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Abstract

This research paper study the solvability of hybrid fractional differential inclusions involving generalized
Caputo fractional derivative with boundary conditions under certain conditions. The existence theorems are
proved by using hybrid fixed—point approach in Banach algebras of Dhage, which he presented in 2006. An
example, lastly, is proposed to check the efficiency of the above-mentioned theorems. The results are novel
and provide extensions to some of the findings known in the literature.

Keywords: differential inclusions, boundary conditions, fixed—point, generalized Caputo derivative, Banach
algebra.
2010 MSC: 47H04, 34A12, 26A33, 34A60.

1. Introduction

Fractional calculus is one of the greatest branches in pure and applied mathematics. It
is started from some 1695 with the ideas of Leibniz [1]. During the recent decades, frac-
tional differential equations have attracted the attention of many researchers in different
fields, such as engineering, physics, finance, biology, chemistry, economy, etc. [2, 3, 4, 5].
The reason is that fractional order differential equations can model mathematically the
real life events more accurately than these restricted to integer order [6, 7].

On the other hand, fractional calculus is important because it extends classical dif-
ferentiation and integration to non-integer orders, offering powerful tools for modeling
complex systems in various fields including: finance, control theory , signal processing,
Physics, and Engineering [8].

Recently, fractional calculus play an important role in developing deep machine learn-
ing techniques. Recent literature highlights the growing interest in this interdisciplinary
field. For example, in a survey paper [9], the authors provided a comprehensive review
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of the use of fractional calculus in various fractional artificial neural network (FANN)
architectures, training algorithms, stability analysis, and real-world applications. In pa-
per [10], the authors considered the application of fractional calculus in computer vision
tasks, including denoising using the Fractional Optimal Control Network (FOCNet) ar-
chitecture. These studies demonstrate the potential of fractional calculus to enhance the
performance and capabilities of deep machine learning techniques in handling complex,
memory-dependent, and non-local phenomena.

Differential inclusion is a mathematical concept that generalizes ordinary differential
equations to handle problems with discontinuous or multi-valued functions, making it
important for modeling complex systems and providing solutions where a single-valued
function is insufficient. It plays a crucial role in areas like control theory, dynamical sys-
tems, and optimization, allowing for the analysis of systems where a transition between
states can be abrupt or uncertain [11, 12, 13, 14]. For example, differential inclusions are
used in flight dynamics to model systems with non-smooth characteristics or in economics
to represent macrosystems with discontinuous behaviors [15].

In recent years , many researchers studied the solvability of fractional differential in-
clusions. In [16], Ahmad and Ntouyas studied the solvability of Hadamard fractional
differential inclusion, namely

fitn(0)
n(1) =n(e) =0,

where D is the Hadamard fractional derivative, f : [1,e] x R — R\{0}, F: I x R — P(RR)
is several-valued mapping, and P(R) ={Z € R : Z # R}. In 2017, Abbas and Benchohra
[17] investigated the solvability of Hilf~Hadamard random fractional differential inclu-
sions by using multi-valued random fixed—point of Dhage [18]. In 2019, Alaidarous et al.
[19] used semigroup theory together with the Bohnenblust-Karlin fixed—point principle
to study the solvability and stability of neutral functional ordinary differential inclusions
with delay. In the same year, Samei et al. [20] explored the existence results for hybrid
Caputo—Hadamard fractional differential inclusions in Banach algebra by using Dhage
hybrid fixed—point approach [21]. In 2020, El-Sayed and Al-Issa [22] used Schauder
fixed—point approach to study the solvability of integro—fractional differential inclusions.

In the above cited articles, classic Caputo and Hadamard derivatives were utilized.
Nowadays, Almeida [23] proposed a Caputo kind fractional derivative operator with re-
spect to another function, called generalized Caputo derivative. This kind of differentia-
tion depends on a kernel ¢, and by particular choosing ¢, one of the well-known fractional
operators like Riemann-Liouville, Caputo, Hadamard, Hadamard-Caputo, Erdely Kober is
obtained. For some recent results on generalized Caputo type fractional differential equa-
tions, see [24, 25, 26, 27, 28, 29, 30].

In a recent work [31], Belmor et al. considered the solvability of fractional differential
inclusion including generalized Caputo derivative, given by

*Dgs ¢ p(t) € W(t, p(t)),
xe(1,2),te(0,T, T>0,

{ DA e Fen(t), 1<t<e 1<a<2, an

(1.2)

equipped with integral boundary value conditions, where *D; ® is a generalized Caputo
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derivative w.r.t. the function ¢ and W : I x R — P(IR). They applied endpoint theory to
obtain the existence results.

Motivated by these papers, in particular systems (1.1) and (2.1), we consider the
hybrid generalized fractional differential with boundary conditions, given by

t, p(1)
p(0) =p(a) =0,

where D b is a generalized Caputo derivative w.r.t. the function ¢ such that x € (1,2),
Ve C(IxR, R\{0}) and W:Ix R — P(R) is several-valued mapping. We obtain the
existence results for a system (1.3) by using the hybrid fixed-point approach in Banach
algebras due to Dhage [21].

An outline of this manuscript is as follows. In Section 2, some preliminaries on multi-
valued analysis and fractional operators are presented. In Section 3, we study the solv-
ability of the generalized system (1.3). In Section 4, we provide an example to illustrate
the abstract results.

{ “Ditp (vitly) € WL, (t), ae, teI=[0,a, a>0, 03

2. Preliminaries

In this section, we will recall some concepts and facts that will be needed in the sequel.
Let (X, ||.||) be a Banach space and P(X) = {Z c X : Z # (}. Now, throughout this
manuscript, let

P.u(X) ={F € P(X) : Fis closed},

Py (X) ={F € P(X) : F is bounded},
Pep(X) ={F € P(X) : F is compact},
Pepv(X) ={F € P(X) : Fis a convex and compact}.

The multi-valued map ¥ : X — P(X) is convex (closed) valued if W(p) is convex

(closed) for each p € X. Furthermore, ¥ is bounded on bounded sets if ¥(U) = |J Y(p)
peU
is bounded in X for all U € Py (X), (i.e. sup{sup{|A|: A € ¥(p)}} < oo). The map V¥ is
peu
called upper semi-continuous (u.s.c.) on X if for each p € X, the set ¥(p) is nonempty

closed subset of X and if each open set N of X containing ¥(p), there exists an open
neighborhood Ny of p such that W¥(Ny) € N. The map V¥ is called completely continuous
if W(U) is relatively compact for every U € Py (X). If ¥ is completely continuous with
nonempty compact values, then ¥ is u.s.c. if ¥ has a closed graph, that is, p, — p*,
&n — &F and &, € Y(py,) implies that £* € W(p*). ¥ has a fixed point if there exists p € X
such that p € ¥(p). The fixed point set of a multi-valued operator ¥ will be denoted by
Fix ¥. A multi-valued map ¥ : I — P.1(R) is called measurable if for each p € R, the map
t—d(p,W(t)) =inf{] p — & |: £ € Y(t)} is measurable.

Let L'(I,X) = {p: I — X | |lp]| : I — R, be Lebesgue integrable}, then L'(I, X) is
Banach with the norm ||p[|;1 = [ ||p(t)] dt.

I
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Definition 2.1. [32] A multi-valued function ¥ : I x R — P(IR) is called Carathéodory if
(i) t — Y(t, p) is measurable for each p € R,
(i) p — Y(t,p) is u.s.c. for almost all t € I.
Furthermore, a Carathéodory map V is called L!-carathéodory if
(iii) there exists a function ® € L'(I,R..) such that

Wt p)|| =sup{l &£ : &£ e W(t,p)} <O(t), foreach pc R and forae. t el

Definition 2.2. [33] Let C(I, E) be the Banach space of all continuous functions p : [ —

E with the norm ||p|l.c = sup ||p(t)|e. Therefore, C™(I,E) is the Banach space of all
tel
n—differentiable maps p : I — E with p(™(t) € C(L,E), n € N.

Definition 2.3. [34] For each p € C(I,IR), define the set of selection of ¥ : I x R —
Pepv(R) as
Swp = € LHIL,R):P(t) € Y(t,p(t)) for a.e. t € T} # 0.

Lemma 2.4. [34] Let ¥ : I x R — P¢py(X) be an L!'—Carathéodory-multi-valued function
and @ : L1(I,X) — C(I,E) be a continuous linear mapping. Then

D oSy : C(LX) = Pepy(C(L, X)), p — D(SY ),
is a closed graph map in C(I, X) x C(I,X).

Fixed—point principle plays a major role to investigate different types of differential
equations. The existence results of the proposed system are based on the following fixed—
point theorem of Dhage.

Theorem 2.5. [21] Let X be a Banach algebra, ¥ : X — X be a single-valued and ¥ : X —
Pcpv be a multi-valued mapping, satisfying

(1) 9V is single value Lipschitz with a Lipschitz constant {;

(2) ¥ is u.s.c. and compact;

(3) 2¢M < 1 where M = ||[¥(X)]].

Then either

(a) the operator inclusion p € 9p¥p has a solution, or

(b) theset Y ={§ € X: AN§ € QEW(, A > 1} is unbounded.

Definition 2.6. [23] Let «x € (n,n+1) where n € {0,1,2,3,...}, n € C([a,b],R) and
¢ € Cl([a,b],R) be an increasing function with ¢’(t) # 0 for all t € [a,b]. The left
Riemann-Liouville fractional integral of order « of a function n w.r.t. a function ¢ is
defined as

[0 _ 1 t !/ x—1
* o () —W)L¢ (Q)(d(1) — b(2)™ () dL. @.1)

It is clear that when ¢(C) = ¢, (2.1) is the classic Riemann-Liouville fractional integral
and when ¢() =1In ¢, (2.1) is the Hadamarad fractional integral [35].

Therefore, the left Riemann-Liouville fractional derivative of order « of a function n
w.r.t. a function ¢ € C™([a, b],R) is given by

D%, nt) =~ (-t d)“f¢'(&)(d>(t)—¢(cn““l ©d. @22
at,p n - F(Tl—oc) d)/(t) dt . n . .
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Putting ¢(¢) = ¢ in (2.2), we have the classic Riemann-Liouville derivative and putting
$(¢) =Inin (2.2), we have the Hadamarad fractional derivative [36].

Definition 2.7. [24] Let «x € (n,n+1) for some n € {0,1,2,...}, n € C*(I,R), and
¢ € C™(I,R) be an increasing mapping such that ¢’(t) # 0 for all t € 1. The left-sided
generalized Caputo fractional derivative of order « of a function n w.r.t. a function ¢ is
defined as

($(t) — d(0)¥], (2.3)

()
!

n—1
"D ¢ n(t) =D (1) =Y~
k=0

where ngf] (t) = ((b,l(t) Ak n(t). If we take ¢(C) = ¢, (2.3) is the classic Caputo derivative
and if we take ¢(¢) = In ¢, (2.3) is the Caputo-Hadamarad fractional derivative [36, 37,

38].

Lemma 2.8. [24] Letd : 1 — R, then
(1) if 9 € C(LR), then *Dg , &%, 9(t) = (1),
@) if & € C(I,R) then

n—1
LBX*KP *D8‘+,¢ H(t) =9(t) — Z
k=0

3. Main results

The existence of the solution of the proposed system (1.3) is given in this partition. A
function p € AC?(I,R) is called a solution of the proposed system (1.3) if there exists a
mapping P € L'(I,R) with {(t) € W(t, p(t)) a.e. on I such that

D& o (7)) =(t, p(t), ae. on, 3.1)
p(0) =p(a)=0, x € (1,2).

Lemma 3.1. The integral solution of system (3.1) is given by

t
o(t) = V(t,p(t)).[r(lodjda'(s)w(t) —(s))* (s)ds
0

=

(p(t)—¢
—$(0

/ _ ox—1
o 0Jd> (5)(6(a) — () "(s)ds]. (32

Proof. Applying the operator ] o O both sides of (3.1) and using Lemma 2.8, we get

p(t) = V(t, p(t).g+ (1) + Co + Ca(d(t) — d(0))], (3.3)
where (o and (; are constants. Since p(0) = 0, we get {y = 0. Additionally from p(a) =0,

we get

0= L J &' (s)(b(a) — b(s))*"1(s)ds + &1 (b(a) — b(0)).
e )
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Hence, we have

- ! _ ax—1
G = (¢(a)_¢(0))r(a)i¢(s)(d>(a) B(s)* 1 (s)ds.

Substituting (y and (; in equation (3.3), we obtain equation (3.2).0 O

The existence results for the system (1.3) will be obtain under the following assump-
tions:

(A1) The function V : I x R — R \ {0} is continuous and there exists a bounded function
9, with bound ||9||, such that 9(t) > 0 a.e. t € I and

IVt p(t)) = V(E,n(t) < H(t)lp(t) —n(t)], ae. t €, Vpo,n € R.

(A2) The multi-valued function W : I x R — P(IR) is L' —Carathéodory and has nonempty
compact and convex values.

(A3) There exists a function h € L!(I,R ;) and a constant M > 0 such that |[W(t,n(t))|| =
sup{ip|: p € W(t,p)} < h(t) a.e. t € T and

M = J«b'(s)w(a) — ()™ h(s)ds.
0

(A4) There exists K € R such that

(2wo/T' () )M

> T 2o/ T )M

where (2]|9|co/T())M < % and wo = sup|V(t,0)|.

tel

Theorem 3.2. Under the assumptions (A1)-(A4), system (1.3) has at least one solution on
L

Proof. Let X = C(I,IR). For all p € X, the set of selection of W is defined as
Swe ={b € LI{I,R) : (t) € W(t,p(t)) for a.e. t € I}.

Define the operator H : X — P(IR) as

(3.4)

|
Se——n
<
“
<
2
|
<
»
R
L
<
“
o
@,
<=
m
<
°
inad
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Define also A : X — X as A p(t) = V(t,p(t)), t € I and define B : X — P(R) as

t
1
Bp(t)={meX:n(t)= F((X)Jd)/(SJ(CI)(t) — () P(s)ds—
. 0 (3.5)
($(t) — $(0)) / a1
- ds: S .
FITra e ld) (5)(6(a) — B(s)* " b(s)ds 1 b € Sw,p}
Hence H(p) = A p B p. The proof is splitted into several steps.
Step 1. A is Lipschitz on X. Let p,n € C(I,R). From (A1), we get
A p(t) —An(t) < d()lp(t) —n(t)] < [Bllsollp —lloos (3.6)
for each t € 1. Therefore, we have
A p(t) = AN(H)]loo < [Blloolle =1l co- (3.7)

Thus, A is Lipschitz on C(I,R) with Lipschitz constant ||9||c.
Step 2. B is compact and u.s.c. on X. First, we prove that B has convex value. Let
p1, P2 € B p. Then there exists \1,> € Sw,, such that

pi(t) = %

Mo
i=1,2,te

ot~

' (s)(b(t) — d(s))™ pi(s)ds — o b iqﬂ(sm(a) — P(s))* My (s)ds,
L

For any A € [0, 1], we get

t
Ap1(t) + (1 =A)p2(t) = sy [ &/ (s)(d(t) = b)) s (s) + (1= A)wa(s)]ds

t
= r%)gcb’(s)w(t) — ¢(s))* Hp(s)ds
ol He [ )0~ 00 M),

(3.9)
where P(s) = AP1(s) + (1 — A)pa(s)] € W(t,p(t)) for each t € 1. Thus, Apq(t) + (1 —
A)p2(t) € B p. Hence B p is convex for each p € C(I,IR) and B define as a multi-
valued operator B : C(I,R) — P, (IR). Next, we prove that B maps each bounded set into
bounded set. Let r > 0 and Q, = {p € C(I,R) : ||p|]| < r}. Let 1 € B p, then there exists
P € Sw,, such that

ot~

N0 = oy [ &'(5) (@) — (s)™ 1p(s)ds — LU= T 4/(5)(d(a) - b(s)) % Mp(s)ds.
0

(3.10)
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Then, for all t € I, we get

; a
B ot = Iy [ & () (@) = d(s)*Mb(s)ds — ey gt itay J &'(5)(bla) = b(s)*Mp(s)ds

; 0

t
< iy [ 0/(5)(010) — (s is)ds < .

(3.11)
Therefore, we have |n||o < #l45. Next, we prove that B maps bounded sets into equicon-
tinuous sets. For all t1,t; € I such that t; < t, we get

(tz2) —n(ti)l < |r%)br

~ i | 09 0l0) — 6(s)* pts)as

ty G
< Ity [ #7(9)(0(t2) = DD Tp(s)ds = gy [ #(5)(0(t2) = () pls)ds
iy [ @/(6)(0(12) — 0(6)™ (815 — iy [ 07(9)0(1) ~ 6(5))™ ()

(3.12)
From Lagrange mean value theorem, we get
1%
M(t2) =n(t)l < gy [ 17 (s)(d(t2) — d(s))* b(s)lds+
t .
Lol tIOTD 111 ¢ (5) ((1) — (s))2hp(s)lds (3.13)

+rgl b [ /(s)(d(a) — b(s))* Th(s)lds,
0

where t; < t < tp. As t; — t, then m(t2) —n(t1)| — 0. Thus, B(Q,) is equi-continuous.
Hence, B is completely continuous.

Now, we prove that B has a closed graph. Let p, — p*, Nn € B(pn) and nn — n*.
Then we need to prove n* € B(p*). Associated with n,, € B(pn), there exists P, € Sw
such that, for each t € I

t a
M (t) = iy ] @(5)(@(4) = b(s)*bn(s)as - B J4'(5)(0(a) = 4()* Mpn(s)ds.
(3.149)
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This it suffices to prove that there exists \* € Sy ,+ such that for each t € I,

t a
N* (1) = iy [ () (1) — b(s)) % ¥ (s)ds — 5 2Ll [ b/ (s)(d(a) — b(s)) % Tp*(s)ds.
0 0
(3.15)

Observe that

t
M (8) =" (Voo < 1y J &/ (8)( (1) = () * [ Wn(s) = b*(s)[lwods

T i Id)’(S)(cb(a) — ()% pn () — 7 (5)]oods.

(3.16)
Hence, |[Nn(t) —M*(t)||cc — 0 as n — oo. Thus, ® o Syy is a closed graph operator. There-
fore nn(t) € @ o Syy. Since p, — p*, then we get

n*(t) = r(lo()

O+

O’ (8)(b(1) — () p*(s)ds — o b0l id)’(S)(cb(a) — ¢(s))* 1P (s)ds,

(3.17)

for some \* € Sy ,+. Thus, B is compact and u.s.c. on X.
Step 3. Prove that 2N{ < 1. Since N = ||B(X)|| = sup{|B p| : p € X} < % and
¢ = ||9]| , we prove that the conclusion (b) of Theorem 2.5 is not possible. Let n € Hp,

A >1and An € An(t) Bn(t). Then there exists ) € Sy, such that for any A > 1

ra (3.18)
— gt b0l Jo'(5)(¢a) - b(s))* 1 (s)ds]
for all t € I. Then we get
t
(O <AVt [ ¢/(9)(6(0) = 6(s)* hb(s)lds
L O [0 (5) (@) — d(s) % hb(s)]ds] (3.19)

€
=
3
2

Let |[n||co = K, then we have

K <Aook + wol 2 < [I¥looK + wol £%5- (3.20)
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Therefore, we get

2woM /T (x)
K< T— (29l M /T ()] * (3.21)

Thus, condition (b) of Theorem 2.5 does not hold. Thus, the operator H and therefore
problem (1.3) have the solution on I. O
O

Theorem 3.3. Let assumptions (Al)and (A2) hold. In addition, one assumes that
(A5) There exists a nondecreasing continuous function © : [0,00) — [0,00) and p €
C(I/ IR+ );
[W(t, p)[| = sup{nl:n € W(t,p)} < p(t)O(lp]),
forall (t,p) e IxR.
(A6) There exists R > 0 such that

wo2LE=EtR ) (p(a) — §(0))*
T 9o CIEEERT (4 4) — g (0))’
o0 IMo+1)

where
2HpHoo@(R))

MNa+1)

Then system (1.3) has at least one solution on 1.

[19]]oo (dla) —$(0)% <

Proof. Define the operators H, A and B as in Theorem 3.2.

Step 1. A is Lipschitz on C(I,R). By doing the same steps as in Theorem 10, we
obtain that A is Lipschitz on C(I,R) with Lipschitz constant ||9]|.

Step 2. B is compact and u.s.c. on C(I,R). By doing the same steps as in Theorem
3.2, we obtain that

B has convex value. Next, we prove that B maps each bounded set into a bounded
sets. Let r > 0 and Q ={p € C(LLR) : ||p|| < r}. Letn € B p, then there exists \ € Sy,
such that

ot

’(8)(h(t) — (s)) % 1 (s)ds — rf bl Ed)’(S)(d)(a) — ¢(s))* Mp(s)ds.
(3.22)

n(t) = rrsy

Then, for all t € I, we have

B p(t)]
1 [ a1 (@O—b(0) (. a1
= Imgcb (s)(d(t) — d(s))*(s)ds — rgraT—a0)Ir () {(b (s)(d(a) — d(s))* p(s)ds|
t a
< ey J O[5 (D(1) — b(s))*hb(s)lds + il J¢"()(®(a) = b(s))*hb(s)]ds

t a
< Silel) J&'(5)(0() — ¢(s)*p(s)lds + DD b J¢'(5)(®(a) = b(s))*ip(s)]ds
|

t
< %gcb’(s)(cb(t) —¢(s))* 1ds < 222l (g () — ¢(0)).
(3.23)
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Therefore, we have ||n|lc < %(cb(a) — $(0))*. Next, we prove that B maps

bounded sets into equicontinuous sets. For all t1,t, € I such that t; < t, we get

t
M(t2) —nt)l <lpfsg J &/ (8)(d(t2) — b(s))* Mb(s)ds — sy [ &/ (s)(d(t1) — b(s))* Mh(s)ds—
0 0

< lrty [ &7(5)(@(t2) — b))% Mp(s)ds — s gl(b’(s)(d)(tz) — (s))* 1p(s)ds

iy [ O7(5)(0t2) = 9D T (s)s — il £¢’(5)(¢(t1) — () p(s)ds|

t
s [ /()l(d(tz) = 6(s)*" = (4(t1) = o(s))*lp(s)lds

ty
—i—”p”“;‘iﬂ)[(q’(b)“ —d(t)%) — (d(t2) — (tq))*]

4 g'p(“gcb( LLL)| [ 4/(s) (p(a) — ls))*Lp(s)lds

+%[¢(m“—¢mm
=L |j¢ (@) = d(s)* | p(s)lds,

(3.24)
where t; < t < t. As t; — tp, then |(t2) —n(t1)| — 0. Thus, B(Q,) is equi-
continuous. Hence, B is completely continuous.
Now, we prove that B has a closed graph. By doing the same steps as in Theorem 3.2,
we obtain that B is compact and u.s.c. on X.
Step 3. Prove that 2N¢ < 1. Since N = || B(X)|| = sup{|B p| : p € X} < 2Z{LIEl= (¢ (a) —
¢(0))* and ¢ = |90, we prove that the conclusion (b) of Theorem 2.5 is not possible.
Letnm € Hp, A > 1 and An € A n(t) B n(t). Then there exists \ € Sy , such that for any

A>1 .
nt) =ATVEENOAT [ /() (1) — d(s) ¥ M (s)ds
0

—

(3.25)

r
_(¢(((<11>)( s (0 )(?% Td)’(s (d(a) —d(s)* p(s)ds],
O
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for all t € 1. Then, we get

t
Mt <AIV(tn(L) (?&‘;2‘) J ' (s)(b(t) = b(s))* p(s)lds
0
+(“?£f_¢q§( 2 [0/(9)(0la) = 4(£)*fp(s)ds] (3.26)

<A Hsuoounuoo + wcﬂ%ﬂwm — $(0)).

Let |n|/s = R, then we have

2||p|l© _ «
R < A0k + el CHRESE 010)— (0] 527
< ||BHooR+w0](T1))(¢(a)—43(0)) .

Therefore, we get
wo 2RleB R (¢ (a)—p (0))

3.28
1190 (2RI ER) (¢ ()~ (0))%) (3.28)

X

Thus, condition (b) of Theorem 2.5 does not hold. Thus, the operator H and therefore
problem (1.3) have the solution on I. O
O

4. Applications and special cases

The proposed system (1.3) is very general and includes some particular cases.

4.1. Special cases

As particular cases of our results, we can obtain the existence results for the following
systems.
(1) Putting V(t,p(t)) = 1 in system (1.3), we obtain Classical Caputo fractional hybrid
differential inclusion system.
(2) Putting ¢(t) = In(t) in system (1.3) and replacing the interval I with the interval
I =[1,e] in (1.3) and in all assumptions (A1)-(A6), we obtain system (1.1) and we will
have the same results in [16].
(3)Putting V(t, p(t)) =1 in system (1.3), we obtain system (1.2).

In the following example, we point to how to apply the abstract results in particular
generalized fractional differential inclusion.

4.2. An Example
Consider the following generalized fractional differential inclusion

3
i g e 73y € Wb e(b), ae. te (0,1,

met~Ttan1(p(t)+2
p(0) =p(1) =0, 4.1)
W:[0,1] x R — P(R), '
[p®] | sin p|
10(|p[3+3) 7 4(Isin p|+1

t [ R
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etfl

Let 9(t) = %4 Here, we get ||9]| = ﬁ. Therefore, forn € W we get

p° | sin p| 3
g 7 . - <1'
i< maxly5 s 3y Asinp £ 1) T 4

Let (1) = 5. Clearly, M = 2, 2L8l=M =~ 02685 < 1 and

K> o f/Tla™ =

re)

(2awo/T o)) M 2.79765835. Hence all conditions of Theorem 3.2 are satisfied.

Thus, the system (4.1) has a solution on [0, 1].

5. Conclusions

We developed qualitative results for certain generalized Caputo fractional differential

inclusions in Banach algebras. The results were derived some criteria for the existence
of solution to the above-mentioned problem. Remarkably, the fixed point theorem in
Banach algebras of Dhage type played a significant role in constructing our analysis. Our
results generalized and improved some interesting fractional differential inclusions in the
literature. We presented an example to illustrate the solvability results. In the future,
it will be interesting if the current systems are studied in the frame of {p—Atangana—
Baleanu—Caputo, recently introduced in [39].
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