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Abstract

Tomato farmers are faced with many challenges such as the presence of Tomato bacterial wilt disease
(TBWD) caused by Ralstonia solanacearum (RS) bacterium. The congeneric strain of this bacterium called
Ralstonia pickettii (RP) is harmless to tomatoes and is known to compete with RS for space and resources. We
formulated models to investigate the conditions under which TBWD can be controlled by incorporating RS
and the populations of RP as biocontrol using both ordinary and stochastic differential equations, assuming
that the model parameters depend on climatic conditions. We investigated the basic properties of the model
and the existence and stability of steady states. We find that biocontrol alone can only suppress TBWD but
cannot eradicate it; RS and RP can coexist even when the reproduction number is less than unity, implying
that the disease will persist. Sensitivity analysis conducted indicates that the rate at which RP consumes the
resources of RS is the most sensitive parameter affecting the reproduction number. Increasing the value of
this parameter will have more meaningful impacts in reducing the menace of TBWD. The numerical simula-
tions conducted indicate that the reproduction number alone cannot be used to establish the condition for
eradication of the disease. .

Keywords: Biocontrol, Virulent, Avirulent, Coexistence, Stochastic
2010 MSC: 37N25, 35B32, 35Q84, 92B05, 92C80.

1. Introduction

Tomato is arguably believed to be one of the most important crops in the world and is
widely cultivated and consumed all over the world [1, 2, 3, 4, 5, 6]. Tomatoes are rich in
vitamins and minerals, in addition to their high nutritional values and some health bene-
fits, reinforcing their importance in human diets. [7, 8, 9, 10]. One of the challenges in
tomato production is the presence of several diseases that affect the crop. These include
tomato bacterial wilt disease (TBWD), caused by the bacteria, Ralstonia solanacearum
[11, 12, 13, 14, 16, 17, 18, 19]. TBWD remains a major threat to tomato yield and
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crop quality because it causes economic losses to farmers amounting to hundreds of bil-
lions of dollars through the destruction of infected plants [16, 20]. Apart from diseases,
unpredictability in weather patterns due to climate change is also known to complicate
the growth of tomatoes and their management [10, 21, 22]. Thus, understanding the
relationship between temperature, soil nutrients, solar radiation, and disease outbreaks
is essential for designing adaptive and effective tomato disease management strategies
[10, 18, 23].

Several efforts, such as chemical treatments, are in place to mitigate the menace of TBWD
has demonstrated significant effectiveness in the suppression of the disease [24]. How-
ever, it has been observed that some of these methods are not environmentally friendly
and have certain health concerns, prompting a rethink towards better and environmen-
tally friendly alternatives such as biological control [16, 18, 25].

Mathematical models have become indispensable tools in studying disease dynamics and
have been used successfully to provide useful information to curtail human diseases such
as malaria, HIV, diabetes, tuberculosis, COVID-19, and many others [2, 20, 26, 27, 28, 29,
30, 31, 32, 33]. The investigations discussed in the aforementioned mathematical models
deal with deterministic events only. Real-life events are affected by seasonal variations
in climate that can significantly influence the interaction of species within the ecosystem
[34, 35, 36].

Several researchers are working on stochastic modeling to predict outcomes of studies
that account for unpredictability and seasonality in mathematical models to account for
changing climatic conditions [37, 38, 39, 40]. In the work of [16] the authors conducted
several experiments to test effectiveness of using the population of Ralstonia pickettii as
a biocontrol agent in suppressing Ralstonia solanacearum in the rhizosphere of toma-
toes. One may like to ask, can we use mathematical modeling to mimic or explain part
of these experimental studies? In this work, we formulate mathematical models to study
the impacts of competition between Ralstonia solanacearum and Ralstonia pickettii in
the control of TBWD. The aim is to provide a theoretical foundation for understanding
the dynamics of biocontrol mathematically with the goal of enhancing tomato production
through informed and effective disease management. Our methods are made up of formu-
lation of three ordinary differential equation models consisting of the tomato population,
the pathogen, and biocontrol. The first model is a deterministic model with a constant
tomato growth rate, which is then extended to (1) a model in which tomato growth de-
pends on temperature and nutrients, (2) a stochastic model with a Wiener process, so as
to get better insights into potential suppression mechanisms of TBWD. Thus, we extend
the work of [20] by considering the role of biological control in the dynamics of TBWD,
also by introducing natural death into the tomato populations, and extending the ordinary
differential equation model to a stochastic model. The work features a two-species com-
petition structure, capturing the antagonistic interactions between the pathogen and the
beneficial bacterium, Ralstonia pickettii, where both are competing for resources within
the rhizosphere of tomatoes.

2. Formulation of the first model (Model I)

We formulate a basic model for the dynamics of TBWD, incorporating three subpopu-
lations: the tomato population as the host, the population of the Rostalnia Solanacerum
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Table 1: State variables of the model and their descriptions

Variable | Description

\a Susceptible tomatoes

Y Infected tomatoes at flowering stage

Ya Infected tomatoes at green fruit bearing stage
My Matured tomatoes

By Ralstonia solanacearum (RS)

B, Ralstonia picketti

(RS), which represents the virulent bacteria (B;) that cause TBWD, and the population
of Rostalnia pickettii (RP) which competes for space and resources with RS in the host
body. RP constitutes avirulent bacteria (B,) because they are harmless to the tomatoes.
We assume that the populations of RS and RP have intrinsic growth rates of y and A, re-
spectively, with respective carrying capacities of K; and K;. The rate at which RS consumes
the resources of RP is «y1, while the rate at which RP consumes the resources of RS is «5.
We further assume that the pathogen benefits from the presence of infected tomatoes at a
rate T.

The host population is further subdivided into four mutually exclusive developmental com-
partments. The compartment of the young susceptible tomato plants is denoted by Y;. This
compartment increases through recruitment of new susceptible tomatoes at a constant rate
A. Tt decreases through natural death at a rate y, it also decreases through infection on
making effective contact with the virulent bacteria at a rate ¢ = Befﬁc , where € represents
the exposure rate of tomato to the contaminated soil with pathogen concentration c. We
also assume further that the Yy compartment also decreases due to maturation at a rate f3.
The compartment for the infected tomatoes at the flowering stage is denoted by Y. This
compartment increases through the inflow of the proportion of the susceptible tomatoes
that become infected at a rate p¢. It decreases through natural death at a rate u, disease
induced-death at a rate 6 and outflow due to maturity at a rate n. The compartment of
the infected tomatoes at the green fruit bearing stage is denoted by Yq4. This compartment
increases through the inflow of the proportion 1 — p of the susceptible tomatoes that be-
come infected at a rate (1 — p)¢. It decreases through natural death at a rate y, the disease
induced death at a rate 4 and outflow due to maturity at a rate q. The compartment of the
matured tomatoes is denoted by M. This compartment increases through the inflow from
Yt, Y, and Y4 due to maturity at the rates (3, n and q respectively. It decreases through
harvest/removal at a rate h. We denote the total population of tomatoes at any given time
by: N(t) = Ye(t) + Ye(t) + Ya(t) + My (t).

The flow diagram of the model is given in Figure 1, the model equations are given by
system (2.1) where, we make some simplifications by letting r; = %1’ T = K%' by = ‘]’2—112,
by, = %1, ki=p+B,k=p+d+1n, ks =pn+q+9, § =1—p. The descriptions of the
state variables and parameters are given in Tables 1 and 2 respectively. It is well known
that in classical Lotka-Volterra competition model, three outcomes are possible; mutual
annihilation, one of the species driving the other to extinction and, coexistence. Given the
competition described in model (??) where one of the species has external support, one
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Figure 1: Flow diagram of the model

may like to find the condition under which RP will annihilate or suppress RS.

dYt €BlYt

o Ak —

dt 1Tt B]+C,

dYs eBip Y

L — K Ve,

dt Bi+c 20t

de €BlYtE,

= —ksYyg,

dt Bi+tc °'d
dM

G = BYernYi—hMi+qVe, 2.1)
dB;

I YB1(1—Byry —Baby) +7 (Yr+VYa),
dB,

—— = AB(1—B1b,—B .

It 2 ( 1b2 — Bar2)

Model (2.1) is our first ordinary differential equations mode whose dynamics will be ex-
plored presently.

2.1. Non-negativity and boundedness of solution of the deterministic model

In this section, some basic properties of model (2.1) will be explored. Here, we wish
to show that the total tomatoes population and the Bacteria populations are bounded. By
adding the first 4 equations of model (2.1), integratin,g and simplifying, we get

iN < A—hN +g(t), (2.2)
dt
where g(t) = h (Y¢+ Ys+ Yq). with the aid of Lemma 1.1.1 of [41] we get So that

im0 N(t) — % Thus we have shown that the total population of tomato is bounded.
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Table 2: Model parameters and their descriptions

Parameter | Descrption

A Recruitment rate of new tomatoes

Y Intrinsic growth for RS

€ Rate at which tomatoes are exposed to contaminated soil
p Proportion of tomatoes that become infected at flowering stage
d Death rate of tomatoes due to infection

n Rate at which Yy develop into maturity

q Rate at which Y4 develop into maturity

h Rate at which matured tomatoes are removed/harvested
B Rate at which Y; develop into maturity

T Rate at which RS benefits from the infected tomatoes

c RS concentration in the contaminated soil

K1 carrying capacity of RS

Ko carrying capacity of RP

X172 Rate at which RP consumes the resources of RS

001 Rate at which RS consumes the resources of RP

A Intrinsic growth for RP

u Natural death rate of tomato

We next show that both the virulent and avirulent bacterial populations are bounded.
From the sixth equation of model (2.1), we can see that in the absence of competition, the
avirulent bacteria grows according to logistic equation

B
% <ABy (1—Bomy). (2.3)

Now Consider (2.3) subject to the initial condition B,(0) = Bjy + «, which has solution
Br(t) = (1*(Bzo+oc)‘r']?;§%tﬁ+(Bzo+06]‘l‘2' Thus, B»(t) — Ky as t — oo hence, bounded. To
show the boundedness of By, we argue that since the total tomato population is bounded,
then t(Ys +Yq) = w < oo. Thus, in the absence of competition, we write the fifth equation
of model (2.1) as

c(litBl (t) <yBi(t) (1 —Bq (t) 1) + (Y +Ya)
<yBi(t)(1—Bq (t) 1) + w. (2.4)

With the aid of strong comparison theorem, [42],

By(t) = Vo (tanh (1/2 tV/4yriw +vy2 +atanh (x)) Vayriw +vy? —H/), (2.5)

1
where x = Y2Bunt2cani—l) "gince a]] the parameters are positive, then as t — oo
Vayriw+y? ! ? ’

Bi(t) — 1/2 —W < oo. Hence, the solution of (2.4) subject to B1(0) = By
is also bounded.
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2.2. Positivity of solution of model (2.1)

Theorem 1. The solution of the equations in model (2.1) with non-negative initial conditions
will remain non-negative for all t > 0.

Proof. From the first equation of model (2.1) we have

T Brov

Y, >V,pelo—(Brd(s)ds

The remaining are the same as in the paper except for the Bacteria. Now

a8,
dt

dB,
dt

Bi(t) >

> —vBy (B111 + Baby)

> —vBy (Bim1 + Ky)

KnB1o
BlO (eV Knt _ 1) T1+eY KhtKh ’

Here K;, = b1K,. Thus as t — oo, B1(t) > 0 provided B1g > 0. Similar argument can be
used to show that

KyBag
Bo(t) > /
2(t Byo (eMKvt —1) 1y 4 e KvtK,,

where K, = by —W. Thus as t — oo, Ba(t) > 0 provided By > 0. O

Theorem 2. The closed set Q) = {N < £,Br < %,Bl(t) <1/2 W} is posi-

tively invariant for model (2.1).

2.3. Equilibrium points of model (2.1)
We find the general equilibrium solution of model (2.1) as

t ck1 + € By + Biky

ve o_ eBIpA

" (cki+eBf +Bik) ko’

vy = ¢BiEA (2.6)
d (cki + e Bf +Bjki) ks

ve A (enpBiks+eqiBiks + B ckoks + B Bikoks)

=

(Ck1 +e€ BT + BTkl) k2k3h

0,
*
B, = 1—B!b,

T2
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By substituting for Y3, Y} and any of the two values of B} in the fifth equation of model
(2.1) we get equilibrium values of Bf. We denote the disease-free equilibria (DFE) by E8
and E§ where we replaced the  in (2.6) with 0. Using the next generation approach, we
find the basic reproduction number of model (2.1) as

A k. k.
Ro1 = etra(pkstiks) Bg = %2, b1 > 1.
Ro = 0_
5=

kicksy (bi—ma)ka /
Aetr(pks+&ky)

2.7)
Ro2 = kicksy (r2—b1)ka 7

1
Ty bl < To.

We state the following result for the existence and stability of disease-free equilibrium
points

Theorem 3. Model (2.1) has two DFE one with both virulent and avirulent bacteria absent
and the other in which virulent bacteria is absent and the avirulent bacteria is present. These
two are respectively given by

A BA >

E) = (YQ, Y9, Y5, MY, BY, Bg) = (kl,o, 0, h—kl,o,o

which is locally unstable and

A BA 1
ES = (YO, Y2 Yo M?9,BY BY) = —,0,0,—,0, — ).
0 (t t 2) kl hkl -

which is locally asymptotically stable if Rp; < 1.

To investigate the stability of Eg we evaluate the Jacobian of (2.1) at E8 to get where
we find that one eigenvalue is A > 0. Hence EJ is unstable.
This result is in contrast with that of [20], where is was shown that the equilibrium point
is globally asymptotically stable. To show the stability of Ef, we evaluate the Jacobian of
the model at E§ to get three eigenvalues as X = —A, X = —h, and X = —k;. characteristic
polynomial The remaining eigenvalues are the roots of the cubic

P = clqX®+ (—Qcky +cky (ky +k3)) X2 —Aet (pks + & ky) — Qckikoks
+ (=Aet—Qckq (k2 +k3) + ckikaks) X, (2.8)
where Q = y(1 —b;y/m;). Clearly, if Q > 0, then the leading and the trailing coefficients
in equation (2.8) will have opposite signs, hence Ej is locally unstable. Next, we analyse

the stability of E§ when Q < 0, in this case we denote by Ry; the reproduction number for
b1 > 1.

Lemma 1. If Q < 0and Ry; < 1, then Aet < Qickiloks - Qickilkatks)

p k3+& ks p+§
Proof. In this case we let Q; = —Q > 0. We can see from the definition of Ry =
% < 1, we have Aet < Qp%. For the second part, we consider the
. Q]Ckl(k2+k3) _ Q]Ck1k2k3 _ QICkl(pk32+a k22)
difference ~=207F plotiks — (prE)lplatiky) = 0

Lemma 2. If Q < 0 and Ry < 1, then all the coefficients of the polynomial (2.8) are positive.
O
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Proof. we re-write (2.8) as
P = ckiX? + (cQ1k1 + ckika + ckiks) X2 + (ckikoks + Q2) X + Qickikoks Q3
where Q2 = —Aet (p+ &)+ Qicky (ko + k3), and Q3 = 1 — Ry;. We calculate
A1A2 — AgAs = —c*Qiki’kaks (Qs — 1) + c*ki*kaks (ka2 + k) +cQaki (Qi1 + k2 +k3).

Here A3z = ckq, Ay = ckg (Ql + ko +k3), A1 = ckikoks + Qz, and Az = Q1Ck1k2k3Q3.
Since 1 — Q3 = —Ryy, it follows that A;A; — AgAs > 0. Hence, the result. O

2.4. Global stability of E§

To prove the global stability of ES, we apply the second generation method described
in [7]. In this approach, if two conditions are met, then the global stability of E§ can be
established. These conditions are described in 4

Theorem 4. The DFE E§ of model (2.1) is globally asymptotically stable (GAS) if:

Z =TF(Z*,0), Z* is globally asymptotically stable.

G(Z, 1) = HI—-G*(I),G*(I) = 0 for Z,1 € Q, where H = DG (I*,0) is an M-matrix. The
reduced system arising from (2.1) can be written as deﬁ’I) = F(Z,1), dHC(lf’U = G(Z,1),
with Z = (Y¢, My, By) € R3and I = (Y¢, Y4, B1) € R3 represents the classes of noninfectious

and infectious individuals respectively.

Proof. Here Z* — (% Q—ﬁ%) , Given Z = (Y;,My,B,) € R® and I = (Y,Y%,B) € R?

represents the classes of noninfectious and infectious individuals respectively. We use
these information to get F(Z, 1), G(Z,I) and hence the reduced system given by

A=Yk,
BYe—hMy, (2.9)
}\Bz (1 — Bsz) .

az _
dt

We solved the equations in (2.9) to get lim¢ o Y — kAl, lim¢_yoo Mt — ET/r\u lim¢_o By —
+5- Hence, the result. 0

2.5. Existence of Endemic Equilibrium point (EEP)

Here we wish to investigate the existence and stability of the endemic equilibrium
point in both the presence and absence of biocontrol. We represent the EEP using variables
with * % .

2.5.1. EEPwith B}* =0
By Y§*, Y3* and B;* in the fifth equation of model (2.1) we obtained an equation which
gives possible non-zero values of Bj* at the EEP as
— ykaoksmy (k1 + €) By** —y koks (ckyt — € —kq) B}*
+ (Aeptks+AeTtéky +cykikoks) =0. (2.10)
It then follows that there is only one sign change in the coefficients of the quadratic. Thus,

by Descarte’s rule of sign, (2.10) has one positive root which exists without precondition.
We state the following
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Theorem 5. Model (2.1) has exactly one endemic equilibrium point Bi* in the absence of
biocontrol given by

g+ — —Ykakslekin—e—ki)+v/y?kks (ckim—e ki) Hdy kakami (ki te) (e pThate TE k) Atey kikoks)
1 — 2y kykari(k1+€)

and is locally unstable if Bi* < -.

The proof of the second part of the Theorem 5 is that we evaluated the Jacobian
of (2.1) at (Y;*, Yi*, Yi*, M{*,Bi*,0) and we found one of the eigenvalues to be X =
A(1 —byBi*), hence the result.

It is now clear that once a value of Bj* is obtained, we can get the remaining equilibrium
values using (2.6).

2.5.2. EEP with B}* # 0

By substituting for Y;*, Y3* and B;* =
get

1—Bi*b,
T2

in the fifth equation of model (2.1) we

0 = vkoks (ki +¢€) (byby —1i12) By**2
+ vkoks (ckq (byby —712) — (by —72) (kg + €)) B™
+  vkikoksc (by —12) (Ror —1). (2.11)

The existence of endemic equilibrium point(s) of model (2.1)in the presence of biocontrol
depend on various combinations of G; = byb, — 11, G» = by — 1 and Ry as can be seen
from equation (2.11). It suffices to state here that there exists 0, 1, or 2 EEP based on the
signs of G1, G, and Ry.

2.5.3. Stability of the unique endemic equilibrium point
In this section, we investigate the conditions for the existence of a unique EEP and its
stability using the center manifold theorem. First, we write system (2.1) in the following

form
dx _

i
fi,i = 1...6 are the corresponding left hand side of (2.1) and x; = Y, xo2 = Y¢,x3 =
Yaxa = My,xs = By,x¢ = Bo. We choose T as the bifurcation parameter with t™ =
%. The characteristic polynomial of (2.12) evaluated at the DFE and t = t*
is

f(x),x = (x1,%X2,X3, X4, X5, %), T = (f1, F2, 3,4, f5,T6) ", (2.12)

Z(Y) = Y(Y+N) (Y+h)(Y+Kk)W(Y), (2.13)
where
W(Y) = (pksra+Ekoma) Y2 +7Q (pks® + £k2?) + kakara (p ks + £k2)

+ (Ek2 (Qy+kor2) + Qv pks +kama (pks +k2)) Y.

Clearly Y = 0 is a simple eigenvalue and the remaining eigenvalues have negative real
parts. The right and the left eigenvectors corresponding to the zero eigenvalue are
wp = /\€hk2k31‘2 > O,W2 = —€p/\hk1k3T‘2 (2.14)
w3 = —e&AhkykiTo, Wy = A ety (—mpkiks — qE&kika + B koks) (2.15)
ws = —hckokiksra, we = hekoki?boks > 0. (2.16)
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v, = 0,\)2 = k3 > O,V3 = kz > O,V4 = 0, (2.17)
A k k
v = Aemlekatile) g (2.18)
Y Qckq

We also obtained the parameters a and b as

2
0-fx
a = Z VEVIIG (0,0) (2.19)
kij=1
_ 2ks*Aehko’r?ke? (p ks + E ko) (cki (biba —Tim2) — Q (€ + K1)
5 :
6 2
o%f N2e? k3 + Eko) h
b= Y w0 = AT (Plat k) (2.20)
Kij—1 0x0t Y Qe

The condition for existence and stability of the EEP requires a < 0 and b > 0, see [43, 44]
and the references therein.

Theorem 6. 1. If Q <0, byjby — 1112 < 0 and b1by — 1112 — Q€ + k1) > 0, then model
(2.1) has unique EEP which is locally asymptotically stable near Ro; for Ro; > 1.

3. A model with varying climatic condition (Model II)

We formulate a second model (Model II) which is the same as model (2.1), except
that we replaced B,m,q by p = B¢, n = ¢, ¢ = §{, respectively, where these param-
eters now depend on climatic conditions as shown in (3.1). T represent temperature,
while Hy( gkgfl), No( mgkgsoilfl), and So( MJm—2d™ 1) represents humidity, nutrients
and solar radiation, respectively. The model is studied via numerical simulation only by
randomly generating values of 3, 11, and q. We adopt the following procedure to generate

these values;
1

1+ e*(T0+So+H0+N0) '

(= (3.1)

To determine the parameter values that will enhance the growth of tomatoes, we used
the reports in [23, 30, 45, 46] to estimate the optimum intervals in which the values
of the climatic variables (H, N¢, S¢, Tc) lies. We come up with H. € [96,110]( gkgfl),
N¢ € [250,500]( mgkgsoil_l), S € [3.6,8.46)( MJm—2d™ 1), T. € [20,24]¢. We call these
the optimum intervals. We expanded the optimum intervals to forrn our search intervals
as Tp € [0,45], Sp € [1.8,12.69], Ng € [125,750]. From the report in [46] humidity (y)
and temperature (x) are related by y = —3.4x + 177.79. Using this equation, we estimated
Hp € [20,180]. In the work of [20] credible intervals for the climatic variables and other
parameters are given, see Table 2 of that paper. We divide the corresponding credible
intervals for the climatic variables into 4 equal parts where we generate the values of
B,1, 4. The rest of the simulation steps are given below.

1. At each time step of the simulation we take Ty, Hg, Sp, Ng in the relevant search
interval.

2. If Ty e Tc, Hp € H¢, So € S¢, and Ny € N, then
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3. we randomly generate the values of (3,7, q from the corresponding right most subin-
tervals of the credible intervals. The reason for this choice is that we expect better
climatic condition to give enhanced growth for the tomato.

4. If only one or non of Ty € T, Hy € Hc, So € S¢, and Ng € Ny lies in the relevant
optimum interval, then we use the left- most of the credible subintervals to generate
B/ ﬁ/ q'

5. We apply similar procedure in a situation where we have only 2 or 3 of the climatic
variables lying in the relevant optimum intervals.

6. Using the values of 3, i and § obtained, we calculate 3, n, and q using p = B¢,
n =1, q = ¢, where ( is given in equation (3.1).

7. the values of 3,n, q are then used in model (2.1) for the rest of the simulation of the
model using MATLAB ode45.

4. Formulation of the Stochastic Model

We follow the approach in [34] to formulate our stochastic model with the aid of the
transition probabilities given in Table 3. The deterministic and the stochastic variables are
related by

(Ye, Ye, Ya, My, By, B2) = (Xq, X2, X3, X4, X5, X) -

The expectation and covariance matrices are given by E(X) = 2%921 P;(AX);At and
E((AX)(AX)T) = 2%9:1 Pi(AX)i(AX)iTAt respectively. Next we wish to construct a ma-
trix G such that GGT = E((AX)(AX)T). To this end, we formulated G as

(Y1 Y2 ys y¢# 0 0O O O O ]
0 ys 0 0 yo 0 0 0 0
G |0 0w o 0w 0 0 0] )
0 0 0 vy ywo yu 0 0 wyu
0 0 00 0 0 yp 0 0
i O 0 0 0 o0 0 0 yiz O

where yi,i = 1...14 are to be determined. We found y; = vu X1+ A, yo = —/ %,

vs = —/EE w = —VBXG s = /B e = ViR ur = /52, s =
qX

— BX — _uX _
vXaka, Yo = g5 Y10 = ~ Il V1L = Uk
Y12 = /T (X2 +X3) +v X5 (X511 + Xeb1 +1),

_ _ [ (n Xaks FqXsky) FhXaksk
913—\/A6,61914—\/ e e

3ka

Next we let W/(t) = (W;(t), Wa(t), Wa(t), Wa(t), Ws(t), We(t), W (1), Ws(t), We(t)) ", where
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Table 3: Transition probabilities

State Change Change due to Probability
(AX); =(1,0,0,0, O,O)T Recruitment of young suscep- P = AAtL

tible tomato

(AX), =(-1,0,0,0, 0,0)T Natural death of young sus- P, = uXjAt
ceptible tomato

(AX); = (—1,0, 0,1,0,0)T Growth of susceptible tomato P3 = BX1A
into matured class

(AX), =(-1,1,0,0,0, 0)T Susceptible tomato become in- Py = pd XAt

(AX)S = (_1/ 0/ 11 0/ 0/ O)T

(AX), = (0,—1,0,1,0,0)"

(AX), = (0,—1,0,0,0,0)"
(AX)g = (0,—1,0,0,0,0)"

(AX)g = (0,0,—1,0,0,0)"
(Ax)lo = (0/ 0/ _1/ 01 0/ OJT
(AX); = (0,0,—1,1,0,0)"
(AX);, = (0,0,0,—1,0,0)"
(AX)33 = (0,0,0,0,1,0)"
(AX)y, = (0,0,0,0,—1,0)"

(AX)15 = (O/ O/ 0/ O/ _1/ O)T

(AX)16 = (O/ O/ 0/ O/ 1/ O)T
(AX)1; = (0,0,0,0,0,1)"

(AX),5 = (0,0,0,0,0,—1)"

(AX)19 = (O/ O/ 0/ O/ _1/ O)T

fected and moved to X,
Susceptible tomato become in-
fected and moved to X3
Infected tomato at flowering
stage grow to become ma-
tured tomato

Natural Death of infected
tomato at flowering stage
Disease induced Death of in-
fected tomato at X, stage
Disease induced Death of in-
fected tomato at green fruit
bearing stage

Natural Death of infected
tomato at green fruit bearing
stage

Infected tomato at green fruit
bearing stage grow to become
matured tomato

Harvesting of matured tomato
Recruitment of new virulent
bacteria

Impact of intra-specific com-
petition on X5

Impact of inter-specific com-
petition on X5

presence of infected tomato
Recruitment of new avirulent
bacteria

Impact of intra-specific com-
petition on Xg

Impact of inter-specific com-
petition on Xg

Ps = (1—p)dpX At

P = nXoAt
Py = uXoAt
Pg = 0XpAt
P9 = 8X3At
P1p = uX3At
P11 = qX3At
P12 = hXAt
P13 = ’YX5At

P14 = ylngt
P15 = A1 ox01 X5XgAt

P15 = T(Xz + X3)At
P17 = AXgAt

Pig = AzX%A‘t

P19 = A x12 X5XsAt
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W(t) is a Weiner process. Thus, the stochastic differential equation model is given by

dX

dXz

dXs

dXy

(/\—k1X1 —

€ X5X1
X5 +

)dt+\/uX1+/\dW1 1/"€X5X1dr/v2
c Xs5+c¢
[ & eXs5Xq
- —dWj3— X1dWy,
Xt o 3— /B X1dWy

peXs5Xy [peXsXq
——— — ko Xy | dt ———dW ) XodWs,
<X5—|—c 22> + X5+ c 2+ V(8 4+1+wXodWs
& e Xs5Xy > 1€ eX5Xg
= ——— —k3X3 | dt + | ————dW3 +ygdWs,
( Xs + ¢ 3A3 X5+ ¢ 3 TYgdWe
BdeW4 T]deW5
= (BXq +nX2—hX4+qX3) dt + —
VBX1 (Bt wXe
qX3dWs (8 4+ 1) (n Xoks + qXskz) +hX4k3k2dW
- 9/,
k3X3 koks

dXs

dXe

(v X5 (1 — X514

—Xgb1) + 1 (Xo +X3)) dt

\/’y X5 (X5T1 + Xgb1 + 1) +T (Xz + X3)dW7,

5. Numerical Simulation of the models

AXp (1 —Xsby — Xera) dt + \/)\ Xe (X5ba + Xgro + 1)dWs.

(4.2)

We used published and assumed parameter values shown on Table 4. We used latin
hypercube sampling to generate 1000 and 2000 parameter samples in the interval [aj, b1]
for numerical simulation and sensitivity analysis Figure 2 depicts simulation result show-
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Figure 2: Simulation results for Models I and II, showing all the state variables using the

initial condition (Y, Y, Yq, My, B1,B2) =

(100, 10, 20, 40, 100, 200).
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Table 4: Model parameter values used in the simulation and sensitivity analysis

Parameter ai by Source
A 10 20 assumed
Y 0.009 0.012 | assumed
€ 0.05 0.1 assumed
o 0.324 0.339 | [20]

) 0.01 0.1 assumed
1 0.015 0.029 | [20]

q 0.027 0.035 [20]

h 0.002 0.02 assumed
B 0.09 0.2 [20]

T 0.097 0.101 [20]

c 75.516 | 120.828 | [20]

K1 1000 2000 assumed
K, 1000 2000 assumed
x12 0.1 2 assumed
X1 0.1 2 assumed
A 0.09 0.25 assumed
u 0.001 0.003 | assumed

ing all the state variables. In this scenario, B, dominates B; but the disease still persists.
This could be attributed to the fact that the population of the pathogens remains sup-
pressed but not zero. The rate T, at which B; benefits from the presence of Y; and Y4
plays a crucial role in eradicating the disease. As a follow-up to this, we conducted an-

—=0

e - = )
4 ——r=0.04

> >
500 —r=0
e = 0.04
=0.06
0! 0
0 200 400 600 0 200 400 600 0 200 400 600
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Time (Days) Time (Days) Time (Days)

Figure 3: Simulation results for Models I and II, showing all the state variables

other simulation using the same parameter values as in Figure 2 but different values of .
The results are depicted on Figure 3. One can see that for T = 0, the population of the
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disease classes becomes zero and increases with increasing value of t. Smaller values of T
appear to support larger number of Y; and My in the long run.
Figure 4 depicts the simulation results for the stochastic and the deterministic models

20
> 200 .
== Stochastic == Stochastic
—Deterministic — Deterministic
100 0
0 20 40 60 80 100 0 20 40 60 80 100
Time, Days Time, Days
60
-
> 40 =
== Stochastic
= Deterministic
20
0 20 40 60 80 100
Time, Days Time, Days
2000
150 === Stochastic el seebinte
== Deterministic -
o m 1000
100 = Stochas
=~ Deterministic
50 1]
0 20 40 60 80 100 0 20 40 60 80 100
Time, Days Time, Days

Figure 4: Simulation results showing the outcome of the stochastic and the deterministic
model.

using the same initial condition as before. It can be seen that the results are in agreement.
One can also see that the population of the virulent bacteria is suppressed. Despite that,
the population of the infected tomatoes is not decreasing to zero. Figure 5 depicts another

> >
150 == Stochastic == Stochastic
=== Deterministic === Deterministic
100 0
0 20 40 60 80 100 0 20 40 60 80 100
Time, Days Time, Days

2 50 ——Stochastic
Deterministic
0
0 20 40 60 80 100
Time, Days Time, Days
2000 400
o —— ==Stochastic
=== Deterministic
o 1000 o 200
== Stochastic
=== Deterministic
0 0
0 20 40 60 80 100 0 20 40 60 80 100
Time, Days Time, Days

Figure 5: Simulation results showing the outcome of deterministic and the stochastic
models.



S. 1. Bala & V. Christopher /Tomato Biocontrol Model 59

simulation result. In this scenario, the population of avirulent bacteria reaches zero due
to intra- and inter-specific competition. One can see that the number of infected tomatoes
is higher than that shown in Figure 4. The deterministic results predicts a smaller number
of Y; than the corresponding results on Figure 4, thus demonstrating the effectiveness of
our biocontrol model.

Parameters

1 1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Value of Correlation Coefficient for outcome R,

Figure 6: Sensitivity analysis results for Ry;.

6. Sampling and Sensitivity analysis

We conducted global sensitivity analysis by sampling through the parameter space that
makes up the reproduction number using Latin Hypercube Sampling, see [47] for more
details. We used the parameter values shown in Table 4 to form the baseline values. We
drew 2000 samples in the interval [a;, bq] for all the parameters. Those parameter sets
that returned negative values of b; — r, are used to calculate Ry, while the remaining are
used in calculating Ry, (1026). From the sensitivity results for Ry; shown on Figure 6, the
top 5 parameters in terms of sensitivities are x5, K1, Ky, 8 and . while for R, the top 5
parameters are &4, 6 Ko, y. and K.

Surprisingly, v and ¢ have negative Partial Rank correlation Coefficients (PRCC) values for
Ro1, and 6 has a positive PRCC value and € negative PRCC value for R,.
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7. Discussion

In this article, we formulated a mathematical model to study the dynamics and control
of tomato bacterial wilt diseases (TBWD) using three subpopulations: the tomatoes, the
pathogens, and biocontrol. Perhaps the most desirable state to attain is a situation where
pathogens are driven to extinction. Mathematically, we find that the state denoted by E§
which is characterised to be globally stable, see section 2.3. The implication of this is
that the disease can be eliminated provided the reproduction number remains less than
unity. Our numerical simulation results show that as long as the pathogen is benefiting
from the presence of infected tomatoes, the disease cannot be eliminated from an area by
biocontrol alone. This is true even when the reproduction number is less than unity. In
fact, our finding corroborates the experimental report in [16] where all the experimental
results show that the virulent and the avirulent bacteria coexist some months after the
application of biocontrol. Given the complex interaction between the state variables in
the model, several threshold quantities determine the dynamics of the model. Thus, re-
production number alone cannot be relied upon solely as a threshold condition for the
eradication of the disease. Another equilibrium state we obtained is EY, which refers to
a situation where both the virulent and avirulent bacteria mutually annihilate each other,
leaving the tomatoes to thrive alone. This might be good for the tomato if it can be sus-
tained. However, our stability analysis on the disease-free state suggests that this state is
unstable, meaning that the disease will return. This is in contrast with the finding reported
in [20], where it was shown that the disease-free state would be globally stable once the
pathogens are eradicated. What could be the source of differences? Probably the type of
model employed for the growth of bacterial populations is important. We used a logistic
model to monitor the growth of the pathogens, while [20] used a linear growth model.
From the global sensitivity analysis conducted, we find that in designing the biocontrol
system, considerable effort should be made not only to enhance the rate at which the
avirulent bacteria consume the resources of the virulent bacteria but also to increase their
carrying capacity. Effort should also be made to limit the resources of the pathogen and to
decrease the rate at which it benefits from the presence of infected tomatoes. Probably this
is one of the reasons why there was no instance of elimination of RS in all the experiments
conducted in [16], despite a huge number of inoculated RP. Our simulation results show
that even if the initial number of avirulent bacteria is higher than that of the virulent, it
is possible for the virulent bacteria to suppress the avirulent in the long run. This is in
contrast with the report in [16]. The reason for this might be attributed to the values of
intrinsic growth rate, carrying capacity, and the rate at which one species consumes the
resources of the other. It will be useful if this can be investigated experimentally in the
future.

The sensitivity analysis results will help policymakers in designing control strategies that
will not only prevent the endemicity of the disease but will also help to prevent the oc-
currence of a coexistence state where the number of pathogens will be higher than that of
biocontrol.

There are 5 developmental stages of tomato as reported in [1], and at each stage, in-
fection can occur. The report in this work and that of [20] have neglected some of the
growing stages. It will be of interest to see what will happen if all the stages are used
in a new study. The growth stages of tomato require different climatic conditions, see



S. 1. Bala & V. Christopher /Tomato Biocontrol Model 61

[30]. This has not been captured in (3.1) because we assumed all growth stages have
the same climatic requirements. Our assumption of a constant recruitment rate into the
tomato population may not be physically realistic, but it will serve as a trade-off between
mathematical simplification and reality.

8. Conclusion

In this work, we formulated three mathematical models to study tomato bacterial wilt
disease using ordinary and stochastic differential equations. The model consists of three
subpopulations: the tomato population, the population of Ralstonia Solanacearum, con-
sidered to be the pathogen, and the population of avirulent bacteria, Ralstonia pikettii,
introduced as a biocontrol which is expected to suppress the pathogen that is well known
for causing tomato bacterial wilt disease. In Model I, we assumed that the tomato pop-
ulation has constant growth rates, while in Model II, we assumed that the growth rates
depend on temperature, humidity, solar radiation, and nutrients availability. In Model
III, we formulated a stochastic version of Model I. We show that the first model has two
equilibria in the absence of the disease; one with only the tomato population and in the
other, the tomato and the biocontrol will coexist. We find that this equilibrium point is
globally asymptotically stable. This means that under the condition for establishing this
equilibrium point, tomato bacterial wilt disease can be controlled irrespective of the initial
population of the pathogens. Unlike in human disease models, we find many threshold
conditions required to guarantee the eradication of the disease. We also find that the rate
at which the pathogens benefit from the presence of the infected tomatoes plays a crucial
role in eradicating the disease. If this rate is zero, then the pathogens will die out. Thus,
biocontrol alone can only suppress the pathogens but cannot eradicate the disease once
it is established, as long as infected tomatoes are available. From our sensitivity anal-
ysis, we find that the rate at which the avirulent bacteria consume the resources of the
virulent bacteria is the most sensitive parameter governing the disease. As long as the
pathogens benefit from the infected tomato, its presence can only be suppressed but not
destroyed. One would have thought that increasing the recruitment rate of the pathogens
would bring about an increase in the disease. Surprisingly, our sensitivity analysis result
shows the opposite. Further investigations are required to unravel the reason behind this.
We assume a constant recruitment rate into the tomato population. This assumption is
not physically realistic, but it will serve as a trade-off between mathematical tractability
and reality. Some reports in the literature suggest that tomatoes have five developmental
stages, and at each stage, infection can occur. In this report, we have neglected some of
these stages. It will be of interest to see what will happen if all the stages are used in a
new study. Finally, we wish to state that we have been able to reproduce experimental
work into a mathematical problem where some outcomes show good agreement between
theory and experiment.
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