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Abstract

In this work, a mathematical model for malaria transmission is developed using a system of nonlinear
ordinary differential equations. The model incorporates three control strategies: vaccination, treatment,
and sterile insect technique. Analytical results demonstrate that the malaria-free equilibrium is both locally
and globally asymptotically stable when the basic reproduction number, Ry is less than one, and unstable
when Ry > 1. The existence of an endemic equilibrium is investigated, and conditions for the occurrence of
forward or backward bifurcation are derived. Numerical simulations and graphical illustrations are provided
to demonstrate the disease dynamics under various control scenarios. The findings reveal that the combined
application of all three control measures is more effective in reducing malaria transmission than any individual
or pairwise combination of interventions.
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1. INTRODUCTION

Malaria is an infectious disease transmitted to humans through the bite of the female
Anopheles mosquito [1]. It is caused by the Plasmodium parasite which enters into the
blood stream of humans through mosquitoes bites. Malaria is highly endemic in Asian and
sub-Saharan African Countries [2]. It was reported that there were about 244 million cases
of malaria in 2021 with about 619,000 deaths [3]. The number of reported cases rose to
249 million globally in 2022 while deaths due to the disease was 608,000 [4]. Vaccination
against malaria has received more attention recently with two vaccines, R21/Matrix-M
and RTS,S/AS01 recommended by World Health Organization for use mostly in places
where malaria is endemic. Both vaccines reduce cases of malaria by 75% and are given
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in repeated doses over a period to achieve the required immunity [5]. Some of the symp-
toms of malaria are headache, muscle pain, fever, nausea, shaking chills, infant mortality,
abdominal pain, morbidity, severe anaemia, profuse sweating, vomiting, diarrhea, convul-
sions, etc [6, 7, 8, 9]. Due to the increase in resistance to insecticides by mosquitoes as
well as resistance by the malaria parasites to drugs, there is a growing need to explore
better ways of controlling the disease than this physical methods. one of the recent propo-
sitions is the use of sterile insect technology.

The sterile insect technology (SIT) is a biological method to reduce the population of pests
and insects [10]. In this method, a large number of sterile male are released to mate with
the females in the wild [11]. In the case of controlling mosquitoes, using females as part of
the control will be dangerous as they can feed on human blood and transmit plasmodium.
A female mosquito that mates with a sterile male can only lay eggs but can not hatch them
[12],[13]. This ensures that the mosquito population is reduced with time. The method
is currently proposed to eradicate mosquitoes causing various illnesses [14, 15].
Modelling of diseases which are infectious helps in understanding the dynamics of dis-
ease transmission which enables qualitative prognosis in disease management and control.
Nwankwo and Okounghae [16] developed a new non-autonomous model for Malaria that
incorporates diurnal temperature fluctuations. Their results showed that the malaria-free
equilibrium is globally asymptotically stable when the reproduction number is less than
unity, otherwise the disease persists. The transmission intensity of Malaria was seen to
be a function of resting place for mosquitoes and duration of rest. Atokolo and Mbah
[12] worked on using sterile insect technique to reduce Aedes mosquitoes that causes zika
virus disease and they discovered that introducction of more sterile males into the wild
will reduce the population of the mosquitoes with time. Fatmawati et al. [17] proposed
an optimal control model for malaria with seasonal factor and otherwise. Seasonal factor
was shown to influence human and mosquito population dynamics in hot climatic regions.
Keno et al. [18] studied an optimal control model for malaria with climate variability. The
disease-free equilibrium in their work was locally and globally asymptotically stable when
the reproduction number was less than one with the existence of forward and backward
bifurcation in the model. Collins and Duffy [19] formulated an optimal control malaria
model with drug resistance, treatment and the use of mosquito nets as controls in Nigeria.
It was shown in their work that the endemicity of the disease will persists if the controls
are not adequately employed as well as controlling the dominant resistant strain more ef-
fectively. Mohamed [20] developed a malaria model which showed the point of occurence
of forward bifurcation in the system. Their Sensitivity analysis showed that reducing the
contact rate of humans and mosquitoes, the amount of mosquitoes in circulation and in-
creasing rate of treating infectious humans are recommended for effective control of the
spread of Malaria.

This paper looked at a mathematical model for malaria that incorporates treatment,
vaccination and use of SIT as controls for the disease. It is expected that vaccinating more
humans, improving treatment rate of infectious humans and reducing the mosquito pop-
ulation by use of sterile insect technology, the disease will be controlled. The rest of this
paper is arranged as follows; the new model is presented in section two. Also, the malaria-
free equilibrium and the malaria reproduction number are obtained in section two. The
stability analysis of the MFE is done in section three while the stability analysis of the
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endemic equilibrium is done in section four. The numerical simulations are carried out in
section five and the work was concluded in section 6.

2. Model Development

The malaria model studied in this work has eleven (11) compartments made up of
the Susceptible humans Sy, Vaccinated humans Sy,,,, Unvaccinated humans Sy,,,, Exposed
humans Ey,.,, Infectious humans Iy,;,, Infectious humans undergoing treatment Iy T,
Infectious humans not undergoing treatment I, Recovered humans R;,, Susceptible
mosquitoes S, Exposed mosquitoes E,,, and Infectious Mosquitoes I,,,, respectively.
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Figure 1: Flow diagram for the disease transmission.

The susceptible humans, Sy, is increased by level of recruitment through births and mi-
gration denoted by A;, and rate of loss of immunity to the disease after recovery, 0. It
is reduced as humans choose to be vaccinated or not and move to their respective com-
partments. Sy is partitioned into two (2), those who accept to be vaccinated against the
disease and those who refused vaccination. It is assumed that vaccinated humans lose
their immunity with time hence, can become infected with time as the vaccines wanes.
The exposed human population, Ey,, is increased by effective contacts of mosquitoes
with susceptible humans and the proportion of untreated humans with latent stage of in-
fection. It is reduced by rate of development of infectiousness, 6;. The infectious human
population, Iy, is reduced by disease-induced death rate Ty, rate at which infectious hu-
mans accepts or reject treatment ¢; and ¢, respectively. The infectious human population
undergoing treatment, I, 1 increases as more humans accept treatment, ¢; and is re-
duced as rate of recovery from malaria y; increases as well as by disease-induced death
rate T,. We assume that those who accept to go for treatment are also infectious with the
disease as they have not fully recovered. We also assumed that those who refuse to go
for treatment and have suppressed the symptoms and the multiplication of the parasites
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in their bodies return back to the exposed compartment as the parasites are latent at this
stage. All human compartments accounts for natural death rate, ;.

The susceptible mosquito population, S, is increased by the rate of recruitment A,
It is reduced by rate of reduction k; in mosquito population by SIT and effective con-
tacts with humans. «; is a product of mating rate and mating probability between SIT
mosquitoes and female Anopheles mosquitoes in the target environment. The exposed
mosquito population, E ., is increased as susceptible mosquitoes become infected through
contacts with infectious humans and the infectious mosquito population, I, is increased
by rate of development of infectiousness, v;. All mosquito compartments are reduced by
natural death rate, u. The malaria model is given by;

% — An + 8Rp — (p1 4+ p2 +T1)Sh,

dz:u = P15k — (x1B1Imy + 1) Sha,

% = p2Sh — (1 B2@Imy + T1)Shy,

dEd:m = 01 B1ImvShu + €1 B2@ImvShy + G1lnmu — (81 4+ T1)Enm,

dgttm =0Enm—(m1+m+e1+e)hm,
% = &1lhm — (v1 + 71 + ) IhmT, @1
dh(;:u = &2lhm — (d1 + 711 + T2) Ihmu,

% =v1IhmT — (T1 + 0)Rp,

% = Amv — €1 (B3Ihm + BalnmT + BsIhmu)Smv — (KilsiT + 1) Smy,
dizw = o1 (B3lnm + BalnmT + BsIhmu)Smv — (Vi + W) Emy,

df;[w =v1Emv — ulmy.

where S(0) = S%, Snu(0) =S? |, Shv(0) =S, Erm(0) = EY , Thim(0) = I, Tt (0) =
I%mT’ Ith(O) = I%mu/ Rn(0) = R(})l/ Smv(0) = 3(1)11\;/ Emv(0) = E?nw Iy (0) = Igm, are the
initial states of (2.1). The total human and mosquito populations are given by

Nn =St + Shu+Shv + Erm + Inm + IninT + Inmu + Ri,

and
va = va + Emv + Imv-

The solution to (2.1) exists in the region Q = Q; UQy C R x R3 described by

A
O = {(Shlshursh\uEhmz T, Tnm T, Thmw, Rn) € R 0Ny, < T1} (2.2)



EC Duru, MC Anyanwu and GCE Mbah/Math. Anal. of Malaria model with controls 86

and A
Qp = {(Smw Emv, Iimv) € ]Ri- i Ny < H} . (2.3)

2.1. Positivity of solutions and Invariant Region
Theorem 2.1. Let the initial data set for the model be

sY >0,8,>0,8%,>0,E, >01% >01 +>01 ,>0R">05%,>0E,>01%,>0

7 =mv

. Then, the solution set {Sy(t), Shu(t), Shy(t), Enm (t), Ihin (t), InmT (1), Inmu (t),
Rn(t), Smv(t), By (t), Imy (t)} of the model with the given initial data will remain positive
for all time t > 0.

Proof. It can be shown from (2.1) that

ds

TJ? > —(p1 + p2+7T1)Sh,
ds

d]:u = —(061 Bllmv +T1)Shur (24)
dlmy
—— > —ulmy.

at Hlm

By integration, the system (2.4) becomes,
S > S(})Ie*f(PlJrDerTl)dt’

Shu = Shye [(abrimtmidy 2.5)
Iy > 10 e~ 1dt,
Thus, the solution (2.5) to the model system remains positive vVt > 0. O

Theorem 2.2. The region Q is positively invariant and is an attractor of all positive solution
to the system.

Proof. The total human and mosquito populations satisfy the differential equations
dNy

m = An—TiNp —2(Ihm + Ihmt + Inmu), (2.6)
dN
d;:lv = /\mv - Iv'vav'

respectively. By integration, as t — oo the system (2.6) gives

0 < th < Th and 0 < va <
1
positive O

mv

Hence, all the solutions of the system are

The proofs of Theorems 2.1 and 2.2 show that the malaria model is well-posed epi-
demiogically and thus, can be analyzed [21, 22].
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Table 1: Description of Parameters

Parameters | Description

An Rate of recruitment of humans into Sy,

Amv Rate of recruitment of Anopheles mosquitoes into Sy,
0] Rate at which Sy, loses immunity
ool Contact rate of mosquitoes with humans
B1 Rate of transmission from I, to Sy,
[ Rate of transmission from Iy, to Sy,
B3 Rate of transmission from Iy, t0 Sy
B4 Rate of transmission from Ij, ;T t0 Sy
Bs Rate of transmission from Ij,;,y t0 Sy
5 Rate at which Ey,,,, become infectious
T Natural mortality rate of humans
Ty Disease-induced death rate
s Natural mortality rate of mosquitoes
P1 Unvaccinated proportion of the susceptible humans
P2 Vaccinated proportion of the susceptible humans
0 Rate of loss of immunity to malaria from recovered class
€1 Rate at which infectious humans accept to be treated
I Rate at which infectious humans refuse to be treated
b1 Level of movement from I,y to Emy
Y1 Rate of recovery of Iy 1
Vi Rate of development of infectiousness in mosquitoes
K1 Rate at which SIT mosquitoes reduces Sy

IsiT Population of Sterile males to control Sy

2.2. The Malaria-free Equilibrium

The malaria-free equilibrium (MFE) of the system (2.1) is the steady-state solution
where there is no malaria in the system. If we denote the MFE by E°, then we have

g0 _ < An P1 AR P2AR
p1+p2+t Tlpr+pe2+1) Tlpr+p2+1)

,0,0,0,0,0,AH“W,0,0>.

2.3. The Malaria Reproduction Number

The malaria reproduction number, R, is the average number of new cases of malaria
caused by one typical infectious individual or mosquito, in an entirely susceptible popu-
lation [21, 23]. The method for obtaining the malaria reproduction number is defined in
[24, 25, 26]. The disease class of (2.1) corresponds to the system;

dEd};m = 181 LmvShu + %120 ImvShy + G11hmu — (81 + 1) Enm

Ut 1B — (1472 41+ 2
dlzizﬂ =e1lhm — (vi+ 11 +2) It 2.7)
dlzi?u =&lhm — (d1+ 71+ 12) Ihmu

dizw = o1 (B3Inm + BalhmT + B5Ihmu)Smy — (V1 + W Emy

AL

dt = V1E1‘|‘Lv - dev



EC Duru, MC Anyanwu and GCE Mbah/Math. Anal. of Malaria model with controls 88

o1 B1lmvShu + %1820 TmyShy i (81 +7T1)Enm
0 —01Ehm + (11 + T2+ &1+ €2)Ihm
with F = 0 andv = | “Elrmt (i +T+ )t
0 —&lhm + (¢1+ 11 +12) Ihmu
o1 (B3Inm + BalnmT + BsIhmu)Smy (Vi + 1) Emy
0 —V1Emy + iy

7 is the rate of appearance of new infection in the system while V is the rate of movement
through other means [23, 27].

00 0 0 0 A B, 0 0 —db; 0 0
00 0 0 0 0 % B, 0 0 0 0
00 0 0 0 0 0 —¢ By 0 0 0
_ T _ _ v _ 1 Bs
Thus, F = 5y 00 0 o0 o o |2MV=3 0 - 0 By, 0 0
0 Ay A3 Ay 0 0 0 0 0 0 Bs 0
00 0 0 0 0 | 0 0 0 0 —vi |
A A A A
where A; = o1 An(B1p1 + Bz@Pz)IAZ _ 133 oA = 134 ™A, = x1 P35 mv g
T1(p1 + P2 +T1) v 0 H

b+t Ba=mi+2teateBi=vi+T+10,Bi=¢1+T1+12,Bs=vi+ 1.
The malaria reproduction number, R, gotten by the matrix FV~! becomes

1
R — <V151A1(A23433 + A3ze1By + AyerB3) > 2
m uB3Bs(B1B2Bs — 261 ¢1) '

3. Stability Analysis of malaria-free equilibrium

3.1. Local Stability of malaria-free equilibrium

Theorem 3.1. The MFE is locally asymptotically stable (LAS) if Ryn < 1 and unstable if
otherwise.

Proof. The Jacobian, | of the system evaluated at the MFE is given by

—a; O 0 0 0 0 0 0 0 0 0

P1 —T 0 0 0 0 0 0 0 0 —Aap

P2 0 —m 0 0 0 0 0 0 0 —a3

0 0 0 —B 0 0 $q 0 0 0 Aq
0 0 0 501 —By 0 0 0 0 0 0
JEY=f 0 0 0 0 €& —-B3 0 0 0 O 0
0 0 0 0 €7 0 —By 0 0 0 0
0 0 0 0 0 Y1 0 —Bg O 0 0
0 0 0 0 —-Ay -A3 —-Ay, 0 —p O 0
0 0 0 0 As As Ay 0 0 —-Bs O

0 0 0 0 0 0 0 0 0 2% —ul

where a1 = p1 +p2+ 11, a2 = %ﬁ;ﬁ;]), az = % and all the A{s and B;s are

as described in section 2.3.
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This Jacobian matrix J(EY) can be reduced to a submatrix by deleting the columns with
one element and their corresponding rows to get

By 0 0 ¢ 0 A
5 —B, 0 0 0 0
0 0 €1 —Bg 0 0 0
RIMT = e 0 —Bs 0 0
0 Az Ag A4 —B5 0

. 0 0 0 0 Vi —H |

The parameters (—ay, —11, —T1, —, —Bg) in the columns deleted from the Jacobian matrix
J(E?) and the eigenvalues of the Jacobian submatrix, J;(E?) are the eigenvalues of the
Jacobian of the system. Thus, we need to show that all the eigenvalues of the Jacobian
submatrix, J;(E?) will be negative for the MFE of the system to be LAS. The roots of the
characteristic polynomial

QA% + Q5A% + QuA* 4+ Q3A°% + QA% + Q1A + Qo

are the eigenvalues of the Jacobian submatrix, J; (E°) where

Qs=1,

Qs =B1+By+B3+Bs+Bs+p,

Q4 = B1(B2+ B3+ By + Bs) + Ba(B3 + By + Bs) + B3(Bs + Bs) + B4Bs

+ u(B1 + By + B3+ By + Bs),

Q3 = B1Ba[u+ B3 + Bs] + Bz[p + B4 + Bs][B1 + Byl + B4[By + By + B3] + Bs]

v101A1(A2B3By + Aze1By + AgerB3)
LLB3B5R$n !

Q2 = uB1B3[By + B4 + Bs] + uB4Bs[B1 + Bo] + B2B3Bs[p + B1] + uB2B3By

v181A1(Az€1By + AgerB3)

+ uBs[By + By + B3 + By] +

+ uB1ByBsd181€2R%, + + uB1B,Bs[1 — R2 ]

B3By
v101A1(A2B3Bs 4+ Aze1By + AyerB +Bs+B
L id 1(A2B3By 4+ Aze By i 1€2B3) [+ B3 5]+B3B4B5[u+81—|—82],
LLB3B5Rm
Q) = v101A1(A2B3Bs 4+ Aze1By + AgerB3) [ + Bs] n 1B3Bsd181€2R2,
HmBsRZ, By
51A1(Az€e1B Ase-B3)[B B
+uBgB4B5[Bl+Bz}+V1 1A1(Az€eq 4B+B 1€2B3)[B4 + B3]
3B4
v181A1(A2B3Bs + Aze1By + AgerBs)[1 — R2
L 1(A2B3Bs + Azeq 42 1€2B3)! m]+uB1BzBaB5[1—R%n],
HmB3aR%,

Qo = uB1B2B3B4Bs[1 —R2 ].

Routh-Hurwitz criterion for stability requires that all roots of the characteristic polynomial
will have negative real parts if Q¢ > 0,Q5 > 0,Q4 > 0,Q3 > 0,Q2 >0,Q1 >0,Q¢ >0
and the following are satisfied; Q5 %, % > % and % > % [28],[29]. Therefore, the
MFE of the system will be LAS if R,, < 1. The LAS of the MFE signifies that an influx of a

small number of malaria infectious humans or mosquitoes into the system will not lead to
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an outbreak if the malaria reproduction number is less than one depending on the initial

sizes of the infected population. O
3.2. Global stability of the malaria-free equilibrium
Theorem 3.2. Consider the system of differential equations
dXy
—— =F(X,0 3.1
o 1(X1,0) 3.1
dX
ditz = F2(X1, X2), F2(X4,0) =0 (3.2)

where (3.1) is the system of differential equations, satisfied by non-diseased classes such that
X1 = (Sh, Shaw, Shv, Rn, Stav) and (3.2) is the system of differential equations satisfied by
the diseased classes so that Xo = (Enm, Ihm, InmT, Inmu, Emv, Imv ). The MFE, E0 is GAS
if (3.1) is GAS, and if in (3.2), BX; — F2(X1,X2) > 0, where B is the Jacobian matrix of
F2(X1, X2), evaluated at E°.

Proof. Theorem 3.2 is adapted from Castillo-Chavez [30]. The solutions of (3.1) at the
MFE gives

0 ,—(T1+06)t
Sh = Ah eRh’e - + Clef(pl+p2+'rl)t
pi+p2+T1 (p1+p2—06)
Sy = P1AR _ p1RY e (miTOlt B picrelPrteatmit 4 epe Tt
Y m(pr 2+ T) p1+p2—6 (p1+p2)
Shy = P2/An _ sz%e_(Tl+e)t _ pacielPrrerTt +cze Mt
V(e e+ 1) p1+p2—6 (p1+p2)
Rh — R%e—(T]-O-e)t
AN AN
Sy = % + <S?m — ::") e Mt
As t — oo, irrespective of the values of the ¢'s, we will have S;, — ﬁ, Shu —

P1AR P2/An Amy : ; .
P forT )’ Shv — i) Ry, — 0 and S,y — " respectively which corre

sponds to the values of these state variables at the MFE. Thus, the malaria-free equilibrium

P1/An P2/An ),0, A;ILV) of the system X — F1(X1,0), is GAS. For

An adh
<91+Dz+’f1’ T1(p1tp2+T1)’ T1(P1+pP2+T1 > dt

the second condition, we could see that the matrix B is the same as the Jacobian submatrix
J1(E®). Therefore,

BXy —F (X1, X2) =

It is obvious to see that the condition BX; — F»(X1, X3) > 0 is guaranteed thereby satisfying
the conditions for GAS. The global asymptotical stability of the malaria-free equilibrium

o

_ Anp1 _ Anp2
o 1 <T1(P1+92+T1) Sh”) +oufr® <T1(P1+92+T1)

- Shv)

0
0
0
Afj“ - va) (B3lhm + Balnmt + BsIhmu)
0
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shows that no matter the initial sizes of the infected population, malaria will be controlled
in the system when the Ry, < 1. O

4. Malaria-Endemic Equilibrium

Malaria-endemic equilibrium points (MEEP) are steady-state solutions of the system
where malaria persists, that is, where all state variables are positive. The malaria-endemic
equilibrium points denoted in this work by E* is gotten by changing all state variables to
have the index “*’, set each equation in the model to zero and find an expression for the

state variables to get
h — > “hu -

a CooaBili, T Y el T M By °
e = %abPilny Sy HaPo@lny Sy + bilimu 8l o &2l
hm — B >“hmT — “ g, 2 hmu— g
N 1 3 4 .
R* = w S*  — Amy . m
n Bs ™ ou(Baly,, + Balfr B y) T (kalsiT ) T H
B o (Balf o + Balfy it + Bsh ) Sty
mv T BS °

The MEEP corresponds to the equation

An+0Ry —(p1+p2+11)SH, =0

p1SH, — (1Bl +T1)Shy =0

P28} — (e B2oly,, +11)SH, =0

o1 P11 Shu + @1 B29 15, Shy + d11fmu — (01 + T)ER, =0

MEim —(ti+T+e+ &), =0
elim—(vi+tt+0)n,r =0 (4.1

olhm—(P1+1+1) 5wy =0

Y1l — (T1 +0)R}, =0

Amv — o1 (Balfm + Balimt + BsIimu) Sty — (Kalsrr +1)S5,, =0

o (Balfm + Balfimt + Bslhmu)Smy — (Vi + WER, =0

V1B — mlny =0

We can rewrite all the equations in terms of I}, to get

x _ /AAnB3Bet+eiOvily,, % _ _P1(AnBsBetei0yily, JTiBsly, 4+ (kilsiT+1)B3ByBs]
h BsBea; > “hu 7 Bj3Bgailo Brhsvily, +T1[hiBsIf, 4+ (ki IsiT+1)B3ByBsll?
¥ _ P2(AnB3Bst+e10v11i, ) [hiBsIf, +(xiIsit+1)B3ByBs] I* _ el
hv — B3B6a1[oq[32®h5v11;‘1m+’r1 “’LlB5I:‘m+(K1151T+H)B3B4B5]]’ hmT — B3 )

E*  — x1dv1Byp1 (AnB3Bs+e10v11f, Jhsholf  +d1€2B1BsBearhyIf I* _ el
hm B3B(,C11[O(1[32(Dh5\/11>}:m+’(1[hlB5I;;m+(K1151T+H)B3B435H 4 hmu By

R _ viailin S* = AmyvB3By | S hAmy G
h B3Bg > “mv T hIj 4+ (kiIsit+p)BzBy? "MV T hyBsI +(kiIsit+1)B3ByBs?

| (A2B3By+Aze1Byt+AgerBs)vily
mv hBsI}, +(k1Isit+1)B3ByBs
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where

hy = &1 (B3B3Bs + Bae1Bs+ B5€2B3), ha = (B1p1+ P2p2), hz = x3PviBypy,
hy = 12D (A2B3By + Aze1By + AgerBs)vily,,, + 1l BsI, + (KiIstT + 1) B3B4Bs]
hs = ApB3By + Aze1By + AgerBs

If we set I, = 0 in the new equations, we obtain the malaria-free equilibrium in section
(2.2) which is the point where there is no malaria in the system already stable locally
and globally. When If, > 0, malaria persists in the system and the malaria-endemic
equilibrium point occurs. Thus, in the presence of malaria, the system (2.1) will have a
non-trivial equilibrium point which is the malaria endemic equilibrium point. To show the
existence of the malaria endemic equilibrium when it is difficult to find a closed form of
the endemic equilibrium state, we use the approach by [31, 32]. The procedure involves
summing the equations from all the compartments and obtain a condition to show that at
least one state variable is positive and not zero.

Summing all the equations in (4.1) will give

An+Amy — Tl(sli + STlu + S:rklv + E*hm + I;Lm + IlimT + ITmmU + R:L)

- TZ(I)Pktm + ITL?TLT + Iﬁmu) - KlIEITS*mv - "’L(Stnv + ETTLV + I:nv) =0
which can be rewritten as

An+Amyv =T (Sk + St + Sty F Erom + o + ot + omu + RE)
+ TZ(Ilim + I>kthT + I:Lmu) + KlIgITstnv + “'(Sirknv + E:nv + I*mv)

Since Ap + Amy > 0,71 > 0,7 >0, > 0and k; > 0 then,

T1(SE + St + Sty F Efom + o + Homt + Himu + R >0
T (G + Tt + Thmu) >0

H(Shv + By + 1) >0 (4.2)
KilsrrSThy >0

The second inequality in (4.2) guarantees the existence of the endemic equilibrium since
one of the infectious compartment must be greater than zero for the expression to hold.
Also, the compartments represented by Iy, and I} |, respectively, can not exist without
the presence of I}, hence I > 0. The existence of I} | also guarantees the existence of
E} . which shows that S} also exists at the malaria endemic equilibrium point. From the
last equation in (10), S},, > 0 and their interactions with I}, guarantees the presence
of the infectious class of mosquitoes, E¥ ,, and I}, respectively. Therefore, the malaria
endemic equilibrium point has been shown to exist when I, > 0.

4.1. Local Stability of Malaria-endemic Equilibrium Point

The MEEP is locally asymptotically stable if Ry, > 1 and unstable if otherwise. The
Jacobian, | of the system evaluated at the MEEP is given by
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—e; 0 0 0 0 0 0 0 0 0 0
pp —e O 0 0 0 0 0 0 0 —e3
P2 0 —es O 0 0 0 0 0 0 —es5
0 e11 epp —Bj 0 0 d1 0 0 0 e3 +es
0 0 0 & —Bxy O 0 0 0 0 0
JEY=] 0 0 0 0 & -B; 0 0 0 0 0
0 0 0 0 € 0 —Bs O 0 0 0
0 0 0 0 0 Y1 0 —Bg O 0 0
0 0 0 0 —eg —€y —e€g 0 —€9 0 0
0 0 0 0 €6 ey es 0 €10 —B5 0
i 0 0 0 0 0 0 0 0 0 V1 o

where e; = p1 +p2 + 11, €2 = (1 B11}, +T1), 63 = 1 B1St ea = (uP2l}y, +T1), €5 =
o1B29ST, 86 = X1P3SHy, €7 = X1PsSiy €8 = X1PB5Siy, €9 = (x1(B3l},, + Balfr +
Bslimu) T KilsT + 1), er0 = o (Bali + Balimt + Bslimu) €11 = xip1ly,, and e;p =
o1l

Theorem 4.1. (Gershgorin). Let D = dy; be a complex v x v matrix with eigenvalues, A. For
ier, let Ry = Z}# |d;| be the sum of the absolute values of the non-diagonal entries in the
ith row. Let C(dii, Ri) := A — dii] < Ry be a closed disc centered at di; with radius R;. Then,
the eigenvalues of D belong to the union of the discs, C(d;i, Ryi).

Theorem 4.2. The endemic equilibrium E* is LAS if the Jacobian matrix J(E*) is strictly
diagonally dominant.

Proof. Employing Gershgorin’s theorem, we will have the following;

—(e1+0)<AL<O0—¢
—(p1+exte) <KA<prtes—e
—(p2+es+tes) <A< pr+es—ey

—(es+es+ej+epp+B) <A<eztes+e+epp—Bg

—(01+B2) <A< 8 — B2

—(e1+B3) <A< e —Bs (4.3)

—(e2+By) <A< e2—By

—(v1+Be) <A< y1—Bg

—(es+e7+es+ey) <A< es+er+es—eg
—(eg+e7+eg+eip+Bs) <A< eg+ey+es+e—Bs
—(vi+p) <KALKvi—p

Each left-hand side in (4.3) is negative and each right-hand side is negative if ]J'(E;) is
strictly diagonally dominant. Therefore, Gershgorin’s theorem implies if J'(E;) strictly
diagonally dominant, then the eigenvalues of J'(E{), A € [-®1, —®5], where —®; and —®»
are the minimum and maximum of the left-hand and right-hand sides of (4.3) respectively.
Therefore, the endemic equilibrium E; is LAS if the Jacobian matrix, J'(E;) is strictly
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diagonally dominant. If the endemic equilibrium is locally asymptotically stable, it means
that the disease will always persist in the population and will not reach extinction in a
finite time. However, the eighth and last entries in the right-hand side of (4.3) suggest
that J'(E;) may not be strictly diagonally dominant. Specifically in line 11, v; which is
the rate of development of infectiousness in mosquitoes is expected to be greater than p
which is the natural mortality rate of mosquitoes. Also, from line 8, it is highly possible
for Bg < v1. Hence, the MEEP may not be locally asymptotically stable. O

4.2. Bifurcation Analysis

Theorem 4.3. (Castillo-Chavez and Song (2004) [33]).
Given a system of ordinary differential equation with a bifurcation parameter \;

’

y (t) =h(y,7), h:R" xR, h e C2(R™ x R). (4.4)

Let | = ahc‘;y] be the Jacobian matrix of h(y,\) evaluated at (0,0), where y = 0 is the

equilibrium point of the system. Assuming the following hold;

1. zero is a simple eigenvalue of the Jacobian matrix, and all other eigenvalues of | have
negative real part.

2. ] has a nonnegative right eigenvector w and a left eigenvector v corresponding to the
zero eigenvalue.

Let hy(y, 7t) denote the kth component of h(y, ) and

?hi(0,0) & 0%hu (0,0)
q—kZkawlw] 3y:0y,; , 1"—;\)1@/\)l dy.om

then

1. If ¢ > 0, v > 0, then when 7t < 0 with || < 1, y = 0 is locally asymptotically stable
and 3 a positive equilibrium, and when 0 < |r| < 1, y = 0 is unstable, and 3 a negative
locally asymptotically stable equilibrium.

2. If g < 0and r > 0, when 7 changes from negative to positive, y = 0 changes from
stable to unstable. correspondingly, a negative unstable equilibrium becomes positive
and locally asymptotically stable.

Particularly, if ¢ < 0 and r > 0, then a forward bifurcation occurs at t =0and if ¢ >0, v >
0, a backward bifurcation occurs at 7 = 0.

Proof. Let 33 be the bifurcation parameter, then Ry, = 1 implies that

n?B3Bs(B1B2Bs — €2181) — A1v181(As€1Bs + AgerBs)p

B3 = B3 = x1AmvA1v181B3By ’

Let J(E?, 5) be the Jacobian matrix of f(x, 33) at the malaria-free equilibrium E0 where B3
is now replaced with 33 which is our bifurcation parameter. The matrix J(E?, 35) possesses
one zero eigenvalue, while the remaining eigenvalues have negative real part. Therefore,
J(E%, B3) is non-hyperbolic, and we can apply the center manifold theorem to analyze the
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dynamics of the model around the bifurcation parameter value (3;.
The right eigenvector w = (wq, Wy, W3, ..., wi1) " and the left eigenvector v = (vi,v2.v3, ..., V1)
corresponding to the zero eigenvalues satisfy the systems

T

J(E, B5)w =0
and
vJ(EY, B3) =0,

respectively.
The Jacobian matrix J(E?, B5) and J(E?) are the same, only that in A,, B3 is replaced with
B3. Using the Jacobian matrix, J(E, B3),

—a; O 0 0 0 0 0 0 0 0 0
pi —11 O 0 0 0 0 0 0 0 —a
P2 0 -7 O 0 0 0 0 0 0 —a3
0 0 0 —B; 0 0 b1 0 0 0 Aq
0 0 0 51 —B 0 0 0 0 0 0
JEOB)=| 0 0 0 0 & -B; 0O 0 0 0 0
0 0 0 0 € 0 —By 0 0 0 0
0 0 0 0 0 Y1 0 —Bg O 0 0
0 0 0 0 —-A; A3 -A4, 0 —pn O 0
0 0 0 0 A Az Ay 0 0 —-Bs O
0 0 0 0 0 0 0 0 0 vy  —u
the right eigenvectors with ws = 1 > 0 are given by
Wy = Ovieiws Wy = P10v1€1uB4Bs — ajazBe v (A5B3Bs + Aze By + AgeaBsz)ws
a;B3Bg T1a11uB3B4BsBg
_ p20v1€1uB4Bs — a1a3Be v (A7 B3Bs + Aze1 By + AgerBs)ws _ Bows
w3 = ; W4 = ’
T1a1uB3B4B5Bg d1
we = €1W5/ W — €2W5’ _ Y1€1W5/ Wo = —(A3B3Bs + Aze1By +A4€233)W5/
B3 By B3Bs uB3By
(A;B3B4 + Az€1Byg + AgerB3)ws 2%l (A;B3B4 + Az€1Bys + AgerB3)ws
Wi = ;s Wi1 =
B3B4Bs 1B3B4Bs

while the left eigenvectors with vy = 1 > 0 are given by

Bivy A1V1A3Vy uBsd1 + A1viAgvy
Vi=vw=v3=vg=v=0vs=——, Vo= ————, V7=
1 uB3Bs uB4Bs
V1 A1vivy Aqvy
Vio= 5, Vi1 = ;s V11 = .
Bs uBs t
The second partial derivatives arising from (??) and corresponding to q and r are
%y _ 023 _ 2y _ 02y _
x20%x1L —204 1, X oxs —201132®@ x30x1 200 32@ XX 20131,
9%fg * 9%ty _ 9%y _ %y *
Ox50Xx9 _20C1B3’ OxgX9 —20(1[54, Ox70%x9 —20(1 65’ Ox90x5 20(1 631
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aZflo = azflo = ofy _ * 62f10 _
O0x90xs 2001 B4, Oxy70x9 20135, xs o1 B3%9, Ix50B% ®1X9,

%LX]; = x1B3%s5, %‘;g; = x1xs5. Substituting the values of the v;s,w;s and f{s intoqandr,
we have
9%£4(0,0 0%£4(0,0 9%f1(0,0 9%f1(0,0
q = 2vgwowqq 74( ) + 2vawiswyg 74( ) + 2v1gWs5Wg 710( ) + 2v1gWegWo 710( )
aXZOXH aX3aX11 ’OX56><9 6x66><9
9%f15(0,0
+ 2V10W7W9L
aX7aX9
 2x1 [B1p10y1€11uB4Bs — a1a;Behsvil + B2 @[p20y1€1uB4Bs — a1azBshsvill hsvivaws
1 a1 u2BZB3B2Bs
_ 200A1h5V1v4[B3B3Bs + Bae1By + BserBalw3
n2BZB2Bs

v (w 92f10(0,0) o 0%f1(0,0)\  A1vixgvaws o hixs
U k503 ox00B; ) uBs ® " UB3B.

The terms, p10y1€11B4Bs < ajazBgcyq and p20v1e11uB4Bs < ajasBgcy since every member
of P10v1€11B4Bs € a1ayBgey and P20v1€1uB4Bs € ajazBgcy. ThUS, q< 0. The parameter,
r>0if xg > Jg;‘gé}. Therefore, the malaria endemic equilibrium point will be LAS if r > 0
since q < 0. In this case, forward bifurcation occurs. But, if r < 0, backward bifurcation

occurs and the malaria endemic equilibrium point is not locally stable. O

4.3. Global stability of the malaria endemic equilibrium

The global stability of the malaria endemic equilibrium is ascertained by means of
Lyapunov function as demonstrated in the works of [34, 35].
Consider the Lyapunov function given by

1.
V= Ex2, (4.5)

where X = (Sh + Shu + Shv + Ehm + Ihm + IhmT + Ihmu + Rh + va + Emv + Imv)-
Then,

= XX, (4.6)

where >_< = (Sh + Shu + Shv + Ehm + 1hm + Ih111T + 1hnlu + Rh + va + Emv + Imv)
Equation (4.6) becomes

dv

dt

X(S.h + S}'LLL + S}.w + I'_:th + ihnl + ihTrLT + Ihnlu + Rh + va + Enlv + Imv)

X(An —T1(Sh 4 Shu + Shyv + Erm + Inm + InmT + Inmu + Rn)
_TZ(Ihm + Ihmt + Ihmu) +Amy — Hm(smv +Emv + Imv) - KlISITva)
= X(Ah —TiNr — T2(Inm + InmT + Ihmu) + Amv — BNmy — K1 Is11Smy)
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Clearly, 0 < Np, < /;—11 and 0 < Ny < AlTV as shown in section 4.2.3, which means that
TiNp < Ap and uN o, < Ay
Using T{Ny, = Ay, and uNp,, = Ay, then

% = — (T2(Thm + IhmT + Inmu) + €1 Is17Smy) X < 0
This shows that the malaria endemic endemic equilibrium point is GAS since ?TY < 0. The
global stability of the malaria endemic equilibrium shows that malaria will persist in the
system at a stable level and converge to the malaria endemic equilibrium point with time
irrespective of the size of the initial infected population. It also means that the number of
infected humans with malaria can never decay to zero.

5. Numerical Simulations

Numerical simulations on the malaria model is performed here using the following
initial conditions of the state variables; Sy, = 500, St,., = 320, Stv, = 90, Bty = 48, Iy =
35, IThmu = 8, Ihmt = 21, Ry, = 10,S1myv = 2000, Ey = 626,11y, = 275,117 = 300 and
the parameter values in Table 2.

Table 2: Parameters and Values

Parameters | Values Sources Parameters | Values | Sources
An 30 Assumed B> 0.12 Assumed
Ay 100 Assumed B3 0.24 [36][38]
O] 0.0125 Assumed B4 0.12 Assumed
0 0.0005275 | [36] Bs 0.24 [36][38]
P1 0.65 Assumed &1 0.0833 | [41]

P2 0.28 Assumed V1 0.1 [41]

T 0.0000432 | [1][36]1[37] | €1 0.62 Assumed
Ty 0.0003454 | [36][38] €7 0.21 Assumed
L 0.00556 [39] Y1 0.142 [37]

foe] 0.5 [38][40] b1 0.13 Assumed
B1 0.321 [36][38] K1 0.5 Assumed

5.1. Effects of treatment only

The results of the simulations here shown in Figures 2— shows the effectiveness of
treatment as a control measure. The exposed and infectious human populations with
malaria reduced significantly under treatment than when there was no treatment. Simi-
larly, the exposed and infectious mosquitoes also reduced when treatment of humans was
employed. The reduction in the mosquito population is attributed to reduced infectious
human population which can infect the mosquitoes by treatment.
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Figure 5: Exposed and Infectious mosquitoes

5.2. Effects of SIT only

The effects of SIT on the infectious classes of humans and mosquitoes are shown in
Figures 4 — 5. The exposed and infectious human populations with malaria did not reduce
significantly under use of SIT. But, the exposed and infectious mosquitoes reduced greatly
under the application of SIT. The reduction in the mosquito population is attributed to
reduced number of mosquitoes in circulation.

5.3. Effects of Vaccination only

The effects of employing only vaccination is shown in Figures 6 — 7. It is seen that
vaccination reduced the number of humans susceptible to malaria and consequently, the
exposed and infectious humans with malaria reduce too. The infectious mosquito popula-
tion also reduced slightly as the number of humans who can infect of be infected by the
mosquitoes are reduced by vaccination.
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Figure 6: Susceptible and Exposed humans
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5.4. Effects of Vaccination and treatment only

The effects of employing vaccination and treatment as control measures for malaria
are shown in Figures 8 — 9. In this simulation, it is seen that combining vaccination and
treatment reduced the infectious classes in human and mosquitoes significantly than when
vaccination or treatment is employed singly. This shows that combining both measures
produced better result than using them individually.
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5.5. Effects of Vaccination and SIT only

The effects of employing vaccination and SIT as control measures for malaria are
shown in Figures 10 — 11. It is seen that combining vaccination and SIT reduced the
infectious classes in human and mosquitoes significantly than when only vaccination or
only SIT is employed. This shows that combining both measures produced better result
than using them individually. Also, this strategy performed better in mosquito population
than in human population when compared with using vaccination and treatment. Hence,
the need to combine the three controls and harness the merits of each control.
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5.6. Effects of treatment and SIT only

The effects of employing treatment and SIT as control measures for malaria are shown
in Figures 12 — 13. The simulations showed that combining treatment and SIT reduced
the infectious classes in human and mosquitoes significantly than when only treatment or
only SIT is employed. This shows that combining both measures produced better result
than using them individually. Also, this strategy performed better in both mosquito pop-
ulation and human population when compared with using vaccination and treatment or
vaccination and SIT.

500 3000
- . -~
== =without any control e == without any control ”
450 s with treatment and SIT i with trealment and SIT | _,
2500 P

400 rd
o -
< 350 @ 2000 ”~
: g -
£ 300 2 -
2 5 1500 ”
- a ,
2 250 @
3] 2 ”
th
@ 200 W 1000 - -

500
50 0
0 10 20 30 40 50 60 70 8O 90 100 0 M 20 30 40 50 60 70 80 90 100
Time Time
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5.7. Effects of treatment, vaccination and SIT

The result of the simulation combining treatment, vaccination and SIT are shown in
Figures 14 — 16. The combination of the controls are seen to significantly reduce the
number of humans susceptible to malaria. The infectious classes in human and mosquito
population were also reduced greatly. The combination of the three controls performed
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better than in any of the previous strategies. Vaccination and treatment are controls tar-
geted directly on human population while SIT is applied to mosquitoes. It could be seen
that in using the controls individually, only those populations they are directly applied to
were significantly affected. Using the three controls simultaneously has helped to draw
from each of their respective strength, showing the need that malaria will be effecively
controlled if the intervention measures will focus on both the human and vector popula-
tion.
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6. Conclusion

In this paper, a new malaria model was presented using nonlinear ordinary differen-
tial equation. The model incorporated vaccination, treatment and use of sterile insect
technique as control measures. Stability analysis showed that the malaria-free equilib-
rium is locally and globally asymptotically stable when the malaria control number is less
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Figure 16: Susceptible and Infectious mosquitoes

than one. The existence of endemic equilibrium was shown and the conditions for lo-
cal and global stability were obtained. Numerical simulation showed that combining the

three

controls performed better than using them individually or combining any two of the

control. Hence, to effectively control diseases caused by vectors, the control measures
should be targeted on both the human and vector population as demonstrated here with
mosquitoes.
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