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Abstract

Statistical approximation of continuous functions of two variables using Bernstein-Chlodowsky polyno-
mials on a triangular domain is studied. Further, the weighted approximation of continuous functions of two
variables on a triangular domain is investigated statistically. Finally, we study the approximation results in
terms of ideal convergence.

Keywords: Bernstein-Chlodowsky polynomials, Positive linear operators, Statistical convergence, Ideal
convergence, Korovkin approximation theorem.

1. Introduction and Background

The notion of statistical convergence was introduced by Fast [6] and Schoenberg [23]
independently in the same year 1951. The idea of statistical convergence first appeared,
under the name of “almost convergence”, in the first edition of celebrated monograph by
Zygmund published in Warsaw in 1935 [25]. Over the years and under different names
statistical convergence has been discussed in the theory of Fourier analysis, Ergodic theory
and number theory. Statistical convergence has been investigated in summability theory
by Fridy [7], Sal4t [22], topological groups (Prullage [21]), topological spaces (Cakalli
and Khan [4], Di Maio and Koc¢inac [17]), locally convex spaces (by Maddox [18]), mea-
sure theory (Miller [19]), normed spaces and probabilistic normed space.
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Throughout the paper IN will denote the set of all natural numbers and R will denote
the set of real numbers. If K € IN and K;;, = {k € K : k < n} then the natural density or
asymptotic density of the subset K is defined by

5(K) = lim S4T4(Kn)

n—oo

, provided the limit exists.

The Korovkin approximation is a convergence statement which approximate a function
by a certain sequences of positive linear operators on C[a, b], the space of all real valued
continuous functions defined on [a, b] (see [1] for Korovkin types approximation). The
classical Bernstein-Chlodowsky polynomials was introduced by Chlodowsky in 1932 as a
generalization of Bernstein polynomials on unbounded set. There are some investigations
devoted to the problem of approximating continuous functions by one as well as two di-
mensional Bernstein-Chlodowsky polynomials ([9, 10, 14]). Very recently, Resat et. al.[2]
obtain some approximation results for bivariate Bernstein-Kantorovich type operators on
a triangular domain (see [3, 20, 24] for more results on approximation).

The aim of this paper, in the line of E. Ibikli [14], is to investigate some problems of ap-
proximation for continuous functions of two variables by means of Bernstein-Chlodowsky
polynomials on a triangular domain via statistical convergence. Using ideal convergence,
we address the same outcomes as earlier parts in the final portion.

2. Statistical approximation for the functions on triangular domain A,

We first recall the formal definitions of statistical convergence and statistical bounded-
ness of a sequence of real numbers.

[6] A sequence {yn}nen Of real numbers is said to be statistically convergent to L
if for arbitrary ¢ > 0 the set K(¢) = {n € N : [y, — L| > ¢} has natural density zero i.e.,
d(K(g)) = 0 for any ¢ > 0. In this case, we write st — nlgr;o Yn = L.

[8] A sequence {yn}nen Of real numbers is said to be statistically bounded if there
exists a real number B such that ({fn € IN : [yn|> B}) = 0. In fact, every statistically
convergent sequence of reals is statistically bounded. For sequences of real-valued func-
tions, Gokhan et al.[12, 13] and Duman and Orhan [5] independently defined pointwise
and uniform statistical convergence. Let for any ¢ > 0 we denote by A, the triangular
domain

ANe ={(xyy):x =20,y >0, x+y < c}

and (a, ) is the sequence of positive numbers such that the sequence (a,,) is divergent to
oo and

st— lim 2™ =o. 2.1)

n—oo M

Then A4, is the corresponding triangle with ¢ = a,,. We recall the Bernstein-Chlodowsky
polynomials (BC), (f) for a function f of two variables in following form: for (x,y) € Aq,,

n n—k k . . k—ij i
BOW(F oy =Y (2) (1—"Q+ny> S f (“;]amjlan> (‘J‘) (;‘n) J (i)ch.z)

k=0 =0
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By the properties (1), the triangular domain A, extends to the infinite quadrant x > 0,
y > 0 asn — oo and we established a theorem on the approximation of continuous
functions by polynomials (2) on an unbounded set. Let Ry*" = {(x,y) : x > 0,y > 0}. We
define B,(IR>"™") by the set of all functions defined in R, and satisfying

| f(X,y) |< pr(X,y) (23)

where p(x,y) = (1 +x?+y?) and M is a constant depending on the function f only. By
Co(R2"") we denote the space of all continuous functions belonging to B,(Ry""). If we
introduce the norm

f(x,y)l

(2.4)
x=0,y>0 p(x, y)

Ifllo=

then B,(R,™) and C,(R,"") are normed linear spaces.

sup [0, y)l
(xy)EAC P(x, )
we use ||f||,. If L be a positive linear operator then L(f) > 0 for any positive function f.
Also we denote the value of L(f) at a point (x,y) by L(f; x, y).

We prove the following Korovkin type approximation theorem for a function f €

Co(R2*") on a bounded triangular domain A.. If a sequence of positive linear oper-
ator L, : Co(R2™) — B, (Rp ™) fulfils five conditions

In particular, for (x,y) € A, we define ||f||; A .= but for time being

st— lim HLn(fk,m)—fk,me=0 (2.5)
n—00

where foo =1; f10 =& fou1 =1; f2,0 = &% fo,2 =n?, then for a fixed positive number ¢
and for any function f € C,(IRx*") we have,

st lim [[Ln(f) — fl,= 0
where the norm ||f||, is restricted on A.
Proof. For all (x,y) € Aq and f € C, we have

| 106, 9) I< [[fllp(L +%* +4?)
Hence for all (x,y) € Aq

=2|[f[[o(1+x* +y?) < f(&,m) — f(x,y) < 2||f][o(1 +x* +y?)
Further, for any € > 0 there exists o > 0 such that
—e < f(&m) —f(x,y) <e

only if (¢ — x)2+ (n— y)z < o2. Combining these two we can write,

2 2
e AT (¢ Py -y} < fEm—Txy)

o2
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2[[fllp(1+x*+y?)
+
o2

{(E—x)*+Mm—y)*.

For (x,Yy) € Aq, (1+x%+1y?) is bounded and say bounded by M. Hence, from the mono-
tonicity of positive linear operators it follows that,

Wu{(&—x)2+(n—y)2} < Laf(&mxy) — f(x, y)La (1)

Hpr

_ELn(l) -

< eln(1)+ Lo{(&—x)*+ (M —y)*h

Therefore
| La (&%, y) — fFOGYLa(Lx,y) | < e+ A [ La(Lx,y) — 1(x,y) |
+B [ Ln (&x,y) — &(x,Y) |
+C [ Ln (%, y) —m(x,y) |
+D | Ln (E5%,y) — 2, ) |
+E [ Ln (0%%,y) =12 (x,Y) |

where, A = £+M B=C= %,D =E= W.As (1 +x2 +y?) is positive for
xX,Yy) € Ag, d1V1d1n both sides by (1 + x% + y2) we get,
y g y Y g

| Lnf(x,y) — fO6, YLa (L x,y) | < € | La(1%,y) —1(x,y) |
(1+x2+y?) (1+x2+y?) (1+x2+y?)
B| L (§x,Y) — &(x,Y) |
(1+x2+y?)
+C| Lo (%, y) —(x,y) |
(1+x%+y?)
ol (E5%y) — &0 y) |
(1+x2+y?)
gl (M%xy) —m*(x,y) |
(1+x%2+y?)
1
< E( ’ZUEA (1+x2+y?)
FA sup | Ln(fo,0,%,Yy) — fo,0(%,Yy) |
(Y)EA (1+x2+y?)
4B sup | Ln (f1,00%,Y) — f1,0(,Y) |
(u)e e (1+x2+y?)
+C sup | Ln (fo,1;%,y) — fo,1(x,Y) |
(,u)EA (1+x2+y2)
4D sup | Ln (f2,0,%,Y) — f2,0(x,Y) |
(o u)E A (1+x%2+y?)
+E sup | Ln (fo.2i%,y) — foo(6,y) [

(4, Y)EA (1+x*+y?)
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Hence
[Lnf —f,y)La(D[p < e+A[Ln(1) = 1f|p+B[|Ln (&) — &[[p+C[[Ln () —7llo
+D||Ln (€2) = 2]l p+E[ILn (n*) =12l
Now
| Lnf(x,y) — (6, y) [<I Laf(x, y) — F(x, y)Ln (1%, Y) [+, y)Il Lufo,0(x,y) — fo,0(x,y) |-

Since f is continuous on A, and from (5) it follows
st— lim [[Ln(f;x,y) — flp=0.

O]

Let f be a continuous function in IR,** and satisfy the condition | f(x,y) |< M¢(1 +x> +
y?) ,where M is a constant depending on the function f only. Then for any fixed positive
number c, the relation

t— li BCO)n(f;x,y) — f(x,y) [= 0
s ngrgo(xgl)aezcu In(f;%,y) — f(x,y) |

Proof. Let fi m(u,v) = ukv™. Then by applying Bernstein-Chlodowsky polynomials (2)
for fi m we get,

(BOn(fo,0,%,y) = 1;

(BOm(f1,00%,Y) =%;

(BO)n(fo,15%,9) = y;

BO (203 y) =+ 1=,

2+ y(an—y)

(BO)n(fo2;x,y) =y o

Hence
|(BC)n(fo,0,%,y) —fo,0/ o= 0;

|(BC)n(f1,0,%,y) — f10/lp=0;
|(BC)n(fo,1;%,y) — fo,1][ o= 0;

a
[(BC)n(f2,0;%,y) — f2,0/l p= Tn,.

a
|(BC)n(fo,2;%,y) — o2 p= f

By previous theorem as f(x,y) satisfies the conditions (3) and then (1) follows that
(BC)n(f;x,y) uniformly statistical convergent to f. Now for a triangular region A, no
matter however large, for some n, /A4, will contain A.. Hence we get a solution for the
approximate problem on a closed subset A.. O

The polynomials (2) cannot approximate the infinitely differentiable function f*(x, y) =
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x? +y? on the entire triangular region A, because, according to Theorem 2,

a?

sup ‘ (BC)n(f*,‘X,y) _f*(x)y) |: %

(Y)€lan

Moreover, the right hand side will not be statistically convergent by (1) in general.
Let {a.} be a sequence of positive numbers defined as

n n=i%i1=1,2,3,...
an = 3 )
ni otherwise.

. . .a 2 o
Hence {a,,} is a divergent to oo and st — lim —~ = 0 but % does not converge statisti-
n—oo N

cally.

3. Weighted approximation for the functions on triangular domain A,

The relation

st— lim  sup | BO(fix,y) = fy) | _

0
N0 EA. (1 +x2 +y?)l+y

holds for any continuous function f satisfying (3) and for any positive y.

Proof. For a given ¢ > 0 there exists a large ¢ > 0 such that,

ﬁ<€forx+y>c

Since, by definition the sequence () is statistically convergent and hence statistically
bounded. Then there exists a C > 0 such that 5(K;) = 0 where K; = {n € N ;| <= [> C}.
Now

[ f06y) | < Me(1+x% +y?)

= BOnEX,Y) | < Me(BOn (1+x*+y?)

= (BOw(f;x,y) | < My (1 +x2+y?+ X(aT;L_ X) + y(ar;—y)>
_ 2,2 x(an —x) y(an —y)
= Me(1+x +y)<1+n(1+x2+yz)+n(l+x2+y2)
< 2.2 x(an —x)  y(an —y)
S My )<1+ nd+x?) " n(+y?)
< 2,02 (an—x)  (an—y)

M¢(1+x°+y )<1+ o + o

< 2,2 an
< Me(1+x"+y )(1+ n)
< M1 +x*+y?)(A+C)foralln € N\ K.
Hence for all x,y > 0 and for any continuous function f satisfying (3), we get,

| (BO)n(f;x,y) I<K ME(1+x%2+y?) forall n € N\ K.
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where, M = M¢(1 + C) is independent of n. Now, for any continuous function f, satisfying
(3) and any y > 0

(BOExW =) | _ | EOEx) ~ ()|
| BOn(f;x,y) — f(x,y) |
+ sup (1+X2)+ 2)1+y
(X)y)eAﬂn\AC y

< sup | (BO)n(f;x,y) — f(x,y) |
(6, YEAC

(X»U)EAan

| BO)n(f;x,y) — f(x,y) |

* Sup (1+x2 +y?)l+y

(% y)€han A

By Theorem 2
st — lim sup | (Bc)n(fz Xay) - f(X>y) |: 0

T (xy)en.
Again, for all n € N\ Ky

| BOn(f;x,y) — f(x,y) |
(1+x2+y?2)l+y

1
(1+x2+y2)Y

< (Mf+My) sup
(X,U)GAan\Ac

< (Mi+My) e,

(x,y)€Dan NA¢

Since this is true for arbitrary ¢ > 0,

| BOn(fix,y) = y) | _

(1+x2+y?)l+y 0

st— lim sup
oo (va)eAﬂn\Ac

Therefore
| BO)n(f;x,y) — f(x,y) |
(1+x2+y2)l+y

st— lim  sup =0.

noee (X»U)GAan

O]

Here we are interested to construct a sequence of positive linear operators L, : Co(R,™") —
B, (R, ") satisfying the conditions:-

st— lim HLn(fk,m)—fk,me:O (3.1)
n— o0

where fo0 = 1; f19 = & fo1 =n; f20 = &% fo2 = 1% and give a counterexample of a
function f* € C,(IRy*") such that

st —limsup||Ln(f) — f||p> 1.

n—oo

For this, consider a sequence of positive linear operators L,, : Co(R2™) — Bp(Ry™)
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defined by

6, y) + (1 +x2 +y2)[f(x + 1,y + 1) — f(x,y)] when (x,y) € A, n = k>
La(f;x,y) = { f(x,y) when (x,y) € R*™" N Ap, n= k2
f(x,y) otherwise

where k =1,2,3.... So

L (fo,0,%,y) — fo,0(x,y) = 0 for all (x,y) € R™;

n(1 +x2 +y?) when (x,y) € A, n=k?
= 0 when (x,y) € R\ Ap, n=k?
= 0 otherwise, (k=1,2,3...);

Ln(fl,O; X, y) - fl,O(X» y)

Ln(fo;%y) = fo1(x,y) = n(l+x*+y?) when (x,y) € An, n =K
= Owhen (x,y) € R™\ A, n =k
= 0 otherwise, (k=1,2,3...);

Ln(f2,0:%Y) = f2006y) = n(l+x*+y?)2x+1) when (x,y) € An, n= K
= Owhen (x,y) € R™\ A, n =k?
= 0 otherwise, (k=1,2,3...);

n(1+x2+y?)(2y +1) when (x,y) € An, n = k?
0 when (x,y) € R*™" \ An, n=k?
0 otherwise, (k=1,2,3...);

Ln(fO,Z; Xy U) — fO,Z(X) y)

Thus

st— nlglgo”]—n(fk,m) - fk,mH p= 0 for (k> m) € {(0) O)> (1) 0)) (0) 1)) (2) 0)) (0) 2)}

Consider the function f*(x,y) = (x> + y2) cos 7t(x +y). Then
Lo (f%;x,y) 506, y) + (1 + %% +y)[{(x + 1)? + (y + 1)?} cos t(x + y +2)

—(x? +y?) cos i(x +y)] when (x,y) € An, n = k>

f*(x,y), otherwise

ie.,

Ln(f*; Xy y) B f*(X, y)

T+x2+y2 = n[{(x+1)*+ @y +1)*}cosm(x +y +2)

—(x% +y?) cos 7t(x +y)] when (x,y) € Ap, n = k2

= 0, otherwise
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which implies

I—n(f*; Xy y) _ f*(X) y) ‘

= njcosm(x +Y)|[{(x + 1)* + (y + 1)?}

1+x2+y?
—(¢ +yP)] when (x,y) € An, n =K
= 0, otherwise.
Hence
n 2 n 2
|ILn(F*) —f*|| > nlcosrml[{ (E + 1) + (E + 1) }

{(G) () froven oy <o e

0, otherwise

which implies

Lo (F)—f*|| > n@n+2)when (x,y) € Ap, n=k>
= 0, otherwise.

Hence

—+

st —limsup||Ln(f) — f||p> 1.

n—oo

4. Ideal approximation

Kostyrko et al. [15] (2001) extended the concept of statistical convergence to the
concept of ideal convergence in terms of a class of subsets of P(IN), namely ideal. If
(i) A,B € Jimplies AUB € J and (ii) A € J,B C A implies B € J, then a family J C P(IN)
is considered an ideal in IN. If {x} € J for each x € IN, then an ideal J of IN is considered
admissible. If N ¢ J,J # {0}, then J is recognized as a non-trivial proper ideal in IN.

Here, we revisit the familiar concepts of J-boundedness and J-convergence.

[16] A real numbers sequence {yy}y oy is said to be J-bounded if there is a number
K > 0 such that {k € N : |yy[> K} € J. [15] The real numbers sequence {yy}, oy is said
to be J-convergent to L provided that for every ¢ > 0, theset{k e N : [yx —L|> e} € J. In

this case, we write J — klim yx = L. It’s interesting to note that any real number sequences
— 00

that are J-convergent are J-bounded. In [11], Gezer et. al. introduced the notion of J-
uniform convergence. In this section, we try to investigate the results of previous sections
in terms of ideal convergence. Let for any a > 0 we denote by A4, the triangular domain

Aa ={(X»U)3X> O»U >O)X+y < (l}

and (b,,) is the sequence of positive numbers such that the sequence (b,,) is divergent to
oo and
bn
J— lim — =0. (4.1)

n—oo N
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Throughout the section J will denote the non-trivial admissible ideal on IN. The following
Korovkin type approximation theorem is the ideal version of the Theorem 2. The proof of
this theorem is obvious from the proof of the Theorem 2. If a sequence of positive linear
operator L, : Co(Ry™") — B, (Ry™™) fulfils five conditions

J— lim |[|[Ln(fi,m) — fi,mllp=0 (4.2)
n—oo

where foo =1; fi0 =& fo1 =1; fa,0 = &% fo2 = n?, then for a fixed positive number a
and for any function f € C,(IR2*") we have,

J— lim [[La(f)—]p=0
n—oo

where the norm ||f||,, is restricted on Ag.
For any fixed positive number a, the relation

J— 1 BC f; ) —f =0
ngr;o(wm)e&ul( In(f;x,y) — f(x,y) |

holds for all functions f which are continuous in x > 0,y > 0 and satisfy the condition
| £(x,Y) 1< Me(1+%* +4%)
where My is a constant depending on the function f only.

Proof. The proof of this theorem readily follows from the Theorem 4. As f(x, y) satisfies the
conditions (3) and then (7) follows that (BC),, (f; x, y) J-uniformly convergent to f(x,y). [

The polynomials (2) are not able to approximate the infinitely differentiable function
f*(x,y) = x> +y? on the entire triangular region Ay since,

sup [ (BOn(f';x,y) = (x,y) I= 2—“
(6 Y)EL by, n

and the right hand side, in general, will not be J-convergent by (1).
Let J be a non-trivial admissible ideal and A € J. Let (by,) be a sequence of positive
real numbers defined as
{n neA
bn =

ni ne¢aA.

bn
Hence (by) is a divergent to oo and J — lim — =0 but is not J-convergent. Next,
n—oo M

we prove the ideal version of the Theorem 3. The relatlon

| BO)n(f;x,y) — f(x,y) |
(1 +x2 +y2)l+y B

J— lim  sup
T y)Es,

holds for any continuous function f satisfying (3) and for any positive y.

Proof. For a given ¢ > 0 there exists a large a > 0 such that > < eforx+y > a.

T+x 2+
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Since, by definition the sequence (%) is J-convergent and hence J-bounded. Then there
exists a C > 0 such that {n € IN ;| an |> C} € J. Now
| f6y) | < Me(l+x2 +y?)
= (BOWEXY) | < Mi(BO (1+X7 +?)
x(bn —x) + y(bn _U)>

n n
x(bn —x) + U(bn _U)
nl1+x2+y?) nl+x%+y?)

x(bn —x) + y(bn _U)>
n(1+x%) nl+y?)

L BO(Exy) | < My (1 X2yl

Me(1 +x% +y?) <1 +

N

M¢(1+ % +y?) <1 +

< Me(1+x%+y?) <1 + (bnzn X) + (bnzny)>

b
< M1 +x%+y?) <1 + T:)

Hence {n € N ;| BO)n(f;x,y) [> M1 +x*+y?)(1+C)}CmeN:1+ b—T{‘ >1+C)}el.
Hence for all x,y > 0 and for any continuous function f satisfying (3), we get,

n e N (BCO)n(f;x,y) |> M1 +x* +y?)} = K(say) € I

where, M} = M¢(1 + C) is independent of n. Now, for any continuous function f, satisfying
(3) and any y > 0

| BO(fix,y) — f(x,y) | | BO(fix,y) — f(x,y) |

su <
(x,y)epAbn (1 +x2 +y2)l+y e (1+x2+y2)l+y

N sup | (BOn(f;x,y) — f(x,y) |

oy)ehp, e (LHxZ+y2)Hy
< Sup | (BC)n(f; X, y) - f(X, U) |

(xY)EAq

N sup | (BOn(f;x,y) — f(x,y) |
)€ ~be  (LHXEFYR)Y

Hence by Theorem 4

J— lim sup [(BCO)n(f;x,y)—f(x,y)|=0
T (x,y)ELa
Again
-
(1+x2+y?2)y

sup | BO)n(f;x,y) — f(x,y) | < (M; + Mf) sup

(ny)eAbn\Aa (1 + X2 + y2)1+’y (X,y)eAbn\Aa
< (Mf+My)eY foralln e N\K € J.
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Since this is true for arbitrary ¢ > 0,

| (BO)n(f;x,y) — f(x,y) | _
(1 +x2 +y?)l+y a

J— lim sup 0.

N7 (x,y)€Lpy N La

Therefore
| (BOw(F%y) — o y) | _

(1 +x2 +y?)l+y 0-

J— lim  sup
T (x,y)E DD,

O]

Open Problem: We leave an open problem whether there exists a function f* in
Co(R2*") such that
J—limsup||Ln(f) —f|lp> 1
n—oo
for any sequence of positive linear operators L,, : Co(Ry™) — B,(Ry™™) satisfying the
conditions:-

J— 1im |[Ln(fic,m) — frmllp= 0 (4.3)
n—oo

where fy m = ukv™.

5. Conclusion

This paper contributes on statistical approximation for continuous functions, satisfy-
ing (3), of two variables by means of Bernstein-Chlodowsky polynomials on a triangular
domain. Additionally, in section 3, the weighted approximation theorem for continuous
functions of two variables, satisfying (3), on a triangular domain (Theorem 3) is investi-
gated in the sense of statistical convergence. The Remark 3 witnesses the existence of a
positive linear operator, which justify that Theorem 3 does not hold in general. The ideal
analogous results of sections 2 and 3 are witnessed in section 4. Remarkably, these out-
comes extend the conclusions of Ibikli’s study [14] in both statistical and ideal contexts.
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