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Abstract

This study presents a deterministic compartmental model for the co-infection dynamics of COVID-19
and Monkeypox, incorporating vaccination, quarantine, treatment, and reinfection. The model is shown to
be mathematically well-posed, and the disease-free equilibrium (DFE) and the basic reproduction number
Rg are derived. The local and global stability of the DFE are established using the next-generation matrix
and the Castillo-Chavez and Song method, while the global stability of the endemic equilibrium is proven
using a Lyapunov function. A modification parameter n € [0,1], representing treatment effectiveness in
reducing disease-induced mortality, is investigated. Numerical simulations show that effective treatment (low
1) reduces mortality but increases the long-term treatment population, whereas ineffective treatment (high
1) leads to higher mortality among treated individuals. The results also indicate that COVID-19 enhances
Monkeypox transmission through increased co-infections. Overall, the study highlights the importance of
integrated strategies involving vaccination, quarantine, and effective treatment to control the co-infection of
COVID-19 and Monkeypox.

Keywords: COVID-19; Monkeypox; Co-infection dynamics; Vaccination; Lyapunov functions; Mortality
reduction.

1. Introduction

COVID-19 was first reported in Wuhan, China, in December 2019. Due to its rapid
global transmission and the severity of symptoms, it was declared a Public Health Emer-
gency of International Concern on January 30, 2020, and subsequently a pandemic on
March 11, 2020. The pandemic disrupted all sectors, including healthcare, the economy,
education, travel, and day-to-day activities, which highlighted that pandemic prepared-
ness has major loopholes. COVID-19 also falls under the Coronaviridae family, which
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uses ACE2 receptors to enter host cells [1]. There are indications that COVID-19 has a
natural reservoir in bats, but it can also be transmitted by pangolins [2, 32, 19]. Such
zoonosis can also be attributed to increasing interactions between human healthcare and
nature itself. Transmission of COVID-19 occurs between people via respiratory droplets,
especially in environments with insufficient ventilation, as well as through contact with
contaminated surfaces. The higher transmission rate compared to SARS-CoV-1 (initial
coronavirus) contributed to a quick increase in infection cases. Initial estimates of the
basic reproduction number (Ry) were between 2 and 3. [4, 34, 15, 25]. The range of
the disease’s severity has been immense. Seniors and those with comorbid conditions (di-
abetes, hypertension, cardiovascular disease, immunosuppression) are at greater risk for
complications like pneumonia, ARDS, organ failure, and mortality [5, 33, 31, 36]. While it
was initially deemed a respiratory illness, it has been acknowledged that it has multisystem
manifestations, including neurological, cardiovascular, nephrological, and hematological
components. These range from respiratory manifestations of fever, cough, anosmia, and
dyspnea to gastrointestinal symptoms [6, 37]. The diagnostic test primarily employed for
confirming an infection is reverse transcription polymerase chain reaction, with rapid tests
for antigens and antibodies being used despite their lack of accuracy. Delays in testing,
availability, and lack of resources were some of the key factors. To manage transmis-
sion, governments implemented Non-Pharmaceutical Interventions, including lockdowns,
curfews, physical distancing, school closures, and the use of face masks, which incurred
significant economic and social costs. The development of vaccines completely changed
how a pandemic like COVID-19 can be treated effectively, with mRNA vaccines like Pfizer-
BioNTech and Moderna, as well as vector-based vaccines like AstraZeneca, showing sub-
stantial decreases in symptoms. The COVID-19 pandemic brought a plethora of weak-
nesses in the world’s healthcare systems to the fore, re-emphasizing the importance of a
sturdy surveillance system, effective Non-Pharmaceutical Interventions, equitable access
to vaccines, and constant preparation for a

Monkeypox is a re-emerging zoonotic infection caused by simian monkey viruses re-
ferred to as Monkeypox viruses. These viruses belong to the Orthopoxvirus family, which
is closely related to variola viruses that cause smallpox. Monkeypox was identified as a
monkey infection in 1958 and as a human infection in 1970 in the Democratic Republic
of Congo, as reported in a 1972 study by [7]. The significant resurgence of monkeypox
occurred in 2022 when reports indicated human-to-human transmission in various non-
endemic countries, raising global concerns, as noted by the WHO in that year. A factor
that has increased vulnerability to this re-emergence of monkeypox has been waning im-
munity among humans due to smallpox eradication, as reported. There are two clades
of MPXV, with a severe form in Central Africa and a usually milder form in West Africa,
which was responsible for the 2022 outbreak [8]. Transmission can occur through contact
with infected animals, individuals, and contaminated materials. Zoonotic transmission
is associated with bites, bodily fluids, and undercooked bushmeat. Although human-to-
human transmission is less efficient, it can occur through respiratory droplets, skin lesions,
and contaminated objects. The 2022 outbreak revealed a new trend characterized by
prolonged transmission among close contacts. Clinical manifestations of monkeypox are
fever, fatigue, lymphadenopathy, and then a distinctive rash that develops from macules
to pustules [10]. Atypical cases, particularly in the genital area, resulted in misinterpreta-
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tions of the illness in the 2022 outbreak, highlighting a lack of understanding with regards
to this. This can only be determined by PCR reaction test results. Historically restricted
to African forest ecosystems, Monkeypox has been seen in a number of worldwide out-
breaks, including a 2003 outbreak in the U.S. that was associated with imported domestic
pets, as well as travel-related cases from 2018-2019 [11]. This 2022 worldwide increase
represents a huge epidemiological transition, which has sparked concerns over potential
evolutions of this virus as well as preparedness worldwide, as reported by [12]. The World
Health Organization has declared it a Public Health Emergency of International Concern
in July 2022. “Methods of control are aimed at early detection, isolation of cases, trac-
ing contacts, vaccination, and public education.” Smallpox vaccines like ACAM2000 and
MVA-BN/JYNNEOS provide cross-protection due to their antigen-related characteristics.
Effective communication plays a significant role in overcoming stigmatization, as “risk of
infection does not discriminate among demographics.” An important lesson learned from
the COVID-19 pandemic has been improvement in preparedness through enhanced global
surveillance and response capabilities. The monkeypox outbreak that occurred in Africa
has highlighted its potential as a long-term challenge for public health. There are many
issues that must be addressed in order to effectively manage monkeypox.

Co-infection with COVID-19 and Monkeypox virus (MPXV) represents a rising chal-
lenge for worldwide healthcare. "COVID-19 has been a constant cause of morbidity and
mortality since 2019, with Monkeypox cases, which were restricted to Africa until 2022,
spreading to other continents that year as well." [13]. There are now cases of infec-
tions with both viruses being reported in various areas, especially in immunocompromised
patients. This represents a challenge due to increased cases of complications from co-
infections, which also put extra stress on healthcare systems. These two viruses present
common symptoms that include fever, weakness, and respiratory manifestations, which
make it extremely challenging to identify and confirm diagnoses clinically and in labora-
tories, especially in developing countries [14]. There has been no insight into their bio-
logical interactions, even though immune dysfunction caused by COVID-19 could increase
vulnerability to the MPXV infection, and the cytokine storm initiated by MPXV infection
can prolong the severe courses of COVID-19 infection [16, 35]. Co-infection presents
a challenge to public healthcare systems that are already strained in terms of diagnos-
tic capabilities, isolation capacity, and staffing levels. Additionally, co-infection poses a
challenge when it comes to vaccination strategies, as COVID-19 vaccines are mRNA/viral
vector-based and protect against viruses from a different family, while Monkeypox vac-
cines are MVA-BN-based and target a completely different family of viruses. [17, 28]. The
concurrent presence of both diseases highlights the impact of areas with high population
density, transmission points, displaced individuals, and those with weakened immune sys-
tems, such as those with HIV/AIDS, who are also at risk of undetected co-infection [38].
Additionally, misconceptions surrounding both diseases can lead to delays in seeking care,
as noted in a study by [18, 30, 31].

A mathematical model for co-infection of COVID-19 and Monkeypox has been devel-
oped in this thesis, which has been inspired by increasing evidence that suggests that
when many pathogens co-circulate, their behaviors are not simply additive. The chal-
lenge now has been that both COVID-19 and Monkeypox are spreading simultaneously.
Extending [20], this manuscript aims to enhance this already established mathematical
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framework by including important biological components that were not accounted for in
previous modeling structures. These additional components are: vaccination for both in-
fections, vaccine failure, reinfection with COVID-19 modeled as a direct transition into
the infectious class for those with dual infections, declining immunity among doubly in-
fected individuals, and a transition between single infections and doubly infected. , The
model equations are formulated as a set of nonlinear ordinary differential equations, and
the expression for the basic reproduction number, Rp, has been derived using the Next-
Generation Matrix method. The stability of both the disease-free and endemic equilibria
has been proven. Sensitivity analyses utilizing Latin Hypercube Sampling indicate that
a coordinated approach to vaccination, quarantine, and treatment strategies is essential.
Finally, this work advances co-infection modeling by integrating practical epidemiolog-
ical characteristics. The study directly addresses several gaps in existing research and
strengthens the foundation for analyzing other co-circulating pathogens.

* Absence of vaccination for both COVID-19 and Monkeypox in existing co-infection
models.

* Lack of incorporation of vaccination failure and imperfect vaccine protection.

* Insufficient representation of two-way transitions between single-infected and co-
infected classes.

* Inadequate treatment of cross-disease interactions affecting transmission and pro-
gression.

* Scarcity of integrated intervention frameworks combining vaccination, quarantine,
and treatment for both diseases.

2. Description of Model

This study develops a deterministic compartmental model for the transmission dy-
namics of COVID-19 and Monkeypox co-infection in human and rodent populations. The
human population Ny, (t) is subdivided into twelve compartments:

Sk, Ve, Vin, E& B Qes Quy 18, Iy, T, Thy Ry
while the rodent population N, (t) consists of:
ST‘I ET‘I IT'

Humans and rodents are recruited at rates A;, and A,. Vaccination against COVID-19
and Monkeypox occurs at rates 6. and 0,,,, with vaccine failure rates 1\ and {,,. Human-
to-human transmission occurs at rates 3, (COVID-19) and (3., (Monkeypox), rodent-to-
human Monkeypox transmission at rate (31, and rodent-to-rodent transmission at rate f3,.

Exposed humans progress to infectious classes at rates «. and o, , or enter quarantine
at rates o2 and o?,. Exposed rodents progress to infection at rate o,. Quarantined COVID-
19 individuals recover naturally at rate o, while Monkeypox has no natural recovery in
quarantine. Symptomatic quarantined individuals move to treatment at rates (. and (.
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Infected individuals may enter treatment at rates y. and y,, or develop co-infection at
rate 7t. Co-infected individuals enter treatment at rate y.,, or recover from either disease
at rates T, and t.. Treated individuals recover at rate ¢. Natural mortality rates for
humans and rodents are uy, and w,, while disease-induced mortalities are &., 6., and
dcm. Mortality is reduced in treatment by modification parameter n.

Recovered individuals may be reinfected with COVID-19 at rates x (post-recovery) and
w (due to waning immunity).

The forces of infection are given by:

BC(I?_‘_I?m) A (t) _ Bllr+ Bm(lbn_‘_lgm)

Ac(t) = .
C( ) Nh ’ Nh 7 Nr

The total population is:
Nh(t) =Sh+ Ve + Vin +EF+ER + Qe + Quu + IR+ 1 + 1N+ Ty, + Ry,

N:(t) =S, +E, + 1.

Cep

o, XAc

TAm T

¥

Y Y
(g + més) i

T Te

ey + am)

Gnp

Figure 1: Schematic diagram of the model
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2.1. Model Formulation
dSy,
dv,
dtc = ecsh - (wc + Hh)vc
dVv.
T;l =0mSh— (Um + lih)vm
dER
3 = MeSn— (ot + o + pp)ED
dER
T’? = AmSh — (o, + o, 4+ up)EN
d
% = O‘%E? - (Ccp + 0+ uh)Qc
d
% = “12111:—];1 - (Cmp + Hh)Qm
dI? 1rh h h
dt = “cEc + XAcRp + Tmlcm — (MAm 4+ Ve + Un + 50)1(;
dIL& 1 rh h h
F = “mEm +TCIcm - (T[}\C +YTTL + Hh + 6m)1m
dih
S = AT+ AT, — (T + Te + Yem + fn + Bem ) Im 2.1
dT
dith = Cchc + Cmem +'YCI£L +’Ym121 +'chI?m —(p+pun+1nd)Th
dR
Tth = ¢Th +0Qc — (XAc + W + un)Rn
ds
dtT =Ar— (Ar + 114)Ss
dE
dtr =ArSy — (o + pr ) By
dIl
ditr = o By — e I7
where
Be(IF +18)
Ac(t) = —————
(V) .
m Nh 7
I
}\T(t) — BT T



Eze, F.C, et al./ Mathematical Model For The Dynamics Of Covid-19 ....

Table 1: Model parameters and description.

Parameter | Description

Anh Recruitment rate for humans

Ay Recruitment rate for rodents

Be Transmission rate of susceptible humans from infected COVID-19 hu-
mans

Bm Transmission rate of susceptible humans from infected Monkeypox hu-
mans

B Transmission rate of susceptible rodents from infected rodents

B1 Transmission rate of susceptible humans from infected rodents

Ac Force of infection for COVID-19 infection

Am Force of infection for Monkeypox infection

Ar Force of infection for rodents

ol Progression rate from exposed COVID-19 individuals to infectious
COVID-19 humans

o? Progression rate from exposed COVID-19 individuals to quarantined
COVID-19 humans

o Progression rate from exposed Monkeypox individuals to infectious
Monkeypox humans

o2, Progression rate from exposed Monkeypox individuals to quarantined
Monkeypox humans

Xy Progression rate from exposed rodents to infectious rodents

0. Vaccination rate for COVID-19

Om Vaccination rate for Monkeypox

Ve COVID-19 vaccine failure rate

Pm Monkeypox vaccine failure rate

Ce Treatment rate of quarantined COVID-19 individuals

Cm Treatment rate of quarantined Monkeypox individuals

P Rate of developing clinical symptoms during quarantine

T COVID-19 recovery rate for co-infected individuals

Tm Monkeypox recovery rate for co-infected individuals

e Increased susceptibility to infection as a result of underlying sickness
(COVID-19/Monkeypox)

o COVID-19 natural recovery rate

Ye Treatment rate of infected COVID-19 individuals

Ym Treatment rate of infected Monkeypox individuals

Yem Treatment rate of co-infected COVID-19 and Monkeypox individuals

) Recovery rate of treated individuals

X Increased infectiousness of COVID-19 recovered individuals

de COVID-19 induced death rate

dm Monkeypox induced death rate

dem Co-infected induced death rate

n Modification parameter that accounts for reduced death rate in the treat-
ment class

Uh Natural death rate for humans

Ly Natural death rate for rodents

w Rate at which individuals lose immunity
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Table 2: Model Variables and description.

Variables | Description

Sh Susceptible humans population

Sy Susceptible rodents population

V. Covid-19 Vaccinated individuals

Vin Monkeypox Vaccinated individuals

ER Exposed human Covid-19 Population

| Exposed human Monkeypox Population

E, Exposed rodents population to Monkeypox

Q. Quarantined COVID-19 population

Qm Quarantined Monkeypox population

i Infected COVID-19 Population

m Infected Monkeypox Population

i Monkeypox and COVID-19 coinfected population
I Infected rodents population

Th Treatment Class of humans

Rn Individuals who have recovered from monkeypox, covid-19 and co- infections

3. Results and Analysis of the model

In this chapter, we analyze the mathematical model formulated in the preceding sec-
tion to gain insights into the transmission dynamics of COVID-19 and Monkeypox co-
infection within the human and rodent populations.

3.1. The Invariant Set

Theorem 3.1. The solutions of model (2.1) remain feasible for all t > 0 provided that the
initial conditions are taken from the invariant region

D =D; x Dy c R2 xR3.

Proof:
To show that all feasible solutions of the system are uniformly bounded, we define the
positively invariant sets D and D as follows:

D = {(Sh, Ve, Vin, 2 Bl Qe, Quny 18, Ty, 1, T Ri) € RIZ 2 S, Ve, Vi, ER ER, Qe, Quu, 12, T, T8, Ti, R > 01,

and
D, — {(Sr,Er,Ir) eR®:S,, Ep Iy > 0}.

Hence, any solution that starts in D = D1 x D, remains in D for all t > 0, establishing the
feasibility of the model.



Eze, F.C, et al./ Mathematical Model For The Dynamics Of Covid-19 .... 9

The total population of the human classes is
Nh(t) = Sn(t) + Ve(t) + Vim(t) + EX(t) + ER(t) + Qc(t) + Qun(t) + I (t) + IR, (1) +
Th(t) + Re(t)

The sum of the differentials is

dNp _dSn , dVe , dV | dE}  dER | dQc  dQm  dI}  dI  dI,  dTw, dRy
at  dt ' dt ' dt | dt = dt ' dt = dt ' dt ' dt = dt ' dt = dt

dN
Tth = Ah — HhNh(t) — 6CI? - 6m121 _nécTh/
dN
Tth < A — prNn(t) G.1)

Applying the integrating factor method to solve the differential equation (4.1), along with
the given initial condition t =0 and Ny (t) = Ny (0)
A
Np(t) € =0
Hh
Therefore,D; is said to be positively invariant under the model(2.1)
Similarly, the total population of the rodents classes is

N:(t) < —
Hr

Therefore,D; and D, is said to be positively invariant under the model (2.1)

The analysis reveals that the overall human and rodent populations are limited above by
the ratios 2= and QT with up and p, representing the natural death rates of humans and
rodents, respectlvely This constraint guarantees that the system’s trajectories stay within
a compact, positively invariant set that encompasses all biologically plausible solutions. It
underscores the model’s mathematical robustness and biological relevance, rendering it
appropriate for both theoretical studies and practical simulations of COVID-19 and mon-
keypox co-infection dynamics.

3.2. Non-negativity of the solutions of model

To ensure that model (2.1) has epidemiological significance, it is essential to demon-
strate that the solutions remain non-negative over time. This conclusion is derived from
the theory presented below.

Theorem 3.2. Given the initial states Sy, (0) > 0, Vc(0) > 0, V;u(0) > 0, EF(0) > 0,
ER(0) >0, Qc(0) >0, Qm(0) > 0, IX(0) > 0, [}, (0) > 0, [%,(0) > 0, T (0) > 0 Rh(O)

0, S+(0) > 0, E+(0) > 0, I:(0) > 0. Then the solutions (Sy(t), Ve (t), Vin (1), ER (1), ER (1), Qe (t
Qum(t), IR(t), I (1), IR (1), Th(t), Ru(t), S+ (t), Ex(t), I+(t)) of model (3.8) are non-negative
for all time t > 0.

proof:
Let t; = sup{t > 0 : Sp(t) > 0,Vc(t) > 0,Vin(t) > 0,ENM(t) > 0,ER (1) > 0,Qc(t) >
0,Qm(t) > 0,IR(t) > 0,1 (t) > 0,1 (t) > 0, Tr(t) > O,Rn(t) > 0,S.(t) > 0,E(t) >
0,L:(t) > 0 € [0, t]}. From first equation of (2.1)
dSy
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Applying integrating factor, we have

t
Sp(t) = Sp(0)e Jinmar +J g(r)e er(®)dsgr 5 0
0

Hence, Sy (t) >0 forallt >0
Following the same procedure on V. (t), Vi (t), ER(t), ER (1), Qc (1), Qum (1), IR (1), I (1),
I8 (1), Tr(t), Ri(t), S+ (t), Ev(t), and I, (t)

Since all variables are expressed as integrals with positive integrands and positive
initial conditions, each variable of model (2.1) remains positive for all t > 0.

3.3. Local Asymptotic Stability of the Disease-Free Equilibrium

The model (2.1) has a DFE, obtained by setting the left-hand side of the equations in
the basic model (2.1) to zero, and this is given by

EN=E' =Q.=Qum=1"=1" =1" =T =Rp=E, =L, =0Ac =An=A=0
Thus, the disease-free equilibrium point of the co-infection model is
80 :( T1/ V:;k/ v:n/ O/ 0/ 0/ O/ 0/ O/ 0/ 0/ O/ S:/ O/ 0)

Theorem 3.3. The Disease free equilibrium (DFE) of the model (2.1) is locally asymptotically
stable (LAS) whenever the basic reproduction number Ry < 1 and unstable when Ry > 1.

proof:
The local asymptotic stability of the disease-free equilibrium will be established here using
the Next Generation Operator Matrix based on our model (2.1), following the notation
used by van den Driessche and Watmough (2002).The basic reproduction number of the
COVID-19-Monkeypox co-infection model, denoted as Ry, is defined as the maximum of
the basic reproduction numbers for COVID-19 transmission in the human population, Rf,
Monkeypox transmission in the human population, Rj*, and Monkeypox transmission in
the rodent population, Rj.
Ro = max.(Rg, Ry, Rp)

Utilizing the next-generation operator matrix approach, the basic reproduction num-
ber is determined as the dominant eigenvalue of the matrix FV—!. Where, f(x) matrix
represents the rate at which new infections enter the disease compartment, while the v(x)
matrix reflects the rate of individual transfers both into and out of the disease compart-
ment.

Let X be the set of the entire disease compartments. That is

-
X = [E](';L/ E]T'TLI, QC/ Qm, I]g', I}Tl'l’ I](;Lm, ET‘/ IT‘:|
Then our model can be written as

— =f(x) —v(x) (3.3)



Eze, F.C, et al./ Mathematical Model For The Dynamics Of Covid-19 ....

- Acsh -

(e + o2 + pp)EN
(ock, + o2, + un)ER
—0ZEL + (Cep+ 04 pn) Qe
—oZ EM + (Gmp + Bh)Qm

v(x) = | —alEF —1 IR+ (Ye + up +8c)IR
_o‘}nEHl - TCI?m + (Ym + HUn + 5m)11111
_(Tm +Tec+Yem + Uh + 5cm)13m
(ot + ur)Er
L _(XrEr + p'rI‘r .
0000 2% o BShog o]
T st Badl o BiS)
0 00O 0 N Ny 0 NO
00 0O 0 0 0 0 0
Fo 0 00O 0 0 0 0 0
0 0 0O 0 0 0 0 0
0 00O 0 0 0 0 0
0 0 0O 0 0 0 0 0
0 0 0O 0 0 0 0 B~
0 0 00 0 0 0 0 0
[ kq 0 0O 0 0 O 0 0 07
0 ko 0O 0 0 O 0 0 0
—06(2: 0 ks 0 0 O 0 0 0
0 —Oc%n 0 kg 0 O 0 0 0
V= —(Xi 0 0 0 ks 0 —1m 0 0
0 —oc}n 0 0 0 kg —7c 0 0
0 0 0O 0 0 o0 ky 0 0
0 0 0O 0 0 O 0 kg 0
| 0 0 0O 0 0 O 0 —&r Myl
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where -~ -
%1 0 0 0 0 0 0 0 0
0 k% 0 0 0 0 O 0 0
% 0 & 000 0 0 0
1 01 el 0 &= 0 0 0 0 0
|« )
\4 me 0 0 0 5 0 0 0 0
Xm 1 C
0 2 0 0 0 & = 0 0
0 0 0 0 0 O k% 0 0
0 0 0 0 0 0 o0 %8 0
o o 0 0 0 0 0 &= 1L
L 8Hr My
[BeoxtSY S? cSY ]
N 00 00 R0 N 0o 0
0 Bmcx}nS% 00 0 |3ms(}]L BmTCS% + BmS% By S, BlS%
N koke No%ks  NYkeks Nok;  NOkgpr N p,
0 0 00 0 0 0 0 0
0 0 00 0 0 0 0 0
_17
V=1 0 00 0 0 0 0 0
0 0 00 0 0 0 0 0
0 0 00 O 0 0 0 0
Bror Br
0 0 00 0 0 0 s b
0 0 00 O 0 0 0 0 |

The characteristic polynomial factors are as follows:

det(M —AI) = (—=A)* (M1 — A)(Maz —A) (Mgs — A)
where 10 L g0
= BCOOCC h’ M22 — Bmocxm h’ M66 _ BrOCr.
Nhk1k5 Nhk2k6 kg}lr
Thus, the eigenvalues are A = M1, My, Mg (each with multiplicity 1) and A = 0 (multi-
plicity 4)
The basic reproduction number Rj is the spectral radius (dominant eigenvalue) of
FV—!. The dominant eigenvalues are:

My

RS — BeoeSh, _ BeSh o
N%klkS N%(“é+°¢%+“h)(1’c+uh+6c)
m Bm‘x}nsg . Bms(})fx}n
© 7 Nikoke N9 (och + 0B, + un) (Y + i + 8m)
RE _ Brotr _ Bror

N kSPLr ((XT—*—H‘T‘)HT‘
we obtain:

ﬁcs(})l(xi E’ms%odn Br“r)

Rp = max , ,
° (N%k1k5 N9 koke  kshr
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where

K=ol 4+ +un, k=ol +o +un, ks=0Clcp+o+un, ki=Cmp+n,
ks =Yc+Uh+0c, Ke=VYm+Hrh+0m, K7=Tm+Tc+Yem+Hn+dcm, Kg= o+ .

Following [27], we make the claim below:

Lemma 3.4. The disease free equilibrium (DFE) of the model (2.1) is locally asymptotically
stable (LAS) whenever the basic reproduction number Ry < 1 and unstable when Ry > 1

proof:
Here we prove lemma 6. The local stability of the (2.1) will be established using the
linearization method. The jacobian matrix of the model (2.1) evaluated at disease free
equilibrium

(B¢ + O + 1) e Vrm 0o 0 0 0 0 0 0 0 w 0 0 o0
0. —(We + Bn) 0 0 0 0o 0 0 0 O0 O 0 0 0 o0
O 0 —(bm+un) O 0 0 0 0 0 0 O 0 0 0 o0
0 0 0 G, 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 -G 0 0 0 0 0 0 0 0 0 0
0 0 0 oc% 0 —G3 0 0 0 0 0 0 0 0 0
0 0 0 0 o2 0 -G, 0 0 0 0 0 0 0 0
J(xo) = 0 0 0 ol 0 0 0 -G 0 T, O 0 0 0 o0
0 0 0 0 o, 0 0 0 -G 7T O 0 0 0 o0
0 0 0 0 0 0 0 0 0 —Gy 0 0 0 0 0
0 0 0 0 0 Ccp CmP  Ye Ym  Yem —Gg 0 0 0 0
0 0 0 0 0 ¢ 0 0 0 0 ¢ —(w+mw) 0 0 O
0 0 0 0o 0 0 0 0 0 0 0 0 w00
0 0 0 0 0 0 0 0 0 0 0 0 0 —Gy 0
0 0 0 0 0 0 0 0 0 0 0 0 0 o —Hy
where:
Glzoci—i—oc%—kuh, Gzzoc}n—i—ocfn—i—uh,
G3 = Ccp+ 0+ Un, Gg = Cmp + Un,
Gs = MAm +Yc + Uh + d¢, Gg =TA¢ +VYm + Uh +0m,

G7:Tm+Tc+ch+Hh+5cm/ G8:¢+Hh+n5t/
Gg = otr + K.

We must demonstrate that all the eigenvalues of the Jacobian matrix J(xo) are nega-
tive. The eleventh,thirteenth and last columns of J(x) consist solely of diagonal elements,
which give rise to the negative eigenvalues —Gg, —, and —u,.The remaining twelve (12)
eigenvalue are obtained from the sub-matrix
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—(0¢ + Om + 1n) Pe P 0 0 0 0 0 0 0 w 0
0. —(We + pn) 0 0 0 0 0 0 0 0 0 0
Om 0 —(Pm+umn) O 0 0 0 0 0 0 0 0
0 0 0 -G, 0 0 0 0 0 0 0 0
0 0 0 0 -G 0 0 0 0 0 0 0
_ 0 0 0 o2 0 -G 0 0 0 0 0 0
Jilxo) = 0 0 0 0 o 0 -G 0 0 0 0 0
0 0 0 a0 0 0 -Gs 0 Tm 0 0
0 0 0 0 o, 0 0 0 —Gg 7. 0 0
0 0 0 0 0 0 0 0 0 -Gy 0 0
0 0 0 0 0 c 0 0 0 0 —(w+wmn) 0
0 0 0 0 0 0 0 0 0 0 0 —Gg

Also, the eight, ninth and last column of J;(xp) contains only the diagonal terms which
forms the negative eigenvalues —Gs, —G¢ and —Gog. The remaining nine (9) eigenvalue
are obtained from the sub-matrix

—(0¢ +Om + pn) WYe Pm 0 0 0 0 0 w
0c —(Pe + Hn) 0 0 0 0 0 0 0
Om 0 —(m+un) O 0 0 0 0 0
0 0 0 -G; 0 0 0 0 0
Ja(xo) = 0 0 0 0 -G 0 0 0 0
0 0 0 « 0 —-G; 0 0 0
0 0 0 0 o 0 -Gy O 0
0 0 0 0 0 0 0 -Gy 0
0 0 0 0 0 o 0 0 —(w+un)

Also, the eight column of J,(x() contains only the diagonal term which forms the negative
eigenvalues—Gy.The remaining eight (8) eigenvalue are obtained from the sub-matrix

—(0c 4+ Om + 1n) Ye Ym 0 0 0 0 w
0 —(Pe + Hn) 0 0 0 0 0 0
Om 0 —(Wm+pn) O 0 0 0 0
0 0 0 -Gy 0 0 0 0
Jalxo) = 0 0 0 0 -G, 0 0 0
0 0 0 o« 0 —-G;3 O 0
0 0 0 0 o 0 -Gy 0
0 0 0 0 0 o 0 —(w+un)

The matrix J3(xp) can be partitioned into block-diagonal and block-triangular components
for easier calculation of the eigenvalues.

After solving partitioned matrices, we found out that all eigenvalues of J3(x() have neg-
ative real parts (under the condition Ry < 1), we conclude that the DFE, £y is locally
asymptotically stable.



Eze, F.C, et al./ Mathematical Model For The Dynamics Of Covid-19 .... 15

3.4. Global Asymptotic Stability of the Disease-Free Equilibrium of the Model

To examine the global asymptotic stability of the disease-free equilibrium in the model
(2.1), we apply the method developed by Castillo-Chavez and Song as outlined in [21].
Let X = (St, Ve, Vi, Ry, Sv) € Ri denote uninfected population and let
Z=(ENEN,Qc, Qum, IV, I, IR, Th, Ey, 1) € RY denote infected population
We write the equations of uninfected class as

dX

— =FXZ 3.

- =FX,2) (3.4
Also we write the equation of infected class as

dz

— =G(X,Z 3.5

= G(X,2) (3:5)

Let &y = (X*,0) represents the disease-free equilibrium point of the model (2.1)

The system (2.1) is GAS if it satisfies the following conditions:

1. Hy: 4§ = F(X*,0), X* is globally asymptotically stable.

2. Hy: 42 = D, G(X*,0)Z—G(X, Z2),

G(X,Z) >0forall (X,Z) e D

where Dz G(X*,0)Z represents an M-matrix (characterized by non-negative diagonal el-
ements, also serving as the Jacobian of G(X,Z) and computed for (X*,0), the ensuing
theorem is applicable, provided the system meets the aforementioned criterion.

Theorem 3.5. The disease free equilibrium point £ = (X*,0) is globally asymptotically
stable if Ro < 1 and Hy, Hy are satisfied.

Proof. Let, O

An + Ve Ve +PmVin + WRpy — (8¢ + 0 +Ac +Am + Un) Sk
ecsh - (ll’c + Hh)vc
F(X,2)= OmSh — (Wm + un)Vim
PmTh +0Qc — (XAc + W + un)Rp
Ar — (Ar + 1) Sy

i AcSh — GiER T
AmSh — GER
O(%EE - G3Qc
o BN — G4Qm
O(}:E]g + X)\th + TmI?m — G5I£L
od BN 41 I — GeIl,
A I + A I — GyIR
CePQe + CmPQm + VeIl + Ym Il +VemIl, — GsTh
ArSy —GoE, =0
By —url =0

G(X,Z2)=
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I —GER + B I+ B IR, 1
—GoEl 4 B I™ + B I + Brlly
O((Z;EL1 - G3QC
o Bl — G4Qm
oLER +x7\ Rp + T I, — GsIP
ol BN 41 IR — GeIh
TAm Ih + AR, — G7IR
Cc ch + Cmem + Yth +Vm1h +ch1cm GSTh

DzG(X*,0)Z =

E urI J
At the disease free equilibrium point,
dSyw
Hy: H =An+PcVe +VmVim — (¢ +0m + Hh)Sh
dav,
T: = ecsh - (wc + Hh)vc
dv.
T,Zn = emsh - (II)m + Hh)vm
dRp
= 0
dt
ds;
= Ay — Sy
dt
Hy: G(X,Z) =DzG(X*,0)Z— G(X, Z),
[ (Bl +Bellm)(1— 5—;) ]
(Bl + Bl ) (1 — )
0
0
0
G(X,2)=
X,2) 0
0
0
Brlr(l - Tr)
L 0 |
Remark 3.6. Clearly, 1 Sh and 1 > v this implies that G(X,Z) > 0 Consequently,

the disease-free equ111br1um (DFE) of the COVID-19 and monkeypox co-infection model
is globally asymptotically stable. This indicates that, irrespective of the initial number
of infected individuals in the population, the diseases will eventually be eradicated as
long as the basic reproduction number Ry remains below one. Thus, the finding that the
DFE maintains global asymptotic stability under the condition of R < 1 reinforces the
feasibility of completely eliminating both COVID-19 and monkeypox from the population,
provided there is no reintroduction of the viruses. This underscores the critical need for
ongoing intervention strategies and highlights the importance of consistently vaccinating
individuals to establish robust immunity against these diseases.
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3.5. Global Stability Analysis For Endemic Equilibrium

Theorem 3.7. The endemic equilibrium (EE) of the model (2.1) is globally asymptotically
stable whenever Ry > 1

To establish global stability of the EE, we construct a Lyapunov function of the form:

,QZZ(:i (xi—x* Xf1n x)

i=1
where X; represents the compartments
(Sh, Ve, Vi, ER ER, Qe, Qu, IR, TR, TR T, S, By, 1) and C; > 0 are constants to be de-
termined.
Consider the nonlinear Lyapunov function

£=Cq1|Sh—S; —SiIn Sh 4 gh_ EM —EMIn Ee
St c c Eh

+EN —EM _EMIn En +Ve—=V:—Viin Ve

+Vim—V;, — Vi 1 < )

LG :Q Q- (

+ Cy [T — T — 1 1n<

}+C5[ — I 1“*111(I )

+ Co |10 — I — I ln<1h* ﬂ —|—C7[Th Ti—Tiln T‘;)}
L h
[ * S * * ET’

+Cy|Sr— S5 —S ln<sr>+E _E Erln<E*>}

x
) o
+ Co _IT—Ii—Irln(I;H.

Differentiating (3.6), we have

Ih*

}
ol an(®)]
)

L:Cl[sh—S—SthEh EE%E%—E‘;U Ve =y Vet Vin = Vin
M. . ) . . [h* .
ref- o] o Gea] o
[. Ih* X Ih* . T* .
+ Cs 121 — I?‘l Ih ] + Csg I:IL‘ I;m Ih' ] + Cy I:Th — T:Th]
.S X I
+Ca[Sr— TS+ Er ErET}+C9[I : 1]
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L:cl[(1—;i)sh+<1—§:>lzh (1 E:*)Eh++<1—\\:>v +c3(1—v )v]
o (1-§) ool (1-§2) @] ve (155 ) o] < | (-5 ]
el (142 ) o] e (1) ] e (15 (1)
el

Where upper dot represents the derivatives of the model (2.1) with respect to time t.
Hence, substituting the equations of the model (2.1) in (3.7), we have

L:C1[<1_

1— =%

|+

</\h +PcVe +PmVim + WRL —0cSh — O0mSh—AcSh —AmSn — Hh5h>

( (Acsh — GlEh> <1 — Em) (Amsh — GzEﬂl)
Em
+ <1 - V) (ecsh PeVe — P»hvc>
C
V*
(38) (s ver )
m
x| (1-Gp) (e —c ﬂ car| (1-G2) (wheh - can)
m
Ih* Ih*
1-—% ) (oc EM 4+ XAcRp + T I, — G5Ih>} +Cs [ (1 iy > <(x}nEI}1 + eIl — G6IL‘1>]
1— Iff“) <m\m12 + AR, — Gﬂ?mﬂ

+ Cy <1 — ?) <Cchc + Cmem +’Yclh +Ym1h +Yeml cm GSTh>:|
L h

1— i A —=ASr — 1Sy + (11— E ArS: — GoEx
S, E,
> <(XrF—r - Hr1r>:|

*
C

E¢
E
Ve

+ Ceq

+Cs

+ Cy
] (3.8)
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At steady state of (3.8), we have

An = 0cSE +0mSE +AcSE +AmSE 4+ UnSE —WeVE —hm Vi — WRE, Ay = ArST + 1,57,

AcSy Am Sy o2 Eh* o2 Eh*
Gy = h’ G, = h’ G2 = c-c , Gy = m-m
PR TOER Qe YT Qn
Gs — LB+ xACRY + T I Ge — ol Bl 4 Th G, — A I + AT
I ' o N
Gy = CePQE + Cmp Qi + VeI +ym I +vem Il Go — ArST
T ' =

then we substitute the value of Ay, and A, in (3.8)

S* * k * * * * % k

+ WRp —0cSh — OmSh —AcSh —AmSh — Hh3h>

(1 — E) (Acsh— Gﬂi?) + <1 — Ez) (Amsh— GZE‘;)
(1—\/*) (e Sp— Ve — uhvc>+<1 Xm) (e Sh— P Vin — i Vin )]
) (400 ol () (o)

Ih* Ih*
(1 ) (oc EM 4+ xAcRp + T I G5Ih)} +C5[< ) (amE‘;ﬂc h G&)]
+ Cs (1 ) <n7\ I A I — Gﬂ?mﬂ

+ Cy

+Cy

h
C
*
7}1

+C7 1— ) (Cchc + CmPQm +YCI +Ym1h +Yeml cm GSTh)]

1-) ( Sy S, (1—E> <Arsr—egEr>]
el ) o)

+ Csg

(3.9
After solving for the lyapunov constants, we have
ol Gial Goal G1Gsad
Ci=—1™—, (=0, C3=0, CG4=—7—"— CG=—c—""—, Co=—"r T
1T UGG 3 T GG A T GiGsal AT 0T GaGemadAZ,

Now, substituting the values of Cq, Cp, C3, Cy4, Cs5, Cg, Cy, Cg,and Cg in equation (3.9),we
have
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1

(x’ * * * * * * * *
+ WRR — hSp — 0cSi>  OmSE AcSE  AmSE unSyY N Y VESH n PYm Vi Si
Sh Sh Sh Sh Sh Sh Sh
wWR? S} V. Sk VinS%  wRKLSE
+ 5}:1 h _ ﬂ’csz h wms: h S: M 0T 4 0m ST+ AcST A+ AmST + 1hSE
AcShE® . 0.ShVE . .
— GEl— CE‘; 4 GIEM — Ve —pupVe — th C p P VE+ Vi — GoERY
C C
AmShE* . OmSnV . .
— BRI L GoE Vi — b Vi — STV +uhvm]
m m
Giog, lch h no GLERIM ACRRIR T IR IR h
oo Tmm E }\ R I —G I _ cC—ccC _ (¢ _ cCm-Cc G I *
GzG6(X(1:)\m (XC c +X cRh +Tm cm 51¢ I(};’ I]él IL‘ + 51¢
Gool ol ERThx g Th hs .
—m[a;ﬂ;ﬁrn@m—&ﬂ;— mlg m_ < ;E ™ Gelhy
G1Gsal, n n no TARIRIRE AL IR Th "
— M A AI — Gy — cem _ moem 4 G,
G2GemalAZ, |/ e T Tetm = B7hem = T - I, | 7em

(3.10)
From (3.10) we collect all the terms with dot-stars in the infected classes including all

uhS;’/ Hrsi and Hhsh/ }‘LTST

Oél AcShF—E* AmShE]T}f

1
L= —_—%m |G EM 4 GEM — _ %m0 SF S —
G2G6?\m[ ke + 02k Eh R } GGl |THoR — Hhon =g

Gy [G e GLERIE ARRIE Tmlzmxs*}
GGeotlAm |~ ¢ I I I

Gl [G e CERIY Tclsmm:}
G1Gsal Ao [ 0™ I Ih

~ GiGso, [ mo AP mcl};llyﬂ
GzG(,T[(Xp\%“ 77em Ibm I}Clm

(3.11)
Hence, substitute the steady state of Gy, G, G5, Gg and Gy in (3.11)
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o ol EReThe st 4 age  AeSREET AmSRERTY  ouunERIR
A2 S (o Bl eIl ) 6T T T R ER A (o BB + e IRy
Sn St Aol ERsphe

( oS Sh) - N ol BB (o Bl eIl
o ERIR* XARRIM Tml‘gmlp*>

x (cxiEL‘* FXARY, + TmIe — = T T
Cc c Cc

Ao BN (o XARE + T ) (1 e e ORERIE Tl I
Ao BRI (g B 4+ XACRY, + Tm [ <m\ I o AT AT I
Mo mE I (B i) LT TR T

As the arithmetic mean is greater than the geometric mean, the following inequalities

hold:
S N Bh /7
o EQIE  XARRIY TmI?mI?*> <0

(ociEL‘* +XxAcRp + Tmlz‘; — = Ich = h h
C C C

1 Eh Ih* Ih Ih*
(ol ety -SRI TR ) <
m m
h1hx* h 1Thx
(TE)\mI?* + T[}\Cl}nlf . ﬂxm}{c Itm . ﬂACI;LnIcm> <0,
[tm [t

Hence, £ < 0 for Ry > 1. Therefore, £ is a Lyapunov function in D and by LaSalle
Invariance Principle it concluded that the GAS of EEP is globally asymptotically stable for
Rop > 1. The global stability analysis of the endemic equilibrium within the co-infection
model offers important insights into the long-term dynamics of the system affected by
both COVID-19 and monkeypox.

3.6. Modification Parameters for Mortality Reduction in the Treated Individuals

This analysis examines the modification parameter n that accounts for reduced mortal-
ity rates in treated individuals within the COVID-19 and Monkeypox co-infection model.
The parameter 1 plays a crucial role in quantifying the effectiveness of therapeutic inter-
ventions.

The treatment compartment T, evolves according to:

dTh

i = CePQe+CmpQm Y I Y m I VeI — (6 + ph +180) Th (3.13)

* n € [0,1] acts as a reduction factor for mortality in Ty.
* 0¢: Baseline disease-induced mortality rate

* ¢: Recovery rate from treatment
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* pp: Natural mortality rate

The outflow term from the treatment compartment can be decomposed as:

Outflow = ¢Ty + unTh + Nét Th
N7 —— ——

Recovery  Natural Death  Disease-Induced Death

At equilibrium, setting % =0:

_ CePQE A+ GmP Qi VeI H¥YmIN + VemIin
¢ + un +ndy

Th

The dependence on 1 shows that lower values increase the equilibrium treatment pop-
ulation.

The partial derivatives reveal parameter sensitivity:

oty _ 5T —0

on (b + tn +10¢)
D7
— L =5TF >0

on thh =

OR:, $8 T

=— <0

on (& + ptr +1d¢) (XAe + W + un)

We provide the graphs from our analysis along with their interpretations. The model’s
parameter values and state variables are based on data regarding the Florida population
and outbreak information from the CDC, WHO, and the Florida Health Department.

Table 3: Key epidemiological parameters of the co-infection model with their estimated values and sources

Parameter | Value / Range | Source
An 5.8 x 10%/day | [22]

Ce 0.05-0.1/day [23]

Cm 0.02-0.05/day | [24]

Ye 0.05-0.1/day [23]

Ym 0.02-0.05/day | [24]
Yem 0.01-0.03/day | Assumed
o) 0.05-0.1/day [24]

Hh 3.9 x 10~°/day | [26]

The modification parameter 1 serves as a critical interface between mathematical mod-
eling and clinical reality in the co-infection dynamics of COVID-19 and Monkeypox. Our
analysis reveals several key insights in figures below.

Figure 2, 3 and 4 bellow presents three graphs: Treatment Compartment Dynamics,
Variation of 1, and Final Treated Population vs 1. The first graph, Treatment Compart-
ment Dynamics, illustrates how the trajectory of the treatment population evolves based
on treatment effectiveness. The Ty curve peaks higher and maintains an elevated level
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throughout the year. This indicates that effective treatment (low mn) corresponds to a
lower death rate in the T;, compartment. With fewer deaths, individuals remain in the
treatment compartment for longer periods, either until natural recovery or through treat-
ment, resulting in an accumulation of patients in treatment.

The second graph, Variation of 1, tracks the populations of individuals who are quar-
antined (Q¢, Qm), infected with either of two diseases (I, I,), co-infected (I.m), or
undergoing treatment (Ty ). The primary variable assessed in this model is 1, which repre-
sents the effectiveness of treatment in reducing disease-related mortality. When 1 ranges
from 0.0 to 0.3, treatment is considered highly effective, significantly lowering the death
rate for patients in the Ty, compartment. Conversely, when 1 is between 0.8 and 1.0,
treatment is less effective, resulting in minimal reduction of the death rate for patients in
the Ty, compartment. The graph captures the baseline dynamics of the treatment popula-
tion and associated deaths over one year. Initially, there is a substantial influx of patients
entering treatment from the pools of quarantined and infected individuals (Q, I, etc.).
This inflow rate significantly surpasses the outflow, which consists of recovery and death.
The treatment population peaks and subsequently declines as the initial reservoirs of in-
fected and quarantined individuals deplete (as indicated in the simplified ODEs for ‘}iItC,
etc., which are all negative). Over time, the inflow into T;, slows, and the curve begins
to flatten as the system nears a steady state where the new cases entering treatment bal-
ance the recoveries and deaths of those already being treated. While the curve shows a
steady rise, reflecting ongoing mortality within the treatment compartment, the rate of
new deaths accumulating decreases over time. This is a direct result of the declining Ty,
population, with fewer individuals in treatment at risk of dying.

The final graph, which compares the Final Treated Population and n, quantifies the
relationship between treatment effectiveness and the long-term strain on the healthcare
system. There is a pronounced, non-linear decrease in the final size of the treatment pop-
ulation as n increases. Higher final Ty, values at low 1 indicate that effective treatment
results in a persistent population of survivors who require medical care. Conversely, lower
final Ty, values at high n signify a concerning trend, reflecting that ineffective treatment
yields a smaller treatment population, as fewer patients survive long enough to necessitate
ongoing care. This graph highlights a significant trade-off: enhancing treatment efficacy
(lowering 1) will inevitably intensify the long-term demand for treatment facilities and
resources. Policymakers must plan accordingly to accommodate this increased capacity
to harness the life-saving benefits of improved treatments. The objective is to manage a
larger population of living patients, rather than a smaller one resulting from high mortal-
ity. In summary, these three graphs provide a comprehensive illustration of the interaction
between treatment efficacy and disease dynamics.
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3.7. Impacts of COVID-19 on Monkeypox

We examine both direct and indirect pathways through which COVID-19 affects Mon-
keypox transmission and progression. To Examine the Monkeypox Infection Pathway

_ Bile + B (I, + I8)

A
m N,

Here, 1., (co-infected individuals) contribute to Monkeypox transmission, implying that:

1. COVID-19-infected individuals who become co-infected also drive Monkeypox trans-
mission.
2. The presence of COVID-19 enhances the infectious pool for Monkeypox via I¢m

This term shows COVID-19 indirectly increases Monkeypox transmission by increasing
the number of co-infected individuals.
Co-infection Dynamics (Monkeypox-only infectious class:)

arh
= A ER el — (e +¥im + i+ 8m) Iy

Co-infected class dynamics:

arh,,
dt

= AR + AT, — (Tr + Te +Yem + Bh + 8em)

The term 7A,, Il shows that COVID-19-infected individuals (in can develop Monkeypox
upon exposure — leading to co-infection. This increases the burden on Monkeypox dy-
namics, as co-infected individuals I.,, are more infectious (affecting A,,) and possibly
harder to treat. Therefore, COVID-19 increases the reservoir for Monkeypox transmission.

Original Monkeypox reproduction number (without considering COVID-19 impact):

m_ % BmSy
kokeNY,

However, due to co-infection, the effective force of infection becomes:

_ BlIr + Bm(ﬂ}m + I?m)

A
m N,

This reflects how I, (driven by COVID-19 dynamics) enhances Monkeypox transmission,
thus raising the effective reproduction number above the baseline Rj*.
COVID-19 impacts Monkeypox by:

1. Increasing co-infection rates, thereby enlarging the Monkeypox-infectious pool.

2. Raising the effective force of infection A, and effective reproduction number Ry

3. Complicating treatment and public health efforts, potentially reducing the efficacy
of Monkeypox-specific interventions.
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Table 4: Summary of COVID-19 Impact on Monkeypox

Pathway

Description

Impact

Co-infection Term 1.

COVID-19 triggers co-infection

Boosts Monkeypox spread

Force of Infection A,

Ic.m adds to spread

Increases A, force

Reproduction Number

Ry rises with co-infection

Harder Monkeypox control

Treatment Competition

Ty, treats both

Resources stretched, y,,, drops

Public Health Burden

Increases case complexity

Diagnosis and care harder

Population Dynamics with Co-infection

. 50
100 —— susceptible (L)

80 4 Monkeypox-only (Lm)
—— Co-infected (Lc)

Reproduction Number Comparison

—— Effective R with COVID-19
a0 4 === Baseline RO without COVID-19

30 4

Population

Reproduction Number

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Time (days) Time (days)

Force of Infection Over Time Proportion of Co-infected Among Infected

w
&

N
5
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Force of Infection
-
153

o
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Figure 5: Treatment Compartment Dynamics

Our results highlight that co-infection, reduced immune response due to prior COVID-
19 infection, and shifts in vaccination and quarantine strategies can amplify Monkeypox
transmission. This interaction indicates that controlling COVID-19 also aids in the con-
tainment of Monkeypox, highlighting the need for integrated management strategies in
cases of co-infection. In Figure 5 below, the first graph illustrates the temporal changes
in the populations of susceptible individuals, those infected solely with Monkeypox, and
co-infected individuals. The second graph contrasts the baseline reproduction number
RO (not accounting for the impact of COVID-19) with the effective reproduction number
that reflects the influence of co-infection with COVID-19. The third graph depicts the
variations in the force of infection (A,,) over time, accounting for both direct and indirect
transmission routes. The fourth graph monitors the proportion of total infections that con-
sist of co-infections. Overall, these findings suggest that COVID-19 elevates the effective
reproduction number for Monkeypox. Additionally, the presence of co-infected individuals
amplifies the force of infection. Over time, a considerable percentage of infections evolve
into co-infections.
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3.8. Biological Features of the Model

The model describes the transmission dynamics of COVID-19 and Monkeypox within a
human population while incorporating important intervention strategies such as vaccina-
tion, quarantine, treatment, and reinfection. The population is divided into epidemiolog-
ical compartments representing susceptible individuals, individuals infected with COVID-
19, individuals infected with Monkeypox, co-infected individuals, quarantined individuals,
and individuals undergoing treatment.

Susceptible individuals become infected through effective contact with infectious in-
dividuals, which is represented in the model through the forces of infection. Quarantine
reduces the spread of infection by isolating exposed individuals, while treatment improves
recovery and reduces disease-induced mortality. The modification parameter n represents
the effectiveness of treatment in reducing mortality among treated individuals. Lower
values of n correspond to more effective treatment and higher survival rates.

The model also captures the interaction between COVID-19 and Monkeypox through
a co-infection class. Biologically, individuals infected with one disease may become more
susceptible to the other due to weakened immune response. Vaccination reduces the
number of susceptible individuals, while reinfection accounts for the possibility of waning
immunity.

Overall, the model reflects key biological mechanisms governing the spread and con-
trol of COVID-19 and Monkeypox and highlights the importance of combined intervention
strategies in reducing co-infection dynamics.

4. Summary and Conclusion

4.1. Summary

Based on compartmental modeling concepts, this research develops a deterministic
compartmental model reflecting co-infections involving COVID-19 and Monkeypox, with
focus on interventions associated with vaccination, quarantine, treatment, and reinfec-
tions. A compartmental model breaks down the human populations into various compart-
ments.

From the mathematical analysis, there exist some crucial properties of the model. First,
it can be seen that the region of interest and positivity conditions imply epidemiologically
meaningful solutions. Next, the disease-free equilibrium solution and local stability have
been obtained. The basic reproduction number Ry value can be determined via the next
generation matrix. The global asymptotic stability of the disease-free equilibrium solution
using the Castillo-Chavez and Song method and global stability analysis via a Lyapunov
function for an endemic equilibrium solution have been shown.

A parameter 1, measuring the treatment efficacy against mortality rate among treated
individuals, is included. Simulation experiments show how n affects treatment outcomes.
A low value of n implies low mortality rate and an accumulating number of treated in-
dividuals. However, a large value of ) implies an ineffective treatment and a small final
number of treated individuals.

Subsequent analysis focuses on the impact of COVID-19 on the Monkeypox transmis-
sion dynamics. The findings demonstrate that co-infections, an immunosuppressed state
caused by COVID-19 infections, and changes to control measures result in an increase
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in the reproduction number and force of infection for Monkeypox. A large number of
incidences progress to co-infections.

In general, it can be said that the results have shown the intertwined relationship be-
tween COVID-19 and Monkeypox and have implications for comprehensive immunization
and quarantine and treatment strategies against co-circulation.

4.2. Conclusion

In this study, a deterministic mathematical model was developed to investigate the
co-infection dynamics of COVID-19 and Monkeypox by incorporating vaccination, quar-
antine, treatment, and reinfection mechanisms. The analytical results established that the
model is mathematically well-posed through the derivation of invariant region and the
proof of non-negativity of solutions. The disease-free equilibrium (DFE) and the associ-
ated basic reproduction number Ry were obtained, and their stability properties were rig-
orously analyzed. The local stability of the DFE was established using the next-generation
matrix approach, while global stability was proven using the Castillo-Chavez and Song
method. Furthermore, the global stability of the endemic equilibrium was demonstrated
using a suitable Lyapunov function.

Numerical simulations provided important insights into the biological behavior of the
system and the effects of intervention strategies. The graphical results showed that the
modification parameter n, which represents the effectiveness of treatment in reducing
mortality among treated individuals, plays a crucial role in determining the dynamics of
the treatment compartment Ty,. The treatment dynamics indicate that when treatment
is highly effective (small ), more infected individuals survive and remain in treatment
for longer periods, leading to a larger treated population over time. Conversely, when
treatment effectiveness decreases (large 1), mortality increases and fewer individuals re-
main in treatment. This highlights an important public health implication that improv-
ing treatment effectiveness reduces mortality but may increase the long-term demand on
healthcare resources.

The simulation results further revealed the epidemiological interaction between COVID-
19 and Monkeypox. The figures demonstrate that the presence of co-infected individuals
increases the effective reproduction number and amplifies the force of infection of Mon-
keypox. As a result, COVID-19 infection can indirectly facilitate the spread of Monkeypox,
leading to a higher proportion of co-infections in the population. These results emphasize
that disease interactions can significantly influence transmission dynamics and must be
considered when designing control strategies.

Overall, the findings suggest that integrated intervention strategies combining vaccina-
tion, effective quarantine measures, and improved treatment are essential for controlling
the co-infection of COVID-19 and Monkeypox. Strengthening treatment effectiveness re-
duces mortality, while coordinated control of COVID-19 transmission can also help limit
the spread of Monkeypox. These results provide useful insights for policymakers and
public health authorities in designing comprehensive strategies to reduce the burden of
co-infection and improve epidemic preparedness.
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Area of Further Study

This research has provided valuable insights into the co-infection dynamics of COVID-
19 and Monkeypox. The ongoing second phase of this study focuses on the numerical
aspects of the co-infection, specifically examining control strategies, sensitivity analysis,
and simulations regarding the effects of vaccination rates, vaccine failure, quarantine, and
treatment control. However, several areas remain open for further investigation.

1.

Incorporation of Heterogeneous Populations:

The current model assumes uniform mixing within human and rodent populations.
Future research could build upon this by incorporating age-structured, spatially di-
verse, or network-based populations to better reflect actual transmission dynamics
(Brauer, Castillo-Chavez, and Feng, (2019)).

. Stochastic Modeling and Uncertainty Analysis:

Given that the spread of infectious diseases is inherently random, a stochastic version
of this model would aid in quantifying variability and outbreak probabilities. This
approach could be combined with an uncertainty analysis of parameters to more
effectively reflect real-world unpredictability (Inyama, and Theonu (2015): Fadikar,
Stevens, Collier, Toh, Morozova, Hotton, Ozik, and others.(2024)).

. Integration of Behavioral and Social Dynamics:

Human behaviors, including adherence to quarantine, reluctance to receive vaccines,
and perceptions of risk, have a substantial impact on the outcomes of epidemics.
Future models need to include the dynamics of these behaviors and the feedback
mechanisms that affect the effectiveness of interventions(Zhang, Fang, Liu, and oth-
ers. (2025)).

Variant and Strain Evolution:

The existing framework does not consider the emergence of new viral strains or
variants. Expanding the model to include mutation and strain competition would
enhance its relevance in rapidly changing epidemic situations(Ahumada, Ledesma-
Araujo, Gordillo, and Marin, (2022)).

. Economic and Cost-Effectiveness Analysis:

Future research may combine the epidemiological model with economic frameworks
to assess the cost-effectiveness of interventions such as vaccination, revaccination,
and dual treatments. This approach would offer direct guidance for policymakers
facing resource limitations (Ruiz, Sherratt, Ekwueme, Adepoju, and Abbas (2023);
Akinyemi etal (2023)).

. Real-Time Data Assimilation and Predictive Modeling:

Integrating the model with real epidemiological data streams through parameter es-
timation and machine learning techniques would improve predictive accuracy. This
would render the framework a practical decision-support tool for managing out-
breaks(Gibson, Fox, Javan, Ptak, Ibrahim, Lachmann, and Meyers, (2025)).
Extension to Multi-Pathogen Interactions:

This study concentrated on COVID-19 and Monkeypox, but future research could
investigate three-way interactions, such as those involving COVID-19, Monkeypox,
and HIV, or examine the interactions between viral and bacterial infections, thus
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expanding the focus of co-infection research (Liu, Rakhmanina, Yang, and Bukrinsky
(2024)).
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