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Abstract

This manuscript presents the development, analysis, and application of a novel six-step block method,

derived using a linear block algorithm (LBA), for the approximate solution of fourth-order initial value prob-
lems (IVPs). The proposed method is designed to overcome the shortcomings associated with traditional
reduction methods, which involve converting the fourth-order IVP into a system of first-order ordinary differ-
ential equations (ODEs). Instead, the new method solves the problem directly, leveraging the advantages of
hybrid block methods. A comprehensive theoretical analysis of the proposed method is provided, including
proofs of its convergence and accuracy. The method’s performance is then compared to existing methods for
solving fourth-order IVPs, using numerical examples and tables to illustrate the results. The comparative anal-
ysis demonstrates the accuracy, efficiency, and reliability of the proposed method, highlighting its potential as
a viable alternative for solving fourth-order IVPs.
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1. Introduction

The numerical approximation of fourth order initial value problems (IVP) of the form

Y (W) = (wy, Y, ¥, ¥") ue la,b] (1.1)

with initial condition y (u) = kg, v’ (1) = k1,v” (u) = ko, ¥ (1) = k3 is considered in this

manuscript. The solution of models of the form Equation 1.1 are mostly solved numeri-
cally which provides an approximate solution. Moreover, these equations are classified as

higher order and a reduction approach to transform it to a system of first order IVP was
conventionally adopted in past literature. However, it has been stated that the reduction
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process is very difficult when writing computer programs and it has computational burden
which affects the accuracy of the solution while wasting human effort. Hence, the use of
direct approaches.

The predictor-corrector method is one of the direct methods. [21] proposed predictor-
corrector block method of order seven for solving third order ordinary differential equa-
tions. The method is associated with computational burden due to the evaluation of many
functions per iteration in both predictor and corrector method. [10] stated the advantage
of continuous linear multistep method over the discrete methods such that; it gives a sim-
plified form of coefficients for additional analytical work at different points that guarantee
easy approximation of solutions at all the interior points of the interval. Now, to over-
come the challenges in predictor-corrector method, block method was developed [12].
The method is capable of computing the discrete schemes at more than one point simulta-
neously. According to [18], [14] and [8], block method was firstly proposed by [17] who
advocated the use of block as a means of getting a starting value for predictor corrector
algorithm and later adopted as a full method [3].

Therefore, as suggested by [25], some researchers such as [2], [9], [6], and [1], adopt
solving Equation 1.1 directly instead of using the aforementioned conventional method.
The direct methods of [24] and [23] have also been proven to produce better and more ac-
curate numerical solutions when compared with traditional method. Recently, researchers
such as [20], [15], [4], and [9] have proposed hybrid block methods for direct solution
of Equation 1.1 in order to avoid the shortcoming in reduction method and to take the
advantages of hybrid and block methods which includes overcoming zero stability barrier
and generating numerical solutions simultaneously. Based on these shortcomings, this
article develops a new block method for the direct solution of fourth order initial value
problems with improved accuracy.

1.1. Existence and Uniqueness Theorem

The numerical solutions to higher order ordinary differential equation can be obtained
by using two approaches: (i) reduction to systems of first order ordinary differential equa-
tion, (ii) direct methods, (i.e. without reduction).

Two theorems are going to be stated. Theorem 1 discusses about the existence and unique-
ness of first order ordinary differential equations and Theorem 2 guarantees the unique-
ness of higher order ordinary differential equations.

Theorem 1.1. [13]

Let f (u,v) be a real function and continuous for all points (1, vo) in the region D defined
by u € [a,b],v € [—o0, ] containing initial values (uy,vo) where a,b are finite. Let there
exists a constant L called Lipschitz constant such that for any u € [a, b] and for any pears
Y1, Yz for which (u,y1) (u,yz) are both in D |f (w,y1) — f (W, y2)| < Llyy —yzl|- Then for any
given number u € [a, b, the first order initial value problem has a unique solution y (u).

Theorem 1.2. [26]

Let be the region D defined by the inequalities u; < u < up + a, [sj —cj‘ < bj =
0,1,d—1(a >0 <b). We assume that f (u,cg,...,cq_1) and f(u, sg,...,Sq_1) is defined in
R.
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2. Methodology

The linear block approach proposed by [25] is used to derive a 6r—step method for
solving some fourth order initial value problems.

2.1. Formulation of 6r—step method

The proposition below is considered to derive 6r-step method using the linear block
approach for solving some differential equations in the form of Equation 1.1.

Conjecture 2.1. The general linear multistep method of the form

Kk k
> ayniy =hY Bifns (2.1)
j=0 j=0
is used to derive 6r—step block method from linear block approach of the form
o (&)Y 5, v
T Tyﬁg) + 3 (mefnas), &= —1,—2r,0,3r, 41,57, 6 (2.2)
ji=0 7 j=0

and its higher derivatives is obtained from

T (&) ’
Ynie = Z i1 91(1]+t) + Z (Wejifni)
j=0 j=0

t=1(g——r —2r03r4r5r6r) t =2(g=—r—2r03r4r5r6r) t =3(e=—r—2r03r4r5r6r) (2.3)

with Mg = u-1Y and ll)]'g = uilz, where

h 4—a
1 11 1 1 1 1 (en* s
B 3, m G () e (£n)S (£h)™°
1! 1! 1! 1! 1! 1! 51 (5—a)!
(=32 (=3 5 2 (52 (32 (n? (En)° (En)*®
3 3 3 3 2! & 3 & 3 2! 6! (6—a)!
U= (—351) (—37') 0 (];')3 (g) (g) (2;1')3 Y — (E,;"L)7 7 — (E,h)7_'a
: ! : - ! - ¢ [ ! 7—a)!
CheoRy g mr (E) (B) e (e )
%5 s & s s 4 8! 8!
(=3 =3 (h° (3P () (2hp (£h)’ (Eh)*—¢
! ! 0 1 | ! | _
Che cBe w3 o n)1 O-a)
63' 63' 0 (6') %' 2' ( 6') (&h') (ah)lo—a
' ' : ' 10 (10—a)!

Equations 2.2 and 2.3 are solved to obtain the coefficients of yz = & = —r, —2r,0, 3r,4r, 51, 67.
Then substituting u = ug + th, the polynomial takes the form

Y (ug +th) = o3rYe43r + UrYsdr + X5rYe45r + XerYetor
+h* (Borfer + B_arfe_2r + Bofo + Barfetar + Barferar + Bsrfeisr + Borferer) (2.4

with
P3r =1, par =&, p5r = %52’ Per = %5’3'
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Br = ta700500 5 v E
—T 7 12700800 h5ro(h—2)

where By = 3&% 4+ 10m&* + 90 720h*r® — 324hr2&3 — 28 728h31%E + 15 120h*r4& + 1071h21283 +
4284h21382 — 6156h31382 — 90hré?,
B

_ 1 5
B2r = 120960 3 16 (h—2) (3h+2)(5h2+2) (2h+1) (3h+1)
where By = 38° + 45360h°1° + 756h*r#& + 909h2r2&3 — 4014h313E2 — 85hré?,
B
o = 108816400 5’41157%
where Bs = 380 4 107&° + 453 600h°1® — 306h12&4 + 4536h*1°& 4 45 360h5 17 &, + 909h2r2 &4 +
3636h21383 — 4014h313E3 — 18 732h314E2 + 756h*r482 — 85hréd,
1 B
P3r = Tossea0 £ h5r6(34h+2)
where By = —3&°% — 107&* + 30 240h*r° + 252hr2&3 4 3864h314¢& + 5040h*r* & — 531h2r2E3 —
2124h2r382 + 828h313¢2 4+ 70hréd,
_ 1 5 B
Par =— 1209 600 & h5r6(25h+1)
where Bs = —3&% — 10m&* + 22 680h*1° +234hr2E3 4 2268h31r4E + 3780h*r* & — 441hr2E3 —
1764h21382 + 486h31382 + 65hrés,
B _ 1 £5 Be
5T = 907200 < h5r6(5h+2)
where By = —3&% — 107&* + 18 144h*1° + 216hr2&3 4+ 1512h3r4& + 3024h*r* & — 369h2r2E3 —
1476h21382 4+ 324h3r382 + 60hréd,
Bér = meman & e
T 7620480 h576(3h+1)
where By = —3&% —101&* + 15 120h*r° + 198hr2&3 4+ 1092h314 € + 2520h4r%E — 315h2r2E3 —
1260h213¢&2 + 234h31382 4 55hrés.

The higher derivatives of (5) is given as
5 _ 1 h*E5 (A1)
=T = 1411200 v6(—a+9)!(—a+10)!(hE) (—a+5)(—a+6)!(—a+7)[(h—2)

where A = 1209600r° (—a +6)! (—a+7)! (—a+9)! (—a + 10)! + 2399 040r3£>
(—a+5)! (—a+6)! (—a+9)! (—a+10)! + 1209 600h&> (—a +5)! (—a +6)!
(—a+7)! (—a+9)! +403200r&* (—a+5)! (—a+6)! (—a+7)! (—a +10)!

— 2298240148 (—a+5)! (—a+7)! (—a+9)! (—a+10)! — 3447 360h13E2 (—a + 5)!
(—a+6)! (—a+9)! (—a+10)! —361%&3 (—a+5)! (—a+6)! (—a+7)! (—a+9)!
(—a+10)! — 3628 800hr&* (—a+5)! (—a+6)! (—a+7)! (—a +10)!

+ 1209 600hr*E (—a +5)! (—a +7)! (—a+9)! (—a + 10)!

+119hr283 (—a+5)! (—a+6)! (—a+7)! (—a+9)! (—a + 10)!

§_op = 7ot R85 (Ag)

13440 v6(—a+5)!(—a+6)!(—a+7)! (—a+9)!(—a+10)!(h&)* (h—2) (3h+2) (5h+2) (2h+1) (3h+1)
where A, = 6048001° (—a +6)! (—a+7)! (—a+9)! (—a + 10)! 4+ 1209 600&>
(—a+5)! (—a+6)! (—a+7)! (—a+9)! —2247840r3% (—a +5)! (—a +6)!
(—a+9)! (—a+10)! —34272007&* (—a+5)! (—a+6)! (—a+7)! (—a + 10)!
+604801*E (—a+5)! (—a+7)! (—a+9)! (—a + 10)!
+101r283 (—a+5)! (—a+6)! (—a+7)! (—a+9)! (—a+10)!

60 — 1 - h4£.4(A3)

1209600(h &) 16 (—a+4)! (—a+5)!(—a+6)! (—a+7)! (—a+9)!(—a+10)!
where A; = 1209 6007° (—a +5)! (—a+6)! (—a+7)! (—a+9)! (—a + 10)!
+ 1209 600h&l (—a +4)! (—a+5)! (—a+6)! (—a+7)! (—a +9)! + 403 200r&>
(—a+4)! (—a+5)! (—a+6)! (—a+7)! (—a+10)! +60480r°% (—a +4)! (—a+6)!
(—a+7)! (—a+9)! (—a+10)! +2036 160133 (—a +4)! (—a+5)! (—a + 6)!
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(—a+9)! (—a+10)! — 1498560142 (—a+4)! (—a+5)! (—a+7)! (—a +9)!
(—a+10)! — 34128 (—a+4)! (—a+5)! (—a+6)! (—a+7)! (—a+9)! (—a + 10)!
—3427200hr& (—a+4)! (—a+5)! (—a+6)! (—a+7)! (—a+ 10)! + 604 800hr’&

(—a+4)! (—a+6)! (—a+7)! (—a+9)! (—a+10)! — 2247 840hr3E3 (—a + 4)!
(—a+5)! (—a+6)! (—a+9)! (—a+10)! +60480hr*E? (—a +4)! (—a +5)!
(—a+7) (—a+9)! (—a+10)!'+101hr?&* (—a+4)! (—a+5)! (—a+6)! (—a+7)!
(—a+9)! (—a+10)!

63‘[‘ — 1 h4£5(A4)

120960 (—a+5)!(—a+6)(—a+7) (—a+9)!(—a+10)!(h&) 16 (3h+2)
where Ay = 4032001° (—a+6)! (—a+7)! (—a+9)! (—a + 10)! — 1189 440r3¢2
(—a+5)!(—a+6)! (—a+9)! (—a+10)! — 1209 600h&° (—a +5)! (—a +6)!
(—a+7)! (—a+9)! —403200r&* (—a+5)! (—a+6)! (—a+7)! (—a+10)!
+309120r*¢ (—a+5)! (—a+7)! (—a+9)! (—a + 10)! + 463 680hr3E? (—a + 5)!
(—a+6)! (—a+9)! (—a+10)!'+28r%&3 (—a+5)! (—a+6)! (—a+7)! (—a+9)!
(—a+10)! +2822400hré* (—a +5)! (—a+6)! (—a +7)! (—a +10)!
+403200ht4E (—a+5)! (—a+7)! (—a+9)! (—a+10)! —59hr2E3 (—a + 5)!
(—a+6)!(—a+7) (—a+9)! (—a+10)!
641‘ — 1 h4£5(A5) -

134400 (—a+5)!(—a+6)(—a+7) (—a+9)!(—a+10)!(hE) 16 (2h+1)
where A5 = 3024007° (—a +6)! (—a+7)! (—a +9)! (—a + 10)! — 987 840r3&?
(—a+5)!(—a+6)! (—a+9)! (—a+10)! — 1209 600h&> (—a +5)! (—a +6)!
(—a+7)! (—a+9)! —403200r&* (—a+5)! (—a+6)! (—a+7)! (—a +10)!
+ 18144018 (—a +5)! (—a+7)! (—a +9)! (—a +10)! 4272 160hr3E2 (—a + 5)!
(—a+6)! (—a+9)! (—a+10)!'+261%E3 (—a+5)! (—a+6)! (—a+7)! (—a+9)!
(—a +10)! +2620800hré* (—a +5)! (—a+6)! (—a +7)! (—a +10)!
+302400hr*E (—a+5)! (—a+7)! (—a +9)! (—a + 10)!
— 491283 (—a+5)! (—a+6)! (—a+7)! (—a+9)! (—a+10)!
651’ — 1 h4£5(A6) -

100800 (—a+5)!(—a+6)(—a+7) (—a+9)!(—a+10)!(h&)“r6 (5h+2)
where Ag = 2419207° (—a +6)! (—a+7)! (—a +9)! (—a + 10)! — 826 5601>£?
(—a+5)!(—a+6)! (—a+9)! (—a+10)! — 1209 600h&> (—a +5)! (—a +6)!
(—a+7)! (—a+9)! —403200r&* (—a+5)! (—a+6)! (—a+7)! (—a +10)!
+12096014& (—a+5)! (—a+7)! (—a+9)! (—a+10)! + 181440hr3&? (—a + 5)!
(—a+6)! (—a+9)! (—a+10)! + 241283 (—a+5)! (—a+6)! (—a+7)! (—a+9)!
(—a+10)! +2419200hr&* (—a+5)! (—a+6)! (—a+7)! (—a + 10)! + 241 920hr¢,
(—a+5)!(—a+7) (—a+9)! (—a+10)! —41hr?E3 (—a+5)! (—a+6)! (—a+7)!
(—a+9)! (—a+10)!

661’ — 1 h4£5 (A7)

846720 (—a+5)!(—a+6)(—a+7)(—a+9)(—a+10)!(hE) 6 (3h+1)
where Ay = 2016001° (—a+6)! (—a+7)! (—a +9)! (—a + 10)! — 705 600132
(—a+5)! (—a+6) (—a+9)! (—a+10)! — 1209 600h&> (—a +5)! (—a + 6)!
(—a+7)! (—a+9)! —403200ré (—a+5)! (—a+6)! (—a+7)! (—a +10)!
+873601%¢ (—a+5)! (—a+7)! (—a+9)! (—a+10)! + 131 040h13E2 (—a + 5)!
(—a+6)! (—a+9)! (—a+10)! +22r2&3 (—a+5)! (—a+6)! (—a+7)! (—a +9)!
(—a+10)! +2217600hr&* (—a+5)! (—a+6)! (—a+7)! (—a +10)!
+201 600hr*E (—a+5)! (—a+7)! (—a+9)! (—a + 10)! —35hr2&3 (—a + 5)!
(—a+6)!(—a+7)! (—a+9)! (—a+10)!
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The linear block algorithm in Equation 2.2 is expanded to yield

(=rh)® o (=Th)
T 31
+ 7103 fro 4 704 Frg3r + 705 Frigar + o6 Trpsr + 707 Trter),

(—27h)? (—2rh)?
Yn—2r = Yn — Thy, + TUN + TUW + h4(7'[01 frn—r + o2 fuor
+ 103 fr + 704 Frissr + 705 frpar + 706 Trtse + 707 frter),
(3rh)? (3rh)?
Yn+3r = Yn + 3Thy/ + 1 y// + 31 U/// + h4(7'[01 fn—r + T2 fTL—ZT‘
+ 7103 fro 4 704 Frg3r + 705 frigar + o6 frpsr + 707 Frter),
(47h)? (4rh)?
Yn+4r = Yn + 4Thy/ + 21 ) y// + 3 y/// + h4E(T[Ol fnfr + T2 fanr
+ 703 fro + 704 Ty 3r + 705 Frigar + 06 Trpsr + 707 Trier),
(5vh)? (5vh)?
Yn+5r = Yn + SThy/ + o1 y/, + 3! U/// + h4(7'[01 frn—r 4+ o2 frn_2r
+ 103 fn + 704 Froiar + 705 frpar + 706 frtse + 707 frier),
(6rh)? (6Th)?
Yn+6r = Yn + 6Thy, + 1 y// + 31 y/” + h4(7'[01 fnfr + T2 fTL—ZT
+ 103 T + 04 Frgsr + 705 frpar + 706 Trisr + 07 frger). (2.5)

y"” + (o oo + 702 fror

Yn—r =Yn —Thy'+

Equation 2.3 is expanded using the linear block approach to yield the higher deriva-
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tives as
! ! 1" (_rh)z " 3
Yn—r =Yn —Thy" + TR h (P11 fer + P12 foor + P13 fn
+ P14 Frgsr P15 fugar + W16 frgse W17 frper),
(—2rh)?
Yh oy =Yp —2rhy” + TUW + 3 (W11 Fror + W12 Fruoor + 13
+ P14 Frgsr + P15 fagar + W16 frgse + W17 frper),
(3rh)2
Yhiar =Yn +3rhy” + TU"’ + R (W11 frr + 12 fooor + W13
+ P14 Frgsr P15 frgar + W16 frgse W17 frger),
(47h)?
Ynrar = Yn +4rhy" + TU/" + R (W11 frr W12 fooor + W13
+ P14 Frgsr P15 frgar + W16 frgse W17 frper),
(Srh)2
Ynis = Yn +5rhy” + TU/" + R (W11 frr W12 fooor + W13
+ P14 Frgsr P15 frgar + W16 frgse W17 frper),
(6Th)?
Ynier =Yn +6rhy” + TU/" + R (W11 frr + W12 frooor + 13
+P1g frgar P15 frpar + W16 frgsr W17 frger). (2.6)
yr =yl —rhy” M (g fuor + 22 Froor + W23 Fr +Wog Fropar
+ P25 frpar + P26 frgse + W27 frper),
Yr o =yi —2rhy” + h2 (W1 Fror + P20 fror + W23 frn + U2y frpar
+ P25 frpar + P26 frgse + W27 frger),
Yo s = Yo 4+ 3rhy” + h2 (W1 Fror + P20 froor + o3 fro +W2g frgar
+ P25 frar + P26 frgsr + W27 frger),
Yo g = Y 4ty + M2 (o1 Frer + 22 Froor + W23 i + W24 Frisr
+ l|)25 fn+4r + 11)26 f‘n+5r + 11)27 fTL+6T)/
Yo s =ym +5rhy” + h2 (W1 fror + P20 froor + W23 frn + W24 frgar
+ 11’25 fn+4r + 11)26 fn+5r + IJr’27 fn+6r)r
Y er = Ym +6rhy” + h2 (W1 frer + P20 froor + W23 frn + W24 frgar
+ P25 frpar + P26 frgsr + P27 fuger). (2.7)
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1 1

Yn—r = Yn +h(Ws1 fnr + W32 fror + 33 fn +Pas frupsr + a5 frupar

+ 36 frisr + P37 furer),

Y or =y Fh(Ws1 fur + P32 foor + 33 fr + P34 frpse + U35 frgar
+ P36 frisr + P37 furer),

Yniar =yn +h(Ws1 fror + a2 fnor + P33 T+ Pas Frgar + P35 frpsr
+W36 frisr + W37 frter),

Yn gy =Y +h(Wa1 fnr + P32 froor + 33 T+ W3a frgsr + W35 Frar
+ 36 frisr + W37 frier),

Ynise =yn + (s fror + a2 fuoor + 33 fro +Wag Frgar + U35 frpar
+ W36 frtsr + W37 frter),

Y er =Yn +h(Wa1 far + P30 froor + P33 fro + Wss Frgar + P35 Fropar

+ W36 frise + W37 frier). (2.8)

Therefore, to obtain the unknown coefficients of 7t in Equation 2.5, mjz = u-ty is
computed, where

1037 526
701 10497600 701 164025 1023
9593
02 T 4115059200 059200 02 16074450 6074450
- 12892 - 01
03 293932 800 932 goo 03 114% 175
= 99 . — __ 878 .
Yn—r T4 - 7135468139200 sy Yn—2r 704 — 111(4)11831 75 ’
7105 293932800 705 T4 175
Ttoe ~ 257191200 7toe 803725
77 39791040 o7 153000
_ 879 41984
701 78 400 701 1148175
- {107 - 47729
02 627200 02 8037225
- 17189 . 143 744
03 4%290 03 1148175
_ 2 . _ 105472 .
Yn+3r 704 = 100 800 7 Yn+dr T4 = 1138 75 ;
7T _ 1017 T 96736
” 4500 ” B
7to6 39200 7t06 8037225
o 831 Tty e
T128 960 10935
255625 _6
701 2939 328 o1 ¥
- 2333175 - 6
02 164602 368 02 2450
- 3298375 - 39
03 11757312 03 1575
_ 7A1875 ) _ 866
Yn+5r T4 = 2939 328 ;Yn+eér T4 = 1 7??
2511875
7t05 e 05 —7
- 925 - 228
o 3 esE - ot
o7 7838208 o7 630

Similarly, to obtain the unknown coefficients of higher derivative ¥, ;¢ = U~'Z is com-
puted, where
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/
Ynt3r

/
yn+5r

"

yTL—T

"
yn+3r

"
Yntsr

P11
P12
P13
Py
P15
P16

P11
V12
V13
U1y
P15
P16

U1y
12
P13
Py
P15
P16

Py
P22
P23
Poyg
P25
P2

U2y
U2
U3
W2y
P25
Pog

P2y
U2
U3
U2y
U5
Wog

173549
14 307 200
5%
228 614,400
TI503
18988 800
29851
189883800
11483

16329600
18691

57153600
T RS3
137168 640

2017
156800
789

- 3500
22400
1369
9600

447

3200
4623

78400
607

T 62720
4542 625

45722
575388 5

T 2286144
512125

P
1952 552

32 659
1613125

2286144
;% 875
"~ 6858432
79157

25399

50803200
145487

3628 800
3557

~ 604800
24769

36%%%89
2116800
1145
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2.2. Analysis of 6r-step method
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The analysis of the method is carried out in this section.

2.2.1. Order of the Method

The linear operator {[y (u);h] is established related to the newly derived 6r-step
method in this subsection.

Proposition 2.1. The local truncation error of the 6 step derived is Co7h"y” (un) 40 (h11)

Proof:

According to [16], the linear difference operators associated with the developed method
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in Equations 2.4 to 2.7 are given by

Cly (w);hl =y (un —Th) — [ogr (Un + 37) + gy (Wn +47) + 55 (U + 57)

k
+ Kor (un +6T +h4Z TL+] (Bk ( ) T‘L+k)]lk =T, _2r1 0/ 3r/ 4T/ 5T/ 6T,
j=0

Lly (u);hl =y (un —2rh) — [a3r (Wn +37) + &g (Wn +47) + 50 (W + 57)

+ &gy (Un +61) + h* i (Bj (W) fnj) + (Br (U) fati)l, k=1,—2r,0,3r,4r,51,61;
j=0
(ly(u);hl=y (u)n +3rh) — [azr (Un +37) + oy (W +471) + a5y (U, +571)
+ &gy (U + 61) + h? i (Bj (W) fnj) + (Br (W) frix)l, k =1,—2r,0,3r, 4,51, 61;
j=0
tly(u);hl =y (u)n +4rh) — [ogr (un +37) + oy (Wn +41) + o5 (Un +57)
+ &gy (Un +61) +h* i ([Sj (u) fnﬂ-) + (Bx () i), k=71,—2r,0,3r,4r,57,67;
=0
Cly(u);hl=y (u)Tl +5rh) — [ozr (W + 37) + agr (W +47) + a5 (W + 57)
+ &gy (U + 61) + h? i (Bj (W) frj) + (Br (W) frix)l, k =1,-2r,0,3r,4r,5r,6r1;
j=0
(ly(u);hl =y (u)TL + 6rh) — [0z (U + 37) + oty (U + 47) + a5y (Wn +57)
+ oy (Un + 67) + i (Bj (W) frj) + (B (W) frak)], k=T1,—21,0,3r,4r, 51,61
j=0

(2.9)

With the aid of Taylor series, expanding Equation 2.9 in power of h and let y (u) be
sufficiently differentiable. It is important to state that the first non-gero term of each formula
in Equation 2.8 is Coyh"y" (un) +0 (h!1).

Similar procedure can be applies to the schemes in Equations 2.6 to 2.8.
Definition 2.2. [16]
A linear multistep method (Equation 2.1) for a fourth order problem (Equation 1.1)

is of order p if it satisfies the condition co = c; = ¢, =0, ,¢cp = 0,cp11 = 0,cp42 =
0,cp+3 =0,cpysa # 0 where

13
=3 (s —Bi)ens
j=0

13

L. 1 e
CPZZ[pJPOﬁ—(p_l) (GP7'B5)| p =23, p+1 (210)
j=0

I
M-
}?

The parameter c,, 4 # 0 is referred to as the error constant.
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The local truncation error of the newly derived scheme is given by

(4.9598 x 10~7) Corh"y” (xn) +0 (h'); (8.3142 x 10~®) Corh”y" (xn) +0 (h')
(1.5079 x 10~°) Corh”y” (xn) +0 (hM); (5.2634 x 107¢) Corhy" (xn) +0 (h'})

(1.3018 x 107°) Corh”y" (xn) 4+ 0 (h) ; (2.6298 x 10°) Corh"y" (xn) +0 (h'1).
(2.11)

Therefore, the newly derived scheme is of uniform order seven with error constant

given by

4.9598 x 10~
8.3142 x 1078
1.5079 x 10°
5.2634 x 10~°
1.3018 x 10>
2.6298 x 107

Co7 =

2.2.2. Consistency
Traditionally, the newly derived method is consistent if the order of the method is
greater than or equal to one.

2.2.3. Zero-stability

A method is zero-stable, h = 0 if the first characteristic polynomial with roots 7t (r) = 0
satisfies | [}_ A’R*"!] | < 1 and every root satisfying has multiplicity not more than the
order of the differential equation. The first characteristic polynomial of the new method
is given numerically as

1 00 00 07 [0 0 0 0 0 17 [r 00 0 0 —1 1
010000 0 00O0O0T1 0O0r 000 -1
n(r) = |r 001000 [O0O0O0O0CO0OT1 _ |00 r 00 -1
000100 0 00O0O0T1 000T™T O0 -1
000O0T1D0 000O0O0T1 000O0T -1
L0 0 00 0 1] L0 0 00 0 1] |0 0000 r—1 |
™ (r—1).

Then solving for r in 1° (r — 1) yields r = 0,0,0,0,0,1. Therefore, the new method is
zero stable.

2.2.4. Convergence
Theorem 2.3. [26]

Consistency and zero-stability are necessary and sufficient conditions for a linear multistep
method to be convergent.

Hence, the newly derived scheme is convergent since it is consistent and zero-stable.

2.2.5. Linear Stability
The region of absolute stability of a linear multistep method is the set of complex
values Ah for which all solutions of the test problem y’ = —Ay will remain bounded as
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n = oo. The concept of A-stability according to [23] is discussed by applying the test
equation y*) = —AMy to yield

Ym =u(z)Ym_1,z=Ah (2.12)

where p (z) is the amplification matrix of the form

-1
niz) = (cio —znt0 — zln(o)) (&1 —zn@® — zln“)) (2.13)
The matrix p (z) has eigenvalues (0,0, - - - , &x) where &y is called the stability function.

Thus, the stability function of the method is given by & = %, where &,, = 60860385 880z° +
465497 649 364z° + 157 377 412 674z* — 2048 577 128 0822> 4 33 087 839 437 143z> — 90 149

909 895 360z + 62 219 695104 000, and &4 = 6096 384 000z° + 20 118 067 200z° — 195 693 926 400z* —
115221 657 60023 + 5514 179 328 000z> — 22 221 319 680 000z + 31 109 847 552 000.

[z € (p2\ p1) N (p1\ p1),Cl, [z € p1\ (p2\ p1Up1),{0}] where p; is a root of —3645Z +
@Zz_ %23 - %24 L %25 +764+5103 and p, is a root of 321963963912 5 | 33087839437143 52 _

1004288564001 53 | 78688706357 54 , 116374412341 55 | 56 . 202213196600 s 60860 385880
30830192080 £ + 504301920104 T 15515096470 £ + L+ 37358501 - Lherefore, the devel-

oped method satisfies the condition for linear stability.

3. Numerical Simulation and Results

Some fourth order differential equations of the form of Equation 1.1 will be solved
without reduction process in order to overcome the setbacks. The results obtained from
the newly derived scheme are compared with the existing methods in literature. The
acronyms below are used in the tables.

ES: Exact Solution

CS: Computed Solution

ENM: Error in New Method

EEM[1]: Error in Existing Method [2]

EEM[2]: Error in Existing Method [5]

EEM[3]: Error in Existing Method [11]

EEM[4]: Error in Existing Method [7]

EEM[5]: Error in Existing Method [8]

EEM[6]: Error in Existing Method [22]

Problem 1:
Y (W) = —y" (1), v (10) = 0,/ (g) = oo,y (ug) =
! ! 72 — 507" 144 — 507’
YY" (up) 12 ;whose exact solution is

~ 144 — 1007
_ 1—u—cosu—1.2sinu

(W)= 144 — 1007 3.1
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Problem 2:

Y (W =—4" (w),y ) =1,v (u) =3,v" (ug) = 0,7 (u) = 16,
whose exact solutionis vy (u) =1—u+2exp(—2u) (3.2)

Problem 3:
v (u) =sinu+cosu,y (o) =7,y (ug) =0,v" (ug) = —1,v" (ug) =0,
whose exact solution isy (u) = —sinu+cosu+u>—1 (3.3)
Problem 4:
8 + 25u + 30u? + 12u3 + u?
vy (u) B Y ),v(uo) =0,7 (u) =1,7" () =0,
+u
v" (wy) = —3, whose exact solutionis 7y (u) = u(l —u?)exp (u) (3.4)
Problem 5:

v® W) =,y () =0, (wy) = 1,7 (ug) =0,v"” (ug) = 0, whose exact solution is
5
u
v (u) = 0 +u (3.5)
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4. Discussion and Conclusion

This manuscript presents a comprehensive analysis of a block method employing six
generalized grid points for the direct solution of fourth-order initial value problems (IVPs).
The block method was developed using a linear block algorithm (LBA), which ensures the
method’s consistency, convergence, and stability. A thorough analysis of the method’s
properties reveals that it satisfies the conditions for convergence and stability, thereby
guaranteeing accurate solutions. Notably, the implementation of the method was achieved
through a direct self-starting approach, eliminating the need to reduce the fourth-order
IVP into a system of first-order ordinary differential equations (ODEs). This approach max-
imizes computational efficiency, reduces computational effort, and optimizes time usage.
To demonstrate the method’s efficiency, it was applied to several fourth-order IVPs, and the
results were compared with those obtained using existing methods. The comparative anal-
ysis, presented in tables, reveals that the new method exhibits better convergence prop-
erties than the existing methods considered, thereby establishing its superiority.Overall,
this manuscript contributes to the development of efficient numerical methods for solving
fourth-order IVPs, offering a reliable and accurate alternative.
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