergence,
together with their relationship to the later results of Jordan and Carleson-Hunt. The
principal conclusions can be summarized as follows:

1. The textbook conditions (B1)—(B3) represent a standard modern formulation of clas-
sical Dirichlet-type sufficient conditions for Fourier-series convergence on a finite
period. They provide a practical and readily verifiable framework for establishing
pointwise convergence under the stated hypotheses.

2. Jordan’s bounded-variation (BV) theorem provides a broader sufficient framework
for pointwise convergence of Fourier series. As a later development, it encompasses a
wider class of functions than the finite-extrema formulation of the classical Dirichlet-
type conditions, while retaining pointwise convergence as its principal conclusion.

3. The Carleson—Hunt theorem must be considered together with its precise hypotheses
and domain. On a finite period, BV(T) € LP(T), 1 < p < oo, so the theorem ap-
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plies to BV functions and yields almost-everywhere convergence. On the unbounded
domain R, however, BV(R) ¢ L!(R), and bounded variation alone therefore does
not ensure the existence of the classical Fourier transform as an absolutely conver-
gent [ l-integral.

4. The examples discussed in [1] must be interpreted according to their individual
domains and analytical properties. Their behavior depends on factors such as inte-
grability, bounded variation, periodicity, decay at infinity, and the particular notion
of convergence or transform existence being considered.

5. A clear distinction between Fourier series on finite periodic domains and Fourier
transforms on the unbounded domain R is therefore essential. A convergence the-
orem established for Fourier series cannot be transferred directly to the Fourier-
transform setting without separately verifying the assumptions associated with the
domain and the relevant notion of transform.

In conclusion, the analysis presented here supports retaining the classical Dirichlet-
type conditions as a valid set of sufficient conditions for Fourier-series convergence on
a finite period. Their role should be distinguished from later generalizations, such as
Jordan’s bounded-variation framework, and from the broader almost-everywhere conver-
gence results of Carleson-Hunt. At the same time, the Fourier-transform setting on R re-
quires separate consideration of integrability, decay, and the sense in which the transform
is defined. Maintaining these distinctions provides a consistent framework for interpreting
the historical literature and for understanding the continued use of classical Dirichlet-type
conditions in modern signal-processing applications.
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