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Abstract

This paper presents first-order and second-order finite difference schemes for solving a class of frac-
tional hyperbolic integro-partial differential equations involving a Caputo fractional derivative. The fractional
derivative and integral terms are discretized using suitable numerical approximations, leading to a fully dis-
crete system. Stability properties are investigated through a Fourier (von Neumann) analysis, and numerical
experiments are performed to assess the accuracy and convergence of the proposed methods. Maximum norm
errors and experimental orders of convergence are reported, confirming first-order convergence in both space
and time. The numerical results further demonstrate that the second-order scheme provides significantly
improved accuracy and agrees closely with the exact solution.
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1. Introduction

Partial and ordinary differential equations are commonly used to express mathematical
models in various fields, including physics, chemistry, engineering, biology, and economics
[1, 2, 3]. Analyzing and solving these equations, both analytically and numerically, is
crucial for understanding the phenomena being studied. There are three types of partial
differential equations, and this study specifically focuses on the hyperbolic type.

Over the past few decades, there has been a significant interest in fractional calculus,
which is a more generalized version of classical derivatives and integrals that involve real
or complex number powers. This approach has proven to be effective in modeling a wide
range of real-world problems across various fields, including physics, engineering, and sci-
ence [4, 5, 6]. For instance, it has been used to model electromagnetic, thermodynamic,
hydrodynamic, elastic, and fluid dynamic phenomena, as well as wave propagation, ma-
terial science, and biological systems [7, 8, 9, 10, 11].
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Fractional derivatives are a powerful mathematical tool that extend the concept of
differentiation to non-integer orders [12, 13, 14, 15]. The different types of fractional
derivatives, including the Riemann-Liouville, Grunwald-Letnikov, and Caputo derivatives,
have different definitions and properties that make them suitable for different types of
problems [16, 17]. The Caputo derivative is a popular choice in many applications due
to its ability to accurately capture initial conditions and its mathematical properties that
allow for easy incorporation into numerical methods. It allows for more physically mean-
ingful initial conditions expressed in terms of integer-order derivatives. Unlike traditional
derivatives, which are defined only for integer orders, Caputo fractional derivatives can
be defined for any order between zero and one. This makes them useful in modeling
systems that exhibit non-local and non-Markovian behavior, which cannot be described
by traditional integer-order derivatives. One of the main benefits of using Caputo frac-
tional derivatives is their ability to accurately model physical systems that exhibit memory
effects. Memory effects refer to systems that retain information about their past state
and history, which can significantly impact their future behavior. Traditional integer-order
derivatives cannot account for these memory effects, but Caputo fractional derivatives can
accurately capture the behavior of such systems.

The equation discussed in this article is an integro-differential equation that contains
a fractional derivative in its integral term. Analytically solving these types of equations is
often difficult, so accurate and efficient approximate solutions are necessary. This research
introduces novel finite difference schemes, both first and second-order, aimed at address-
ing the initial-boundary value problem posed by fractional order integro-differential equa-
tions. Specifically, the study adopts the Caputo sense for fractional derivatives [18]. It
carefully conducts error analyses for the numerical solutions, presenting results through
both tabulated data and graphical representations. Moreover, the paper delves into von
Neumann stability analyses concerning the finite difference scheme. To validate the accu-
racy of the proposed difference scheme, the research undertakes numerical experiments,
comparing outcomes with exact solutions. The study compares the approximate solutions
and exact solution for the same grid numbers for different fractional orders. Finally, the
error graph shows that the solutions depend continuously on the fractional derivatives as
the fractional order increases.

To ensure that the finite difference scheme used to approximate the solution of Caputo
time fractional order hyperbolic integro-differential equations is stable, von Neumann sta-
bility analysis is commonly employed [19]. This analysis involves the use of Fourier anal-
ysis to derive a stability condition that must be satisfied by the finite difference scheme
to ensure numerical stability. The von Neumann stability analysis is a powerful tool used
to determine the stability of finite difference schemes for solving partial differential equa-
tions. It is an important aspect of numerical methods as it helps to ensure that the solutions
obtained through finite difference methods are accurate and reliable.

The main contribution of the present work is the development and analysis of finite dif-
ference schemes for a class of fractional hyperbolic integro-partial differential equations.
Unlike [20], which primarily focuses on the formulation and numerical treatment of re-
lated fractional problems, the present study constructs both first-order and second-order
finite difference approximations for the considered model and investigates their numeri-
cal behavior. Furthermore, a stability restriction is derived through Fourier analysis, and
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extensive numerical experiments are provided to compare the accuracy of the proposed
schemes. The results demonstrate the effectiveness of the higher-order approximation in
reducing the numerical error.

2. Problem statement and the necessary background information

We examine the subsequent problem, which involves a hyperbolic integro-differential
equation of fractional order with an initial boundary condition.
t
Szt x) + | ¥(0)5DE2(, X140 = zuxlt x) + (1, 1),
z(0,x) = p(x),z¢(0,x) =0, O0<x<L, 2.1
z(t,0) =z(t,L) =0, 0<t<T,
1<p<20<axl

In equation (2.1), ¢(x) is given function and y(t) is defined as a continuous function
on (0, T]. Following [20], we take

K
tl—o’

hy(t)l <

Also, OCDf‘z(t,x) is known as the time fractional Caputo derivative of order « with the
following definition [16]

Jt 1 0™z(s,x)
Fw—«) Jo (t—s)x—w+l  gsw

ds, w—1<a<w) (2.2)

where I'(o) = [°s* e~ sds.

To solve problem (2.1) numerically, finite difference scheme method (FDS) will be
utilized. To build finite difference scheme of (2.1), we give each terms finite difference
equation. Firstly, let the uniform intervals for the x and t axes be defined as h = ﬁ and
T = %, respectively. In this case, x, = nh,n=0,1,2,..,M and tx = kt,k =0,1,2,...,N
are obtained. For 1 < <2 and 0 < « < 1, FDS of (2.2) is respectively

_ -1
$DP2(t,x) ~ r(;_ﬁm ;((j 1P =R T 2z T, 23)
o K . .
SD%z(t,x) ~ T2—w) j;((j + 1) =) (2 — 2K, (2.4)
First order FDS of z, is
z¥ o — 228 4+ z¥

Zux (ti, Xn) = n_l (2.5)

hz

In next section, by using (2.3), (2.4) and (2.5), we will construct first order FDS of
(2.1) and analyze its stability by applying von-Neumann method.
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3. Von-Neumann condition for the stability of finite difference scheme

Let pp = F(%jﬁ) and bjp = (j +1)2 B —j27P, then using (2.3), (2.4) and (2.5) we

discretize (2.1) into

i FMl—m+1—o)(zl—zm 1)
_ _ 11—

= == MN1l—o)(l—m)i—«

_ Zhﬂ_z}ﬁi"‘th _|_flT<U

Xn=mhty =k, 1<k<N-1, 1K

2 =0hn), B =0, 0<n<M,

T

zk =25k =0,0<k < N.

(3.1)
The integral term involving the Caputo derivative is discretized using a quadrature rule
based on the piecewise approximation of the fractional derivative kernel. Specifically, the
time interval is partitioned uniformly with step size (1), and the integral is approximated
by applying a weighted summation over previous time levels. The resulting double sum-
mation structure naturally arises from substituting the discrete Caputo approximation into
the integral operator. The detailed derivation of this discretization, including the role of
the kernel function (y(t)) and the associated scaling with respect to (1), can be found in
[20], where a similar construction is carried out for fractional integro-differential equa-
tions.

Remark. The von Neumann analysis presented below is performed for the principal
discrete operator associated with the fractional hyperbolic part of the scheme. Following
the approach adopted in [20], the memory term is treated as a nonlocal contribution
whose coefficients remain bounded under the assumptions imposed on the kernel function
(y(t)). Consequently, the Fourier analysis is used to derive a practical stability restriction
for the dominant finite-difference structure, while the influence of the memory term is
assessed through numerical validation.

Theorem 3.1. The difference scheme (3.1) is stable if the following condition holds
h? > P —p). (3.2)

Proof. To analyze the stability of the scheme, we apply the Fourier (von Neumann) method.
Let the numerical solution be expressed in the form

zk = rkelnd, i=v-1,

where r is the amplification factor and 0 € [0, 7] is the wave number.
Substituting this form into the finite difference scheme and using the properties of the
discrete Laplacian operator, we obtain the characteristic equation

P—Ar+1=0,

4tPT(3—B) . , [0
A—Z—TSIH <2>

where



F. Ozbag / Hyperbolic Integro PDE 86

The roots of the characteristic equation satisfy
T+1=A, T = 1.
For stability; it is sufficient that the amplification factors remain bounded, i.e.
Irl <1, I < 1.

This is guaranteed if
Al < 2.

Indeed, when |A| < 2, the roots become complex conjugates:

A+iv4— A2
T1,2 = —2 .
Hence,
A+ (4—A?
T = (4) =1,

which implies
1| = [r2| = 1.

Therefore, the Fourier modes remain bounded and the scheme is stable in the von
Neumann sense.
Since

the most restrictive case occurs when
0
)
sinc | = | =1.
( 2

47BTr(3 - B)
T S*

Thus,

—2<2
From the left inequality, we obtain

41PT(3—B)
e <%

which yields the stability condition
h? > TP (3—p).
This completes the proof. O

The difference scheme (3.1) is stable if the condition (3.2) holds. Next section, we will
test this with experimental validation confirming the accuracy of the proposed schemes
against exact solutions.
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4. Numerical results

This section provides comprehensive error analyses through tables and figures. An
example is presented to confirm the stability condition and the accuracy of the first and
second order FDS against exact solutions.

Hence, we proceed to investigate the following initial-boundary value problem, focus-
ing on a fractional-order hyperbolic integro-differential equation, employing a numerical
experiment as our investigative approach.

t
ngdtm+¢‘wGFD“dexmezzmﬁmy+ﬂtm,

ﬂtmz(%|”+”3“+aﬁ+mu x2),0<x<1,0<t<]1, 4.1)
z(0,x) =x—x%,2¢(0,x) =0, 0<x<1,
z(t,0) =z(t,1) =0, 0<t<]1,

1<p<20<a<l

z(t,x) = (2 +1)(x —x?) is the analytical solution of (4.1). It is easy to verify it by sub-
stituting into problem (4.1). By using (2.3), (2.4),(2.5) and the formula for second order
FDS of z4«

n+1 n+1
2h? 2h? ’

we give the following first and second order FDS of (4.1) to approximate the exact solution
of it.

SR 2Zk+l+zk+1 L1 —2z]§j1+zf1:11
+

Zyx (tk, Xn ) =

4.1. Truncation error and convergence analysis

To justify the accuracy of the proposed finite difference schemes, we analyze the local
truncation error.

Let z(t,x) be sufficiently smooth. Using Taylor expansion, we obtain for the spatial
second derivative:

z(x +h) —2z(x) + z(x —h)
h2
Hence, the spatial discretization is second-order accurate in space.

For the Caputo time fractional derivative, using the L1-type approximation, it follows
that

= Zyx (x) + O(h?). (4.2)

— X
i k—j—1 2—
§D&z(ty,x) = 2 a'Z:b — 2K L o(?7), (4.3)
which implies first-order accuracy in time for 0 < o < 1.
Similarly, the approximation for 1 < 3 < 2 satisfies
§DPz(ty, x) = O(TF), (4.4)

which reduces to first-order accuracy in the considered range.
Therefore, the overall scheme achieves first-order accuracy in time and second-order
accuracy in space.
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4.2. First order accuracy

By using the following equations

§DPz(t,x) ~ Z G+ 1> P =2 Pk T+l —2zkT 4 ZKT-1), (4.5)
j=0
T_‘X k—1 ) _
§DEz(t, %) ~ ——— Y (G+ 1'% —j17) (2T -2k, (4.6)
IN2—«o) =
zk ZZ +zK

n+l
h2
and applying the similar procedure in [20], first order FDS of the problem is given by

n—1 4.7)

Zxx (tk/ Xn) ~

k—1 —1 1
. s s l_m_|_1_ )(Zm_zm—l)
k 1 k k 1
Pp z bj/B(Zn a —ZZn ]+Zn - Z z )(1_ ]3111—(:
j=0 1=1 m=1 :
k=2
= Zn4l S;Jrzn 1 +f]r<u
Xxn =mh,txy =k, 1<k<N-1, 1<n<M-1,
0 _ 2 zh—z}
Zn =Xn—Xy, —2-2=0, 0s<n<M,

zg:z}i/l =0,0<k<N.
(4.8)

To solve the difference equation represented by equation (4.8) using the Gauss elim-
ination method, we first express the system in matrix form. Equation (4.8) can be refor-
mulated in matrix notation as follows:

Let Z, and ¢, represent column vectors of size (N+1) x 1 and A,B,C and D rep-
resent square matrices of size (N + 1) x (N + 1). The system can then be represented in
matrix form as
AZn,1+BZ,+CZ,,_1 =Don. (4.9)

The matrix formulation (4.9) is obtained by collecting the finite difference terms aris-
ing from the spatial discretization of the governing equation.

The contribution of the double summation term associated with the fractional integral
operator is represented in matrix form following the construction given in [20, 21]. In
particular, the convolution-type structure is transformed into a lower triangular Toeplitz-
type matrix, as detailed therein.

The remaining matrices A, B, and C arise from the standard finite difference dis-
cretization of the time derivative and the spatial second-order derivative operator, which
are well-known in classical finite difference formulations for parabolic and hyperbolic
problems.

For clarity, the explicit construction of the double-sum matrix is omitted here to avoid
repetition, while the standard components follow directly from the discretization proce-
dure.
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The error analysis of (4.9) is investigated by computing the maximum norm error
between the approximate and exact solution with the following formula

€ = max |z(t,x) —z(tk, xn)l,
1<kEN
1<n<M

By fixing § = 1.9 and « = 0.9, and for the values of N and M that satisfy the stability
condition, we compute the maximum norm error of first order FDS (4.8) between the
approximate and exact solution and present in Table 1. To support the Table 1 we also
give some figures.

Table 1: Maximum Norm Errors for First Order FDS (4.8).

_ 1 _ 1
T=N h =51

N N=20 N=40 N=60 N=80 N=100 N=120 N=140 N=160
M M=10 M=20 M=30 M=40 M=50 M=60 M=70 M=80

B=19

«=09 0.00505 0.00267 0.00184 0.00141 0.00114 0.00097 0.00084 0.00074

Table 1 presents the maximum norm errors for the first-order FDS for various combi-
nations of N and M, which define the temporal and spatial grid resolutions. As N and M
increase, corresponding to finer grids, the error decreases steadily. This demonstrates the
convergence of the method, as the numerical solution becomes more accurate with finer
discretization. The errors remain small throughout, confirming the validity of the first-
order scheme. The error graph corresponding to the error Table 1 is presented in Figure
1. The errors exhibit a decreasing trend as the time values change. The decreasing trend
supports the reliability of the method for longer time simulations.

To further verify the convergence behavior of the proposed scheme, additional nu-
merical experiments were performed by varying the spatial and temporal discretization
parameters independently. The experimental order of convergence (EOC) is computed by

log(Eq1/E2)

EOC = ,
log(hq/hy)

(4.10)

where E; and E; denote the numerical errors corresponding to two successive mesh re-
finements. For the temporal convergence study, the same formula is used with the time
step size T replacing h.

First, the temporal discretization parameter is fixed at M = 20, while the spatial mesh
is successively refined. The corresponding errors and experimental orders of convergence
are reported in Table 2.
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Table 2: Spatial convergence study for the first-order scheme with M = 20.
N Error Order

30 0.0034737 -

40 0.0026696 0.9152
50 0.0021758 0.9166
60 0.0018414 0.9153
70  0.0015986 0.9173
80 0.0014139 0.9195
90 0.0012685 0.9213
100 0.0011511 0.9218

The obtained orders are close to unity, indicating that the proposed finite difference
scheme achieves first-order spatial accuracy.

Next, the spatial discretization parameter is fixed at N = 100, while the temporal mesh
is refined. The corresponding results are presented in Table 3.

Table 3: Temporal convergence study for the first-order scheme with N = 100.

M Error Order
20 0.002735 -

30 0.0021023 0.912
40 0.0015637 0.913
50 0.0011497 0.915
60 0.0008096 0.917
70 0.0006496 0.919
80 0.0005052 0.920

The experimental temporal convergence orders are also approximately equal to one.
Therefore, the proposed numerical scheme exhibits first-order convergence in both space
and time, which is consistent with the theoretical accuracy of the method.

0.025

0.005 -

0

L L L L L H
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

Figure 1: Maximum norm errors as t changes for (4.8).
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Figure 2 compares the approximate solution obtained from the first-order scheme with
the exact analytical solution at a fixed time and space grid. In Figure 2 the two curves are
almost indistinguishable, highlighting the high accuracy of the numerical method. This
figure provides visual confirmation of the small errors reported in Table 1.

----- approximate solution
° exact solution

solution

Figure 2: p =19, x = 0.9, N =80 and M = 40 for (4.8) .

Figure 3 illustrates how the maximum error changes when the fractional order «
varies, while keeping (3 and grid parameters fixed. The smooth dependence of error on
« demonstrates the continuous sensitivity of the numerical solution to fractional order
parameters, as expected in fractional models capturing memory effects.

1.45 <10 T T r T T T T
—— (=19

1.445 4

1.435

v1.43

1.425

1.42

1.415

1.41 L

Figure 3: Set 3 =19, N=80and M =40 .
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4.3. Second order accuracy
Similarly, second order FDS of the problem is given by

R

k—1
pBZb)B k]+1 ZZk]—i—Zk) 1

j=0
SR+l 22k+1+zk+1

l—nr+1— o) (2 — zm1)

Tl
o) (1—m)—o

k—1 k14 gkl
n1+zn+1 —2z +an+f
2h? 2h2
Xn =nh,tx =k, 1 <k <N-—-1,

2 1 0
0 __ 2 zh—4z, 3z
Zn =Xn —Xy, ——pp—2 =0,

zgzzlﬁAzo,nggN.

n+1

<SM-—
<M

7

1<n
0<n

(4.11)

The proposed second-order scheme achieves second-order accuracy in space, while
the time discretization of the fractional derivative is based on a high-order approximation.
However, due to the presence of the Caputo fractional derivative, the overall temporal ac-
curacy is generally limited by the regularity of the solution and the memory effect. There-
fore, the scheme should be interpreted as a higher-order spatial discretization combined
with a fractional time approximation.

By fixing = 1.9 and « = 0.9, and for the values of N and M , we calculate the
numerical error of second order FDS (4.11) between the approximate and exact solution
and present in Table 4. Compared to Table 1, errors are significantly smaller for the same
grid parameters, verifying that the second-order scheme offers superior accuracy. The data
further affirm that error decreases with mesh refinement, consistent with the theoretical
expectations for a second-order method.

Table 4: Maximum Norm Errors for Second Order FDS (4.11).

_ 1 _ 1
T=N h =1

N N=20 N=40 N=60 N=80 N=100 N=120 N=140 N=160
M M=10 M=20 M=30 M=40 M=50 M=60 M=70 M=80
B =19

a=09 0.00266 0.00123 0.00083 0.00063 0.00052 0.00044 0.00038 0.00034

We also plot error graph of (4.11) in Figure 4. Figure 4 shows the maximum norm
error over time for the second-order scheme. The error is notably lower than that of the
first-order method and consistently decreases as time increases, emphasizing the enhanced
precision and stability of the second-order scheme throughout the computational domain.



F. Ozbag / Hyperbolic Integro PDE

93

0.035 T

TR
o~

0.03 - b

0.025 - b

0.02 - 4

0.015 [
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Figure 4: Maximum norm errors as t changes for (4.11).

In Figure 5, numerically computed solution almost fits with the exact solution. The
precision level of the second order FDS is again much higher than that of the first order

FDS.
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Figure 5: = 1.9, a = 0.9, N = 80 and M = 40 for (4.11).
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5. Conclusion

This paper presented first- and second-order finite difference schemes for a class of
fractional hyperbolic integro-partial differential equations involving a Caputo fractional
derivative. Stability restrictions were derived through Fourier analysis and supported by
numerical experiments. The computed results demonstrated convergence of the proposed
methods and showed that the second-order scheme provides significantly improved accu-
racy compared with the first-order approximation. The numerical solutions were found
to be in excellent agreement with the exact solution, confirming the effectiveness of the
proposed approach for solving fractional integro-differential models.
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