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Abstract

In this study, a two-age-group compartmental model for tuberculosis transmission is developed and an-
alyzed, distinguishing between individuals below 10 years and those above this age. The model includes key
epidemiological features such as reinfection within both age groups and the transition of treated individu-
als back to full susceptibility, representing realistic post-treatment outcomes. Essential analytical properties
like non-negativity, existence, and uniqueness of solutions are established to confirm the model’s biological
validity. Equilibrium analysis identifies both disease-free and endemic steady states, and the basic reproduc-
tion number, Ry, is derived using the next-generation matrix method. Local stability analysis indicates that
the disease-free equilibrium is asymptotically stable when Ry < 1, suggesting effective disease control, while
instability occurs when Ry > 1, resulting in disease persistence. Additionally, the global stability of both
equilibrium states is rigorously proven—employing the Metzler matrix method for the disease-free case and a
Lyapunov function for the endemic state—demonstrating the model’s strong dynamical behavior. Sensitivity
analysis of Ry identifies parameters that significantly impact tuberculosis transmission dynamics, offering in-
sights for targeted intervention strategies. Scenario analyses, supported by three-dimensional plots, illustrate
how variations in parameters influence Ry and the spread of infection. Numerical simulations conducted in
Python validate the analytical findings, indicating an increase in immunity as individuals age from under
10 to above 10 years, while higher contact rates among children considerably enhance transmission poten-
tial. This study provides a deeper understanding of age-dependent tuberculosis dynamics and offers relevant
implications for disease control policies across different age groups.

Keywords: Tuberculosis (TB), Epidemiology, Simulation, Transmission, Two-group.

1. Introduction

Tuberculosis (TB) is a bacterial health issue caused by the Mycobacterium tuberculosis
complex (MTBC) [10]. Despite ongoing scientific research and interventions, tuberculo-
sis continues to pose significant risks, resulting in considerable discomfort and mortality
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among both the elderly and young. TB is an airborne disease that spreads through droplets
expelled during coughing, sneezing, or spitting [37]. The bacteria can exist in two forms:
latent TB, where the bacteria are not contagious, and active TB, where symptoms are
present and transmission is possible [6]. Tuberculosis (TB) was the leading infectious
cause of death worldwide by a single agent and continues to pose significant challenges
to prevention and care efforts worldwide. Historically, the focus has been predominantly
on adult TB cases, and surveillance data have often failed to provide breakdowns for ado-
lescents, leading to a neglect of their specific needs in prevention and care policies. A
recent estimate indicated that in 2012, approximately 1.8 million adolescents and young
adults (aged 10-24) were diagnosed with tuberculosis, accounting for 17% of all new tu-
berculosis cases worldwide [30]. Adolescence is a critical developmental phase marked
by increased susceptibility to TB, along with unique social and developmental factors that
increase the risk of transmission, infection, and disease [29],[31]. To effectively combat
TB on a global scale, strategies must be implemented that specifically address the needs
of adolescents. In children, the majority of TB infections are classified as latent TB [7].
When infected with TB bacteria, children are more susceptible to developing TB disease
than adults and tend to become ill more rapidly. In adults, TB disease typically arises from
a dormant TB infection that reactivates years later, often when their immune systems are
compromised for various reasons [7]. The most prevalent type of TB in children under five
years of age is pulmonary TB (PTB), which is frequently not confirmed by bacteriological
tests. According to [32], Extra-Pulmonary TB (EPTB) is also common in this age group and
can occur alongside pulmonary TB, depending on the child’s age. [32, 7] have noted sev-
eral indicators of TB in children, including reduced playfulness, inadequate weight gain or
weight loss, prolonged fever, and persistent cough that does not improve. Adults typically
experience these symptoms along with additional signs such as decreased appetite, chest
pain, blood in the sputum, swollen lymph nodes, and a cough lasting more than three
weeks.

The diagnosis of tuberculosis (TB) in children is a complex task, and the actual prevalence
can only be approximated, as noted in [?28, 34]. Contributing factors include a lack of
scientific research on childhood TB, uncertainty about its outcomes, and the perception
that pediatric TB is not a significant concern for TB control efforts. In 2000, approximately
8.3 million new tuberculosis cases were reported worldwide, approximately 10% involv-
ing children under the age of 15 years [34, 17]. The World Health Organization ([36])
estimated that in 2017, there were about 10 million new TB cases globally, with 10% of
these occurring in children under 15 years of age. Approximately 1.5 million children
under the age of five and adolescents develop TB annually [32]. A community survey con-
ducted in South Africa revealed that children under 13 years of age contribute 14% to the
total TB cases, corresponding to an annual incidence of 408 per 100,000 [34]. According
to [19], the World Health Organization reported 10 million active TB cases in 2020 and
an increase to 10.6 million in 2022, highlighting a rise in active cases over time and un-
derscoring the need for new scientific strategies to combat TB. A detailed investigation of
childhood TB by [34] found that previous TB interventions have mainly targeted adults,
leaving childhood TB largely overlooked. The authors emphasized that children are at
increased risk for severe illness and death after infection and that some adult TB cases
may stem from the reactivation of latent infections acquired during childhood. Further-
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more, they pointed out that childhood tuberculosis accounts for approximately 14% of all
cases, usually contracted by adults with active infections. In support of this observation,
[32] identified TB as a significant cause of illness in children under 10 years of age, noting
that many cases go undiagnosed and can lead to fatalities, particularly in countries with a
high incidence of TB. Ultimately, neglecting childhood TB could lead to future epidemics,
highlighting the urgent need to study, understand, and prevent TB infections in children
under 10.

Mathematical models play a crucial role in understanding the dynamics of infectious
diseases, as highlighted in several studies [13, 24, 16, 11, 25, 18, 1, 2, 3, 9, 5, 4].
For example, [38] developed a mathematical model for tuberculosis that categorizes the
population into three age groups: children, middle-aged individuals, and seniors. This
model examines how age influences the transmission dynamics of tuberculosis in mainland
China. The findings indicate that the impact of tuberculosis varies between different age
groups, with recommendations to improve recovery rates in the older age group and re-
duce the infection rate to mitigate the spread of the disease. In a related investigation, [14]
evaluated the epidemiological characteristics and treatment outcomes of children with TB,
comparing those under 10 years of age with those aged 10 to 14 in rural Ethiopia, where
data on childhood tuberculosis are scarce. Their analysis revealed that more than half of
the children studied had pulmonary TB (PTB), with a higher prevalence in those under
10 years of age, while adenitis TB was less common in this age group. They concluded
that cases of extrapulmonary tuberculosis (EPTB) were less common among children un-
der 10 years of age compared to their older counterparts. Similarly, [8] examined the
transmissibility of tuberculosis between students and non-students, finding that the aver-
age effective reproductive number (R¢¢) for TB in the non-student population was 23.30
times greater than in the students. This highlights the significantly higher transmissibil-
ity of TB in nonstudent populations within the regions studied. Continuing this focus
on population differences, [33] designed a two-group malaria model structured by age,
categorizing individuals aged 10 years and older. They used Latin-Hypercube sampling
along with partial rank correlation coefficients to conduct a global sensitivity analysis of
the basic reproduction number and vaccination class, among other factors. The results
suggested that implementing a combination of personal protection, treatment, and vac-
cination simultaneously is the most effective strategy for combating malaria epidemics,
rather than relying on single or dual interventions. In another study, [?] identified the
most sensitive variables pertinent to TB infection control, using the normalized forward
sensitivity analysis index to assess the impacts of treatment and vaccination rates. Their
findings indicated that increasing vaccination and treatment rates for infected individuals
can significantly reduce the prevalence and burden of tuberculosis within the population.

Previous research on tuberculosis has focused primarily on adult infections, with lim-
ited attention given to children, particularly regarding transmission dynamics. In con-
trast, the work of [33] on malaria provides a clearer understanding of the dynamics of the
disease in children, including various intervention strategies. We propose a comparable
mathematical model for tuberculosis transmission that considers two age groups: children
under 10 years of age and those aged 10 and older. This approach aims to improve our un-
derstanding of tuberculosis transmission and the interactions between these age groups,
ultimately helping to reduce the incidence of intergroup transmission of infection.
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The structure of our paper is organized as follows. Section 2 presents the model formu-
lation, including equations and diagrams that illustrate the various compartments of the
model. In Section 3, we analyze the model, covering topics such as non-negativity, the ex-
istence and uniqueness of solutions, the presence of endemic and disease-free equilibrium
points, the basic reproduction number, and both local and global stability. Section 4 de-
tails sensitivity and scenario analyses, while Section 5 presents the numerical simulation
results. Finally, Section 6 provides the conclusion.

2. Model formulation

The model is an SEIR tuberculosis model of the human population. The total human
population of individuals at time t, denoted by Nh(t), is divided into seven compartments
comprising Susceptible individuals under 10 years (Su(t)), Susceptible individuals over
10 years (Sv(t)), Exposed individuals under 10 years (Eu(t)), Exposed individuals over
10 years (Ev(t)), Infected individuals under 10 years (Iu(t)), Infected individuals over 10
years (Iv(t)), Recovered under 5 years (Ru(t)) and Recovered individuals over 10 years
(Rv(t)). Hence,

Nh(t) = Su(t) + Sv(t) + Eu(t) + Ev(t) + Iu(t) + Iv(t) + Ru(t) + Rv(t)

The susceptible under 10 years Su are recruited at a constant rate Au and can die naturally
at the rate p, or become susceptible over 10 years Sv at the rate 9. They are decreased after
contact with tuberculosis disease at the rate Au = %Iu, where 3 are the transmission
probabilities and b are the rate per capitacontact. When susceptible people under 10 years
of age grow, they add up to the number of susceptible people over 10 years (Sv) who are
recruited at the rate Av and can both die naturally at the rate p, or be exposed Ev at
the rate A\v = bﬁ%" Iv. Individuals exposed less than 10 years (Eu) and over 10 years
(Ev) increase by reinfection of recovered individuals w. The tuberculosis model assumes
that infected individuals will become totally susceptible again after treatment r. Exposed
individuals become infected at a rate «. In exposed classes, individuals can recover at
. Infected individuals under 10 years (Iu) and over 10 years (Iv) can recover from the
disease at a rate p or die as a result of the disease & or die naturally u. As a result of
the interaction between the age group, the susceptible compartment after 10 years (Sv)
is populated by susceptibles under 10 years of age at (¥) and dies naturally. Recovered
individuals R are not totally immune to tuberculosis infection, but they do confer some
immunity after the primary infection, and since there is no absolute cure for TB, they can
be reinfected at a rate w.
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Figure 1: Tuberculosis transmission Model with Control Measures Schematic Diagram

Following the above assumptions, the model equation is given by:

ds
d_tu =Au+rulu— O+ Ay +p)Sy

ds

Y — Av+1vIv+9Su— (Av + 1) Sv

dt
dE
d_tu = AuSu+ wyRu — (ocu +Ppu + p)Eu

dE

1 Y — AvSV+ wvRvV — (av + v + p)Ev

dIt 2.1)
d—: = oqubu — (pu+ru+ p+ou)lu

dl

d_‘: = avEv— (pv+1v+ p+ov)lv
dRy
Tl pulu +PpuEu — (wu+ u)Ru

dR,

prale pvIv +{pvEv — (wv + pu)Rv

Where,
bi1pulu
= - 2.2
Au NGy (2.2)
and .
A = 22PVIV 2.3)

N(t)



Eze, F.C, et al. / A Mathematical Analysis of Tuberculosis Transmission ... 105

Table 1: Model Variables/parameters and interpretation.

Variables and Parameters | Descriptions

Su Susceptible under 10 years

Sv Susceptible over 10 years

Eu Exposed under 10 years

Ev Exposed over 10 years

Iu Infectious under 10 years

Iv Infectious over 10 years

Ru Recovered under 10 years

Rv Recovered over 10 years

Au Recruitment rate of under 10 years

Av Recruitment rate of over 10 years

au Progress rate from infected to infectious under 10 years
pu Recovery rates for infectious under 10 years

du Disease-induced under 10 years

9 Maturation rate of individuals under 10 years

v Progress rate from exposed to infection for over 10 years
pv Recovery rate for individuals over 10 years

u Natural death rate

v Diseased-induced death rate of individuals over 10 years
bl Average contact rate under 10 years

b2 Average contact rate over 10 years

fu Probability of infection under 10 years

Bv Probability of infection over 10 years

™ The treatment rate for the infected individuals under 10 years
TV The treatment rate for the infected individuals over 10 years
wu The re-infection of individuals under 10 years

wv The re-infection of individuals over 10 years

Pu Recovery exposed individuals under 10 years

Pv Recovery exposed individuals over 10 years

3. Analysis of the model

3.1. Non-negativity of the solutions

In order for model (2.1) to be epidemiologically meaningful, it is necessary to show
that the solutions are non-negative over the passage of time. This result is established

Theorem 3.1. Given the initial states SM(0) > 0,Sv(0)> 0,Eu(0)> 0,Ev(0)> 0,Iu(0)>

0,Iv(0)>= 0,Ru(0)> O,Rv(0)> 0.

Then the solutions, (Su(t)> 0,Sv(t)> 0,Eu(t)> 0,Ev(t)> 0,Iu(t)> 0,Iv(t)> 0,Ru(t)> O,Rv(t)>
0) of model (1) are non-negative for all time t > 0.




Eze, F.C, et al. / A Mathematical Analysis of Tuberculosis Transmission ... 106

Proof:
Let t; = sup{t > 0:8M(0) > 0,8C(0) > 0,Eu(0)>0,Ev(0) > 0,Iu(0)>0,Iv(0) > 0,Ru(0)>0,
Rv(0) > 0}.

The 1st equation of (2.1) is given by

S
% =Au+rulu— @ +Au+p)Su 3.1
% > (9 +Au+ wSu
J diuu J(19+?\u+ w)dt

InSu>—@+Au+pndt+C,

where C is arbitrary constant
Su(t) > Ce” (D +Au+p)t
At initial condition, t = 0, Su(t) = Su(0) = C
Su(t) =Su(0)e B +Au+uwt=>0

Hence, Su(t) > 0 for all time t > 0.
Using the same technique, we have

Sv(t) > 0,Eu(t) > 0,Ev(t) > 0,Iu(t) > 0,Iv(t) > 0,Ru(t) > 0,Rv(t) >0
Thus, Su(t),Sv(t), Eu(t), Ev(t), Tu(t), Iv(t), Ru(t), Rv(t) will remain non-negative for all
t>0

3.2. Existence and Uniqueness of Solution of the Model
The general first-order ODE is in the form:

x' = 1f(t,x),x(tg) = xo (3.2)

One will be interested in asking the following questions:

1. Under what conditions can we say solution to equation (3.2) exists?
2. Under what conditions can we say there is a unique solution to equation (3.2)
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To answers these;
Let:
fi=Au+rulu— (9 +Au+pu)Su
fa = Av+rvlv+93Su— (Av + 1)Sv
f3 = AuSu+ wuRu — (cu+Ppu+ wEu
fy = AvSv + wvRv — (av + v + u)Ev
(3.3)
fs = aubu — (pu+ru+ p+ du)lu
fo = avEv — (pv +1v+ n+ 6v)Iv
f7 = pulu +PpuEu — (wu + u)Ru
fg = pvIv+YvEv — (wv + p)Rv
We use the following theorem to established the existence and uniqueness of solution for
our model.

Theorem 3.2. (Uniqueness of Solution)
Let D denote the region

It—tol < a,llx—x%0l <D,

(3.4)
X0 =(X10,X20, ----- /XnO)}
and suppose that f(t, x) satisfies the Lipschitz condition:
[IF(t, x1) — £, x2)Il < Kl[x1 —x2] (3.5)

whenever the pair (t,x;) and (t,x,) belong to D, where K is a positive constant. Then
there exist a constant § > 0 such that there exist a unique continuous vector solution x(t)
of the equation (3.5) in the interval |t — to| < d.

be continuous and bounded in the domain D.

Lemma 3.3. If f(t,x) has continuous partial derivative g::i. on a bounded closed convex

domain R (i.e, convex set of real numbers), where R is used to denotes real numbers , then it
satisfies a Lipschitz condition in R. Our interest is in the domain:

1<e<R (3.6)
So, we look for a bounded solution of the form

0<R<oo
We now prove the following existence theorem.

Theorem 3.4. (Existence of Solution)
Let D denote the domain defined in (3.4) such that (3.5) and (3.6) hold. Then there exist a
solution of model of equations (2.1) which is bounded in the domain D.
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Proof. From equation (2.1), let

=Au+rulu— (O +Au+ u)Su

= Av+rvlv+9Su— (Av+ n)Sv
=AuSu+ wuRu — (cu+Ppu+ wEu
= AvSv + wvRv — (av + v + ) Ev

(3.7)

fs = aubu— (pu+ru+ p+ou)lu
fe = avEv — (pv +1v+ n+ ov)Iv
f7 = pulu+Ppubu — (wu+ p)Ru
fg = pvlv +{PpvEv — (wv + p)Rv

Of: - .
GX;’l’J

= 1,2,3,4 are continuous and bounded. That is, the partial derivatives are con-

tinuous and bounded. We explored the following partial derivatives for all the model

equations:

From the first equation of (3.7)

:; = —@O+A+n) ’:; =@+ A+ Wl =IO+ Au+ 1) < oo, ;);i 0, g;l
:Efi—o aagl =10| < :;1_0';;1_|0|<00/§£1L_Tu,§;1—|ru|<oo,
ZE_O 2{1 = ol < ,:;1 0, :;1 |O|<oo,§]2):0,aa]2):|0|<oo.
Similarly, from the second equation of (3.7), we have
288 1< 22 [ 22] 1< 22 028
22 =0, 22 =101 < 00,51 =0, | 52| = 0 < o0, 57 =y, [ 22/ = | < o,
:gi—o aagz = ol < aa;i:o, :;i = 0] < o0
Similarly, from the third equation of (3.7), we have
aa;i:)\u, :;i =|Au|<oo,§;i 0, g;% =0l <
aagi = —(oy +Pu+ ), ;T = (ot +Pu+ )| < oo, aaéi =0, aaéi =10| < oo,
glfi—o, E?Iiz =10| < oo,

O]

=0l <

=0l <
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g’;i—o 2}03 — o < :g’l:wu,;iizlwu|<oo,aa§)20,§§):|O|<oo,
Similarly, from the fourth equation of (3.7), we have
:;‘i—o aa;u =10l < géiz?\w g;i =|>\v|<oo,aa;i 9, :;4 =Bl <
:&2—(Oév+ll)v+u) oE, | = oy w0l < aafi 0, gf‘* =0l <
;]:i—o :g‘* =0l < ;z:wv,;;‘i = |w,| < oo.
Similarly, from the fifth equation of (3.7), we have
25 =0 | 5e | =0 <00, 57 =0, 28 =0l < 00, 5% — ot | 5 <o < o,
E?T]ici = 225 =0l < é;);ci——(pu+ruﬂt+z'>u), ;)Ifi = |(pu +Tu + 1+ 8y)] < 00,
SE_O 2{5 = ol < aagi 0, :;5 =10/ < :;i:o, aa;i =0/ < o0
Similarly, from the sixth equation of (3.7), we have
i?Sfi =0, ;;6 =0 < ;;i 0, ;’;6 = ol < aagi 0, :gf’ =0 <
S — o, |2 = ol < 00, 51¢ =0, | 2] ~ 0] < o0,
T oy + a8 | 312 = lloy + e+ 8] < 0o, 22 =0, | 28 <ol <
g;i 0, g’;i — 0] < oo.
Similarly, from the seventh equation of (3.7), we have
S =0 || =0l < 00, 57 =0, |27 | =10 < o0, S~ |57 | = bl < o,
S =0, S| =0l < o0, 5 = pu, | —|pu|<oo,gfz 0|37| =1 <
,;Z:—(wﬁ n aaR7 I(wu+u)|<oo,aa]z:0, ;‘Z — 0] < oo
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Finally, from the final equation (3.7), we have

afs | ofg oy |0f _Ofs ||
35, ~ Ulgs, | T0< o0 gg =055 | =10 < o0, FE= =0, |5 - = 101 < o0,
Ofs ofg Ofs ofg o s |ofs
— —° =0, — ,
aE lI)vr aE |1l’v| < 00, aIu aI |O| aIV aI |pv‘ < o0
ofg . ofg afg . 0fg _
S =0 5| =10 < 00, 32 = —(wy 1) | G| = (wy + )l < 0.

We have unequivocally demonstrated that all partial derivatives in the system (2.1)
are continuous and bounded. As a result, Theorems (2) and (3) ensure the existence and
uniqueness of the solution within the region D. This confirms that the model is mathemat-
ically sound and reliable for analyzing tuberculosis dynamics in the two age groups.

3.3. Existence Of Endemic Equilibrium Point

The endemic equilibrium point occurs at a point where all the differential equation
models (2.1) equal zero, that is,

Au+rudy —@+Au+1)Sy =0 (3.8)
Ay + 1L +9Sy — (A +1)Sy =0 (3.9
AMSu+ wuRy— (i + Yy +W)EL =0 (3.10)
AVSy, + wyRy — (o, + Py + W)E, =0 (3.11)
o By — (Ppu+Tu+ 1+ =0 (3.12)
oy Ey — (pv + 1y + 1 +8,)I, =0 (3.13)
pulu +YuEy — (wy + )Ry =0 (3.14)

pvly + P Ey — (wy + )R, =0 (3.15)
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Solving (3.8) to (3.15) gives the equilibrium at

g* — Ay +1uly
YAt
g* Ay + 131, +9Sy
v (Av + 1)
B = AuSu + wyRy
(o + Py + 1)
B AvSy + wyRy,
(ot + by + 1) (3.16)
I* — oy By
Yo (put T+ 0y)
r v Ey
Vo (pv e+t dy)
RF — pulu +buEyu
" (Wyu+u)
R* — pvly +dyEy
v (wy + 1)

It is important to note that there is no trivial equilibrium points as long as the natural birth
rate of individuals under 10 years and individuals over 10 years A,, and A, respectively
are not zero. this means that

(S*uw, S™v, E*u, E*v, I"u, I*v, R*u, R*v) # (0,0,0,0,0,0,0,0, )

3.4. Disease Free Equilibrium

At the disease-free equilibrium point all the disease compartments are set to be zero,
thatis, E, = E, =1, = I, = Ry, = R, = 0. We Substitute the above into the model
(3.16). Then we have the disease free-equilibrium point Of the entire model as given as

— Au ﬁ(Av‘.‘/\u)‘FAVH
€O— <{)+u/ ,0,0,0,0,0,0).

(O+p)p

3.5. Basic Reproduction Number (R, ) of the model

The basic reproduction number is defined as the average number of infections that
a single infected individual can cause in a susceptible population during their infectious
period. To obtain this,we adapt the next generation matrix method described by Vanden
and Watmough (2002).
Let X be the set of the entire disease compartments, that is
X = (Eu, Ev, Iy, Iv). Then our model can be written as

dX

T =flx) =v(x) (3.17)
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where f(x) is the ratio of appearance of new infection into the disease compartments while
the v(x) is the rate of transfer of individuals in and out of the disease compartments, it is
defined as v(x) = v~ (x) — v (x)

b]ﬁ\]iulu (bu+ ou+ p) Eu— wuRu
boBvIiv o
fx) = | N | vix) = (bv+ av+ u) Ev— wvRv
0 (pu+ru+ p+du)lu— axuku
0 (pv+rv+ pu+dv)Iv— avEv
0 0 bipu O Gq 0 0 o0
P 00 0 bypv V 0 G, 0 O
{0 0 0 0 7 l—acw 0 Gz O
00 0 0 0 —ov 0 Gy
1
e 0 0 0
B 0 & 0 o0
V7l= xu : 1
G1G3 0 Gs (1)
xXv
0 GrGy 0 Ga
b
00 b 0
00 0 b
V-1.F= by o 2
xXv v
00 0 62264
bléxlléfiu 0 b16(33u 0
O bz(XVBV O bzﬁ)v
FV™1= G2Gy Gy
0 0 0 0
0 0 0 0

Ry = p(F.Vil)
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~ broupu

Ru = Rv = brovpu

G1G3 ’ ~ G2Gy

This implies that

Ry = ble(xu‘Xv Bqu
0 G1G2G3Gy

where

Glz(“u+1|)u+lvl)/ G2:(0Cv+1|)v+p-)/ GBZ(pu‘i‘ru‘i‘u‘i‘éu)/
Gy=(pv+1rv+pu+d), Gs=(wyu+n), Ge=(wy+p

3.6. Local Stability Analysis of the Disease - Free Equilibrium
The disease-free steady state, ¢ is locally asymptomatically stable if R, < 1 and un-
stable if R, > 1.

Proof: The Jacobian matrix of the system evaluated at the disease free equilibrium
point.

[ —d—p 0 0 0 Tu 0 0
0 0

0
™V
—G1 0 0 0 wu 0
0
0

0 ov 0 -Gy O 0

o O O O O O @
o o o o o o

J—IAl= (A=) (-A = p—=3)]{(A+ G1)(A+ G3) (A + G5) — (xupuu + (A + G3)d) wu}
{A+ G2)(A+ Ga)(A+ Gg) — (xvpv+ (A + G4)dVv)wv)} =0

(3.20)

Applying the Routh-Hurwitz criterion, the equation (3.21) will have roots with negative

real. Since all the real part of eigen-values are negative, the DFE is locally asymptotically
stable if R, < 1.

3.7. Global Asymptotic Stability of the Model

To investigate the global asymptotic stability of the disease free equilibrium of the
modeled ?? we use the technique implemented by Castillo-Chavez and Song as described
in [32].

dx _

To do this, we write the equations in the uninfected class as G = F(X, Z) and the infected
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class as % = G(X,Z) where,X = (Su,Sv,Ru,Rv) € Ri, denotes the uninfected popula-
tion.

Z = (Eu, Ev, Iu, Iv) € RY denotes the infected population and Xy = (X*,0) represents the
disease-free equilibrium point of the model (2.1)

Model (2.1) is GAS if it satisfies the following conditions:

1. Hy: %—)t( = F(X*,0), X* is globally asymptotically stable.

2. Hy: 94 =DzG(X*,0)Z—G(X, Z2),

G(X,Z) >0forall (X,Z) e D

where DzG(X*,0)Z represents an M-matrix (characterized by non-negative diag-
onal elements, also serving as the Jacobian of G(X,Z) and computed for (X*,0),
the ensuing theorem is applicable, provided the system meets the aforementioned
criterion.

Theorem 3.5. The disease free equilibrium point Xo = (X*,0) is globally asymptoti-
cally stable if Ro < 1 and Hq, Hy are satisfied.

Proof. Let O
Au+rulu— (O +Au+u)Su AuSu + wuRu — G1Eu
| AvFrvIv49Su— (A, 4+ p)Sv | ASv+ wvRv —GyEv
F(X,2) = pulu +1YPpuEu — GsRy, GIX,2) = ouEu — Gslu
pvIv +pvEv — G¢Rv oavEv — Gy4lv

bipulu+ wuRu — GiEu
by BvIv + wvRv — GoEv
oubu — GszIu
oavEv — Gylv

DzG(X*,0)Z =

At the disease free equilibrium point,

ds
Hj : el Au—9Su— phSu
dt
dd—stv = Av—9Sv — phSv
dRu ; (3.21)
dt
dRv
= _0
dt

Ho: G(X,Z) = DzG(X*,0)Z— G(X,Z),
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Clearly, 1 > ﬁﬁ and 1 > 1517‘:1 this implies that G(X, Z) > 0 Therefore, the disease-free
equilibrium of the two-group Tuberculosis model is globally asymptotically stable.
In the context of global asymptotic stability, we explore the behavior of equilibrium
levels when the disease level undergoes a relatively significant change. If, within a
brief time interval, the diseased state reverts to its original equilibrium, we classify
it as globally stable. Simply means that the disease can be eradicated whenever the
basic reproduction rate is below one.

3.8. Global Stability Analysis For Endemic Equilibrium

Theorem 3.6. The endemic equilibrium (EE) of the model (2.1) is globally asymptoti-
cally stable whenever Ry > 1

Proof. Let the endemic equilibrium of the model (2.1) be denoted by

e? = (S*u, S*v, E*u, E*v, I*u, I*v),

L=C [Su—S*u—S*uln <Su> +Eu—E*u—E*uln < Eu >]

S*u E*u
Cy [SV—S v—S vln(>+Ev—E v—E vln( )] (3.22)
S*v E*v

I I
+Cz [[u—T*u—T*"uln v +Cy | Iv—T"v—T*vin d
I*u I*v

Differentiating (3.22), we have

. T . E*u_. . *V . ) E*v_.
L=C Su—suSu—l—Eu— uEu + Cy Sv—s Sv+Ev— VEV
Su Eu Sv v
. . (3.23)
. I"u.. . I*v .
+Cs | Iu— Iu| +C4 | Iv— Iv
Iu Iv

Where upper dot represent the derivatives of the model (2.1) with respect to time t.
S*fu Efu ST o E*v\
by C1[<1— Su)Su—i— (1— Eu)Eu] —i—Cz{( _Sv> Sv+ (1— EV)E\)}
Iy - L\ .
F G| (1= ) T+ G| (1=22) T,
Iu I,

(3.24)
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Substituting the appropriate equation of the model (2.1) in (3.25), we have

* E*
L=C l—S— Ay +1uly —AuSy —9Sy — 1Sy, 11— AuSy + wyR
Su Eu
S*v ES
+Cof [1-— Ay + I, +3Su— AvS,, — uS,, 1-= AvSy + Wy Ry,
S, E,

el o) o) )

(3.25
At steady state of (3.25)
A = Ay S; +0S] + S —ru I,
AuST + Wy Ry
G=—"—F7""—"-+
S+

Ay =MSE 4+ uSy — 1y I[ — 39S,

G, = NSL T @RY

E;
Gs = o B

I
Gy o B

ik

Substituting the steady state of A, and A, into (3.25), we have

S*
L=C { (1 - s) <Aus; F0SE + uSE — oI5 4 Tl — Ay Sy — 98y — u5u>
uw

(1) (hsu wuka - it
Eu

S*
+C2[ <1—S> <7\ SS 4+ uSy — TVI;",—SSTL—FT\,IV—FSSV—?\VSV—uSv)
v

E*
+ <1 - F_v> (}\\)Sv + w\)Rv - GZE\;>}
v
L% N
+ Cs 1_T o By — Gsly + Cy 1_T o By — Gyl
u v

Open the bracket, we have

— * * * * Aus*z 9S*2
L= (¢ [Ausu +0S; +uSy —ru i +ruly —AuSy — 9S8y — puSu — Bt el

uS{‘L ruI* S

LL

— —’”ug S+ AuSE OS5 + 1S + AuSu + Wy Ry — Gy — Rudubu — SuRubi GlE;]

*

C, [AVS;’; 1SS — I — 983 4 1Ly 4 850 — ASy — S, — M MSS | RS,

Sy Sy

o)

)
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9S5S3
Sy

- TopSi  D5Sh L ALST ST+ AuSy + Ry — Goy — B — BB Gﬁ}

v

+C3 oty By — Gal, — el 4+ G3Iﬁ:| +Cy [ochv — Gyl, — ple G4It]

Collect all the terms without dot-stars in the infected classes and equate to zero
—G1EuCq 4+ ruluCqy + rvivCy — GoEvCy 4+ aoulEuCs — G3IuCs + avEvCy — G4IvCy
This implies that

(—=G1C1 + axuC3)Eu=0
(—G2Cy + avCy)Ev =0
(ruC; — G3C3)Iu=0
(—1TuCy — G4Cy)Iv=0

Therefore we have

—G1Cy+ouCz =0 (3.27)
—GoCo4+oavCy =0 (3.28)

ruC; —G3C3 =0 (3.29)
—T1uCy —G4C4 =0 (3.30)

Solving equation (3.27) and (3.29) simultaneously, we recall this

ax+by =0
cx+dy=0
Then
T
~ad’ Y= bc
Where
a=—G;, b=au c=ru, d=-Gj
Hence b
—a
C1 = . =%
This imply that
ou G
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Again Solving equation (3.28) and (3.30) simultaneously
In Similarly way, we have
xv . —G2

Cr=——, =
2 GGy £ oy

Now substitute the values of Cy, C,, C3, and C4 in equation (3.28),we have

: . * ASHE 982 uSi?
£= GlG |:)\ S +8$ +|J'S rqu—FTqu—?\uSu—SSu—ugu_ usuu o S: . S;L n
A

WIS [.S* Sy E* RuE*
I S“ u_ Tusu %4 NS5 ST+ HSL + AuSu + Wy Ry — G Ey — i S +GlEg}
. . . . ASE2 uS*2 p IES* §S*S*
GZG [7\ S¥ 4+ uSE — 71,5 —9SE + 11, +9Sy — AySy — 1Sy — ”SVV — va + VSVv”Jr ;v”
I,S*  9S.S* AvSyE* R, E*
— DOy TOUOY N SE 4 USE 4 AySy + Wy Ry — Goy, — vy EVEVEY | g p
S, S, E, E,
G EuI* G E,I*
- 1 |:(XU'Eu - GSIu - Tuutu + G3Iz:| B 2 |:0(va - G4IV - FvEvy + G4It:|
KuTu u KyTy v
(3.31)

From (3.31) we Collect all the terms with dot-stars including all uS*u, uS*v and puSu, uSv.

L= 61 & {2)\ S% 4298 — I — )‘Lgiiz - ﬁgj‘fz - r“éisﬁ - A“E‘L*LET* - w“E;‘Eﬁ + GlEz}
+ GO;G [2us* usu_uif]
2 [y g SIS 055 S 05
RS am] g s ]
& o] 2 ookt
(3.32)

Hence, Substitute the steady state of G1, G, G3 and G4 in (3.32)

I AuSE 2 9S85 2 1 I.SY ALSWEY wy R, EX
— u 2}\ S* 2198*_ I*_ usu u o utuYy . fuCYu ey u™u -y
(AuS3 + wyRY) |: uwu w Tt Su Su Su Eu Eu
FALSE + Wy R | + = 2uS" — s, B
I, AvS¥2 r IESE 9SESE 1 I,S* 9S.SH
2)\8*_ I*__ss*_ v vy uTv v _ v
TS T woRE) { vOv TV TSy T e e T 5, s,
AVSVEE  wyRyES . . I, . uS:2
— — AvS R ——————12uS} — uS,, —
Ev EV + V—I_wv v + (AVS$+wVR$) u v p’ v SV
MuSitouRD[ b oBuli] WS+ @RD)[ L aE
oy TuEX | o, Ty EX I,

(3.33)
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The above can be simplified to.

Ius* TuI S )\uE* S*z
- u 3uSu + 205 CAWSE — 957, — Tyl — Sutuou
(Aus;+qu;)su( wou T 29U T e w T T T T e
_ Wy RWELSu i wy Ry Sy + LupuSh 2 57‘1 _ i
E.Ss, o (haSt, + woRn) 7755 TS,
I,S} IS, AVEESE?
BAuSy +9Sy — LYY A 65 L 98% | p TE L, - 95, — VOV
i (?\VST,—FwVRT,)Sv( i T T

W RVELS, wVR:sv> IuS? ,_Sv_ S
(

E\S3 sk A SE 4+ wyRYE) Sy Sy
(AuSy + wuRE) 1 Eu I} B (AVSS + wyRY) 1 B[
Tu ILEX Ty ILE}

(3.34)
As arithmetic mean is greater that geometric mean, the following inequalities from (3.34)
hold:

<2—S“—Su> <0, <2—SV—SV> <0,
St Sy Sx

Sy
rul® Sy )\uE*S*Z Wy RuEX Sy, qu*
(3 R T T U EuSi,
IS, ?\VE*S*Z wyRLEES,, va*
3\, S, +9S,, — — A SE49S I —1yI, —9S, — —
< + Vov Sv + + Ty v Evst E, S*
EI5

1—E“Iu <0, 1—
ILEY

Hence, £ < 0 for Ry > 1. Therefore, £ is a Lyapunov function in D and it concluded that
the GAS of EEP is globally asymptotically stable for Ry > 1.

3.9. Sensitivity Analysis of Basic Reproduction Number

This study offers an in-depth mathematical analysis of tuberculosis (TB) dynamics in
two separate age groups, taking into account factors like reinfection and susceptibility. The
aim is to enhance our understanding of the disease’s distinct characteristics in children
and adolescents, ultimately leading to more effective prevention, and diagnosis. The im-
pact of tuberculosis on children and adolescents is considerable, with millions affected
each year globally due to exposure to infectious TB cases and the potential for progression
from TB infection to active disease. Our analysis verifies the non-negativity, existence,
and uniqueness of the model’s solutions, identifying both disease-free and endemic equi-
librium states. We assessed the basic reproduction number, Ry, using the next-generation
matrix method. The model exhibits local asymptotic stability when R is less than one. By
employing the Metzler matrix approach, we established that the disease-free equilibrium
is globally asymptotically stable, while a Lyapunov function demonstrated global asymp-
totic stability of the endemic equilibrium when Ry > 1. Through sensitivity and scenario
analyses, supported by Python simulations, we found that the maturity rate of individu-
als under 10 years shows the highest sensitivity, negatively influencing Ry. This suggests
that as maturity increases, susceptibility decreases. Furthermore, factors such as natural

ILE

*
A%

)
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death rates and disease-related mortality in this age group also demonstrate an inverse
relationship with Ry. In contrast, the average contact rate, probabilities of infection, and
progression rates positively correlate with Ry for both younger and older individuals. Ul-
timately, improving maturity rates among those under 10 years could significantly reduce
Ry, indicating enhanced immunity as children age.

o) [
0.0

—0.5

n

Sensitivity Index

—-1.0 4

~1.54

—-2.0 1

o e @ @ o o ¥ o o % % S
Parameters

Figure 2: Sensitivity Analysis plot

3.10. Scenario Analysis
Figure 3 displays 3-D plots that demonstrate how different pairs of parameters affect

Ro.

An increase in by leads to a significant rise in Ry, indicating that higher contact rates among
individuals under 10 years old enhance the likelihood of tuberculosis transmission. On
the other hand, an increase in o, which represents the rate at which exposed individuals
under 10 move to the infectious stage, results in a more modest increase in Ry. This
underscores the role of quick transitions to infectiousness in heightening the outbreak
risk. Moreover, parameters like by, B, «,, and 3, also have a positive relationship with
Ro, suggesting that higher values of these parameters lead to an increase in Ry. In contrast,
the combination of mortality and recovery rates significantly reduces Rg.

4. Numerical Simulation and Results

To obtain the dynamical behaviour of the population, we use the classical fourth-
order (RK4) Runge-Kutta method using the initial condition S,,(0) = 5000, S,,(0) = 7000,
E.(0) =900, E,(0) = 4000, I,,(0) = 300, I,(0) = 2000, R, (0) = 100, R,(0) = 500. We
chose the time period of 200 days for the simulation with parameter values in table 2. 2.0
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Table 2: Parameters Table of Values..

Parameter Values (unit) Source
Au 4(per person) Assumed
Av 5(per day) [22]

ou 0.005 [35]

ov 0.005 [35]

pu 0.01(per day) Assumed
pv 0.01(per day) [22]

du 0.2(per day) Assumed
v 0.1(per day) Assumed
9 3(per day) Assumed
b g7 (per day) [22]

by 0.1 (per day per person) Assumed
by 0.6501 (per day per person) [22]

Bu 0.8 [26]

Bv 0.4 [26]

T™w 0.1 (per day) Assumed
™v 0.1 (per day) [22]

wu 0.5 Assumed
wv 0.79 [12]

Pu 0.01 Assumed
Pv 0.01 [22]

Figure 3: Scenario plots
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Figure 4: Numerical simulation
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4.1. Interpretation of Results

In Figure 4, the analysis elucidates the dynamics of disease progression among chil-
dren under and over 10 years of age, highlighting significant differences in susceptibility,
exposure, and recovery rates. In figure 5 simulations, it duplicate the different simula-
tions For those under 10, all b, values show a rapid decline in the susceptible population,
suggesting that they are rapidly transitioning to exposed or infected states, reflecting an
efficient disease transmission process. The peak in the exposed population and the sub-
sequent decline in the infected population indicate effective recovery pathways despite
initial exposure peaks. In contrast, individuals over 10 years show a slower decline in sus-
ceptibility, likely due to increased immunity, with increased exposure and infection rates
at higher contact rates (b;). As b, increases, the decrease in S,, accelerates. The exposed
population for over 10 years initially increases, with more pronounced peaks observed
at higher b, values, indicating that increased contact rates contribute to a larger number
of exposed individuals. The infected population over 10 years follows a similar trend,
exhibiting higher values of b,. Meanwhile, the recovered population over 10 years consis-
tently increases with time, with higher values of b,. These findings underscore the varying
effects of age on disease dynamics and the importance of contact rates in shaping expo-
sure and recovery patterns, particularly highlighting that older individuals benefit from a
stabilizing recovery trajectory as the value of b, increases.

5. Conclusion

In conclusion, our analysis of the two-group tuberculosis model reveals significant
differences in disease dynamics between individuals younger and older than 10 years.
By determining the key mathematical properties of our model, including the existence
and stability of equilibria, we have gained a thorough understanding of how the disease
behaves under various conditions. Sensitivity analyses emphasize the crucial impact of
immunity and contact rates on transmission potential, especially among younger popu-
lations. These insights are essential for public health strategies aimed at controlling the
spread of tuberculosis, indicating that tailored interventions for different age groups could
enhance the effectiveness of epidemic management. Our study of the two-group tuber-
culosis model uncovers important disparities in disease transmission dynamics related to
age. By rigorously analyzing the model’s mathematical framework, establishing its equi-
librium behavior, and assessing its stability, we have enriched our understanding of how
tuberculosis transmission varies across age groups.
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