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Abstract

The research aims to construct a mathematical model for COVID-19 that includes features six compart-
ments to evaluate the positive effects of quarantine measures. The model categorizes individuals into the
following classes: susceptible, exposed, quarantined, asymptomatic cases, symptomatic cases, and recovered
(SEQI1I2R). Several assumptions regarding positivity and boundness are identified to ensure that the solution
originated within a certain class and that the basic reproduction number is analyzed. Of course, the existence
of an endemic equilibrium is argued, which provides an understanding of the long-term persistence of the
disease. More precisely, to enhance our understanding of the model’s dynamics, we have analyzed both the
local and global asymptotic stability of the disease-free equilibrium. Moreover, to assess the global stability
of the system, we employ a Lyapunov function which provides a comprehensive mathematical evaluation. At
the same time, our findings show evidence of a backward bifurcation which is recognized as a possible result
of the clinical transition from an asymptomatic state to symptom one.

Keywords: Quarantine, Basic reproduction number, Stability, Backward bifurcation, Covid-19 model.
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1. Introduction

Covid-19 is an infectious disease caused by the SARS-CoV-2 virus. To effectively prevent
infection and limit transmission, it is essential to understand the virus and its modes of
spread from WHO [24]. Researchers have developed various models to study the dynamics
of the Covid-19 epidemic, which emerged in 2019 [1, 6, 9, 15].

The initial models in mathematical epidemiology, such as the Susceptible-Exposed-
Infectious-Recovered (SEIR) and Susceptible-Infectious-Recovered (SIR) models, were estab-
lished on 1920s. These ordinary differential equation models have proven to be valuable
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tools for analyzing the dynamics of various real-world phenomena [2, 11, 16, 17]. How-
ever, there is a growing trend towards the utilization of fractional calculus models in
exhibiting the mathematics of several factors including the transmission index of Covid-19
[4, 8, 12, 20].

An additional examination of parameters was conducted through bifurcation analysis,
which offers insights into the structural characteristics of a system as parameters change.
This approach proved to be particularly beneficial in the investigation of virus transmis-
sion. The clinical progression from asymptomatic to mild and severe stages has been
associated with backward bifurcation. Furthermore, the dynamics of the two equilibria en-
demic and disease-free were also taken into account, along with the concept of backward
bifurcation [25]. The examination of bifurcation and the modeling of Covid-19 transmis-
sion dynamics have revealed that backward bifurcation often takes place. This occurrence
complicates disease control efforts, as a stable disease-free equilibrium can coexist with
a stable endemic equilibrium, even when the basic reproduction number (Ro) is less than
one. It is well-known that such number is one of the most fundamental metrics employed
in assessing transmissibility within the field of epidemiology [23]. If Ro exceeds one, each
infection has the potential to propagate within the population density; conversely, if Ro is
below one, the incidence of the disease diminishes [21]. Therefore, while it is crucial to
reduce Ro to below one, this measure alone is insufficient for the total elimination of the
disease [7, 13, 14, 17, 22].

Given the widespread nature of transmission, it is crucial to implement a variety of
interventions, including vaccines, quarantine protocols, and protective measures. The
models indicate that employing all these strategies simultaneously is the most effective
approach to mitigate the further progression of Covid-19 [13, 14, 22]. The addition of
comorbidity into these models demonstrates a significant boost in risk which supports the
significance of well-rounded treatment strategies [7]. The pandemic has shown that it is
crucial to understand how the diseases spread and how to protect from them, and that the
tools of managing exist and need to be followed [19].

One major problem in fighting Covid-19 is the fact that there are infected individuals
who do not show symptoms of the virus; these often go in quarantined. To evaluate the
effects of quarantine on the behavior of the SEIR model, we have expanded the model
by the addition of a quarantine compartment (Q) for non-infected but exposed persons.
Some of the researchers have use quarantine factor within epidemic models, see [3, 10,
25]. The SEQIR model in [18] categorizes the infected individuals into distinct classes
based on their symptoms, specifically those who have no exhibiting or mild symptoms and
those who experiencing severe symptoms.

In this study, our endeavor is to develope an epidemic model referred to as SEQI1I2R.
This model addresses various elements, including the positivity and boundedness of the
system, the identification of equilibrium points, and the calculation and estimation of the
basic reproduction number. Additionally, our main contribution is to demonstrate the
presence of backward bifurcation and establishing the global stability of the system. The
paper is organized as follows: Section 2 begins by formulation of essential constructions
to our model. Section 3 presentes brief recalling of some basic properties to the model.
Section 4 focuse on precisely quantified the basic reproduction number, whereas Section
5 is adebted to analyzes the cases where the steady states enjoy the basic reproduction
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number. We conclude with Section 6, where we discussed backward bifurcation and it is
possible occourance.

2. Methodology

2.1. Model Formulation
Our model is based on the SEIR model transmission, we will investigate the effects

of quarantine. The model formulation SEQI1I2R used in this study focuses on human-
to-human transmission of the Covid-19 within a closed population. The total population
size at time t is denoted by N(t), which subdivided into six different classes, namely, the
susceptible individuals S(t), the exposed individuals E(t), the infected class can be sub-
divided into two cases, the asymptomatic infections I1(t), symptomatic infections I2(t),
the quarantined individuals Q(t), and the recovered individuals R(t). In this paper, we
assume that some exposed persons may not be quarantined, and thus move directly into
the infected compartment at the rate σj E (j = 1, 2) where σ1 + σ2 = σ, and those quaran-
tined, tested and found negative move back into the susceptible population at the rate ρQ.
Similarly, recovered persons who eventually loose immunity become susceptible again at
the rate τR.

Figure 1: A schematic diagram illustrating the transmission dynamics of Covid-19.
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Table 1: Description of the variables and the parameters for the model

Variables for the model Parameters for the model
Variable Description Parameter Description

S(t) Susceptible people δ1 Death rate by disease from asymptomatic people

E(t) Exposed people δ2 Death rate by disease from symptomatic people

Q(t) Quarantined people α Progression rate from Q to either I1 or I2

I1(t) Asymptomatic infections σj The rate of propagation from the exposed class
directly into the infected classes Ij, j = 1, 2.
σ = σ1 + σ2

I2(t) Symptomatic infections ψ The rate of propagation from the asymptomatic to
symptomatic

I(t) = I1(t) + I2(t) ν The recruitment rate of susceptible individuals

R(t) Recovered people ρ The rate of those quarantined tested and found
negative move back into the susceptible population

τ The rate of recovered person who lose immunity
become susceptible again

β1 Rate of transmission from S to E due to contract
with I1

β2 Rate of transmission from S to E due to contract
with I2
βS = β1 +β2

θ The rate of propagation from the exposed class
directly into the quarantined class

γ1 Rate of recovery of people from I1

γ2 Rate of recovery of people from I2

µ Natural death rate

This study investigates a homogeneous distribution of individuals, facilitating the cre-
ation of a mathematical model to depict the spread of Covid-19 among a population. An
outline of the parameters employed in the construction of the model is provided in Table
1. These parameters are essential for characterizing the system’s dynamics and are crucial
for understanding the disease’s behavior. Based on Figure 1, we establish the following
model:

2.2. Model Constructs
The governing equations for the model are subsequently expressed as nonlinear ODE’s:

Ṡ(t) = ν− (µ+βS)S+ ρQ+ τR

Ė(t) = βS S− (µ+ σ+ θ)E

Q̇(t) = θE− (µ+ ρ+α)Q

İ1(t) = καQ+ σ1E− (µ+ γ1 +ψ+ δ1) I1

İ2(t) = (1 − κ)αQ+ψI1 + σ2 E− (µ+ γ2 +ψ+ δ2) I2

Ṙ(t) = γ1 I1 + γ2 I2 − (µ+ τ)R

(2.1)
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with the initial conditions

S(0) ⩾ 0, E(0) ⩾ 0, Q(0) ⩾ 0, I1(0) ⩾ 0, I2(0) ⩾ 0, R(0) ⩾ 0. (2.2)

3. Model analysis

In this section, a detailed and rigorous analysis of the model is presented to gain insight
into the dynamical features of the model.

3.1. Basic properties of the model
In this subsection, we will discuss some fundamental properties of the proposed model.

First, we establish the existence and boundedness of solutions to demonstrate that the
system (2.1) has well-defined solutions. Furthermore, these solutions are unique and
confined within a positive invariant region. These properties ensure the well-posedness
and epidemiological significance of the developed model.

3.1.1. Positively-invariant
Let Λ be the region of the model defined by

Λ = {(S,E,Q, I1, I2,R) ∈ R6
+ : S+ E+Q+ I1 + I2 + R ⩽ ν/µ}

which is positively-invariant according to the following statement.

Lemma 3.1. The region Λ is positively-invariant which indicates that all solutions of the
system (2.1) with the intial conditions (2.2) in Λ remain in Λ for all positive times.

Proof. We begin by adding the both sides of the system (2.1) to get

Ṅ(t) = ν− µN(t) − δ1 I1(t) − δ2 I2(t)

and it follows that
Ṅ(t) ⩽ ν− µN(t).

Multiplying the last inequality by the integrating factor exp(µ t) and integrate the both
sides from 0 to t to obtain

N(t) ⩽ N(0) exp(−µ t) + (ν/µ)(1 − exp(−µ t)).

Passing to the limit as t goes to ∞ yields exp(−µ t) tends to zero and hence 0 ⩽ N(t) ⩽
ν/µ. Observe that whenever N(t) > ν/µ, then Ṅ < 0 which means that the population
size N(t) approaches ν/µ. On the other hand, whenever N(t) ⩽ ν/µ every solution of the
system (2.1) with the intial conditions (2.2) in R6

+ will stay in the region Λ for all t > 0.
Thus, the region Λ is positively-invariant. 2
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3.1.2. Positivity and boundedness
For the system (2.1) to be epidemiologically meaningful, it pertinent to show that all

its state variables are non-negative for all times.

Lemma 3.2. For all t > 0, the solution (S(t),E(t),Q(t), I1(t), I2(t),R(t)) of the system (2.1)
with the initial conditions (2.2) are positive.

Proof. Set t∗ = sup{t > 0 : S(0) ⩾ 0,E(0) ⩾ 0,Q(0) ⩾ 0, I1(0) ⩾ 0, I2(0) ⩾ 0,R(0) ⩾ 0}.
From the first equation of the system (2.1) we have

Ṡ(t) = ν− (µ+βS)S(t) + ρQ(t) + τR(t)

which implies
Ṡ(t) ⩾ ν− (µ+βS)S(t).

Then, multiplying the last inequality by the integrating factor exp
(
µ t+

∫t
0 βS(z)dz

)
and

integrate the both sides from 0 to t∗ to obtain

S(t∗) ⩾ S(0) exp

(
−µ t∗ −

∫t∗
0
βS(z)dz

)
+ν exp

(
−

∫t∗
0
βS(z)dz

) ∫t∗
0

exp
(∫t

0
βS(z)dz

)
dt

which indicates that S(t∗) ⩾ 0 when S(0) ⩾ 0. Similarly, we can obtain E(t) ⩾ 0,Q(t) ⩾
0, I1(t) ⩾ 0, I2(t) ⩾ 0,R(t) ⩾ 0 for all times t > 0. Therefore, the solution of the system
(2.1) with the initial conditions (2.2) are positive. 2

Remark 3.3. Boundedness of the solution holds as a conclusion of Lemmas 3.1, 3.2 above.

3.2. Equilibria
This subsection focuses on existence of equilibria of the system (2.1).

3.2.1. Disease-Free Equilibrium
The system (2.1) has a unique disease-free equilibrium (DFE), represented as

χo(S,E,Q, I1, I2,R) = (ν/µ, 0, 0, 0, 0, 0) (3.1)

which can be easily achieves by setting the left-hand side of the system (2.1) to zero
and solving the resulting equations simultaneously. Epidemiologically, it means that the
disease infection can not be transmission, or equivalently the avrage of spread infection
equals to zero.

3.2.2. Disease-Endemic Equilibrium
The disease-endemic equilibrium (DEE) of the system (2.1) can be expressed as

S∗ =
ν

µ+H4
∑2

i=1 βiI
∗
i

E∗ =
ν
∑2

i=1 βiI
∗
i

A
(
µ+H4

∑2
i=1 βiI

∗
i

)
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Q∗ =
θν

∑2
i=1 βiI

∗
i

AB
(
µ+H4

∑2
i=1 βiI

∗
i

)
I∗1 =

νH1
∑2

i=1 βiI
∗
i

µ+H4
∑2

i=1 βiI
∗
i

(3.2)

I∗2 =
νH2

∑2
i=1 βiI

∗
i

µ+H4
∑2

i=1 βiI
∗
i

(3.3)

R∗ =
νH3

∑2
i=1 βiI

∗
i

µ+H4
∑2

i=1 βiI
∗
i

where

H1 =
καθ+ σ1A

ABC
> 0,

H2 =
(1 − κ)αθC+ σ2 BC+ψκαθ+ψσ1 B

ABCD
> 0,

H3 =
1

µ+ τ
[γ1H1 + γ2H2] > 0,

H4 = 1 −
ρ θ

AB
− τH3 > 0 if 1 − (ρ θ/AB) > τH3.

From (3.2) and (3.3) we get

β1H4 (I
∗
1)

2 +β2H4 I
∗
1 I

∗
2 + (µ− νβ1H1) I

∗
1 − νβ2H1I

∗
2 = 0 (3.4)

and
β2H4 (I

∗
2)

2 +β1H4 I
∗
1 I

∗
2 + (µ− νβ2H2) I

∗
2 − νβ1H2I

∗
1 = 0. (3.5)

By taking equation (3.4) and multiplying it by β1H4, and then multiplying equation (3.5)
by β2H4, we can subtract the two resulting expressions to derive a quadratic equation
involving the two variables, I∗1 and I∗2 , as demonstrated below

β2
1H4(I

∗
1)

2 −β2
2H4(I

∗
2)

2 +
[
β1µ− νβ

2
1H1 + νH2β1β2

]
I∗1 −

[
νβ1β2H1 +β2µ− νβ

2
2H2

]
I∗2 = 0.

Consequently, since the discriminant is expressed as ∆ = −4[β2
1H4][−β

2
2H4] greater than

zero, the system defined by equations (2.1) has two unequal endemic equilibria, which
can be denoted by χ∗ = (S∗,E∗,Q∗, I∗1 , I∗2 ,R∗) and χ∗∗ = (S∗∗,E∗∗,Q∗∗, I∗∗1 , I∗∗2 ,R∗∗).

Remark 3.4. The system (2.1) has two differnt disease-endemic equilibria.

4. Basic Reproduction Number

We utilize the next generation matrix method to calculate the basic reproduction num-
ber for the Covid-19 infection [23]. Our main focus is on the infected subsystem of the
system (2.1), which can be represented as follows:

dχi
dt

= Fi(χ) −Vi(χ) (i = 1, · · · , 4),
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where χ = (E,Q, I1, I2)t, Fi denotes the rate of new infections occurring in compartment i,
while Vi signifies the rates at which infections are transferred into and out of compartment
i, we obtain

F1 = βS S , F2 = F3 = F4 = 0,
V1 = (µ+ σ+ θ)E,
V2 = (µ+ ρ+α)Q− θE,
V3 = (µ+ γ1 +ψ+ δ1) I1 − καQ− σ1 E,
V4 = (µ+ γ2 +ψ+ δ2) I2 −ψI1 − σ2 E− (1 − κ)αQ.

Hence, the Jacobian matrices for F and V evaluated at DFE; χo, are

J[F](χo) =


0 0 β1ν/µ β2ν/µ

0 0 0 0
0 0 0 0
0 0 0 0


and

J[V](χo) =


µ+ σ+ θ 0 0 0

0 µ+ ρ+α 0 0
−σ1 −κα µ+ γ1 +ψ+ δ1 0
−σ2 −(1 − κ)α −ψ µ+ γ2 +ψ+ δ2


The inverse of the matrix V is obtained as

V−1=


1/A 0 0 0
θ/AB 1/B 0 0

[καθ+σ1B]/ABC κα/BC 1/C 0
([κψ+(1−κ)C]αθ+[σ1ψ+σ2C]B)/ABCD [κψ+(1−κ)C]α/BCD ψ/CD 1/D


where |V| = ABCD and A = µ + σ + θ, B = µ + ρ + α, C = µ + γ1 + ψ + δ1, D =
µ+ γ2 +ψ+ δ2. Therefore, the basic reproduction number, denoted by R0, is given by the
spectral radius of the next generation matrix FV−1 for system (2.1), i.e,

Ro =

(
ν

µ

)[
β1(καθ+ σ1B)D+β2 ([κψ+ (1 − κ)C]αθ+ [σ1ψ+ σ2C]B)

ABCD

]
. (4.1)

5. Steady State Analysis

This section addresses the concepts pertinent to stability. We will investigate that in
the case E = Q = I1 = I2 = R = 0, i.e when there is no infection, the model will have
a steady state at the DFE, χo. It is essential to employ the direct method of Lyapunov
alongside the Routh-Hurwitz criteria to formulate sufficient conditions for both global sta-
bility and asymptotic stability concerning χo. The Routh-Hurwitz criteria serve as a crucial
instrument for determining sufficient conditions regarding the roots of the characteristic
polynomial. This criteria will be utilized to ascertain the local stability of χo.
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5.1. Local stability of the DFE
The following theorem lies at the core of our approach which demonstrates that a

limited size of infected pepole will not result in widespread outbreaks, and the disease
will eventually disappear over time.

Theorem 5.1. The disease-free equilibrium χo of (2.1) is locally-asymptotically stable if
R0 < 1, and unstable otherwise.

Proof. In order to assess the local stability of the DFE, we analyze the Jacobian matrix
of the system (2.1) at the DFE point, χo. Therefore,

J6(χo) =



−µ 0 ρ −β1ν/µ −β2ν/µ τ

0 −A 0 β1ν/µ β2ν/µ 0
0 θ −B 0 0 0
0 σ1 κα −C 0 0
0 σ2 (1 − κ)α ψ −D 0
0 0 0 γ1 γ2 −(µ+ τ)

 .

Consequently, the local stability of χo is ascertained by the eigenvalues derived from the
equations for E,Q, I1, and I2, which are represented by the Jacobian matrix

J4(χo) =


−A 0 −β1ν/µ −β2ν/µ

θ −B 0 0
σ1 κα −C 0
σ2 (1 − κ)α ψ −D

 .

The characteristic polynomial of the matrix is then defined by

λ4 + a1λ
3 + a2λ

2 + a3λ+ABCD(1 −R0) = 0

where a1 = A+B+C+D, a2 = AB+(A+B)C+(A+B+C)D−(β1σ1 +β2σ2)ν/µ, and

a3=AD(B+C) +BC(A+D)−(ν/µ)(β1[σ1(D+B)−θκα]−β2[αθ(1−κ)−σ1ψ−σ2(B+C)]).

According to the Routh-Hurwitz criterion, the roots of the characteristic polynomial pos-
sess negative real parts, thereby indicating the stability of χo, provided that the following
hypotheses are satisfied:

a1 > 0, a2 > 0, a1a2 > a3,

a4 > 0 if and only if ABCD(1 −R0) > 0 if R0 < 1,

a1a2a3 > 0, and

a1a2a3 − a
2
3 > a1ABCD(1 −R0), where A > 0,B > 0,C > 0,D > 0. 2
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5.2. Global stability of the DFE
Now, we show that the system (2.1) has a globally asymptotic stability at χo to en-

sure that the diseases extinction is not influenced by the restricted size of the infected
population.

Theorem 5.2. The disease-free equilibrium χo of (2.1) is globally asymptotically stable if
Ro < 1.

Proof. First, we consider a Lyapunov function V(t) = c1 E(t) + c2Q(t) + c3 I1(t) +
c4 I2(t) for any nonnegative real numbers ci (i = 1, 2, 3, 4). Consequently, we have its
time-derivative

V̇(t) = c1 Ė(t) + c2 Q̇(t) + c3 İ1(t) + c4 İ2(t)

= c1[βSS−AE] + c2[θE−BQ] + c3[καQ+ σ1E−CI1] + c4[(1−κ)αQ+ σ2E+ψI1−DI2]

⩽ c1[(ν/µ)(β1I1+β2I2)−AE] + c2[θE−BQ] + c3[καQ+σ1E−CI1] + c4[(1−κ)αQ+σ2E

+ψI1 −DI2].

We will now choose the coefficients c1, c2, c3 and c4, setting the coefficients of E, I1 and I2
to zero. Then, we conclude the following

c1 = ν/µ, c2 = (ν/µθ) [A− (σ1ν/µC) [β1 +β2(ψ/D)] − (σ2νβ2/µD)] ,

c3 = (1/C) [β1 +β2(ψ/D)] (ν/µ)2 , c4 = (β2/D) (ν/µ)2 .

By substituting the values of c1, c2, c3 and c4 into V(t), the derivative of V(t) can be
represented as follows

V̇(t) ⩽ (ν/µ)(AB/θ) [Ro − 1]Q.

Clearly, V̇(t) ⩽ 0 when Ro < 1. Furthermore

V̇(t) = 0 if and only if E = Q = I1 = I2 = 0

which complets the proof. 2

In the stability analysis of the DFE, we will illustrate the occurrence of backward bifur-
cation in the next section.

6. Bifurcation Analysis

This section analyzes the properties of the equilibrium solutions of the disease trans-
mission model near the bifurcation point χ, particularly when Ro is equal to 1 in a neigh-
borhood of the disease-free equilibrium (DFE), χo. To enhance clarity in our notation, we
define a parameter β as Ro − 1 and reformulate the system (2.1) for all β as a general
form of ODE’s in R6 ×R:

χ̇(t) = f(β,χ(t)) under prescribed χ(0) = χo, (6.1)

where the vector field f : R6 ×R → R6 is continuously differentiable at least twice with
respect to both of β and χ [5]. In order to do this, let us begin by changing our standard
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notations of the system (2.1) in the following simple variables: χ1 = S,χ2 = E,χ3 =
Q,χ4 = I1,χ5 = I2, and χ6 = I2, so that χ1 + χ2 + χ3 + χ4 + χ5 + χ6 = N. Additionally,
employing the vector notation χ = (χ1,χ2,χ3,χ4,χ5,χ6)

t allows the system (2.1) to be
expressed in the form (6.1) with (f1, f2, f3, f4, f5, f6)

t as follows

χ̇1 = ν− µχ1 −β1χ1χ4 −β2χ1χ5 + ρχ3 + τχ6 := f1,
χ̇2 = β1χ1χ4 −β2χ1χ5 − (µ+ σ+ θ)χ2 := f2,
χ̇3 = θχ2 − (µ+ ρ+α)χ3 := f3,
χ̇4 = καχ3 − σ1χ2 − (µ+ γ1 +ψ+ δ1)χ4 := f4,
χ̇5 = (1 − κ)αχ3 + σ2χ2 +ψχ4 − (µ+ γ2 + δ2)χ5 := f5,
χ̇6 = γ1χ4 + γ2χ5 − (µ+ τ)χ6 := f6.

(6.2)

We apply Theorem 4.1 presented in [5] to demonstrate that the system (6.2) has the po-
tential to display a backward bifurcation when Ro equals 1. First, we treat the parameter
β, specifically β = β1 = β2 as the bifurcation parameter. When β∗ = β in (4.1) and
setting Ro to unity, we can deduce the new corresponding parameter

β∗ =

(
ν

µ

)[
ABCD

(D+ψ)(καθ+ σ1 B) + [(1 − κ)αθ+ σ2 B] C

]
. (6.3)

Then, the Jacobian matrix of system (6.2) around the disease-free equilibrium χo is given
by

J(β∗,χo) =



−µ 0 ρ −β∗ν/µ −β∗ν/µ τ

0 −A 0 β∗ν/µ β∗ν/µ 0
0 θ −B 0 0 0
0 σ1 κα −C 0 0
0 σ2 (1 − κ)α ψ −D 0
0 0 0 γ1 γ2 −(µ+ τ)

 .

Therefore, one can readily check that the eigenvalues of J(β∗,χo) are given by λ1 =
−µ, λ2 = 0, λ3 = −(µ + τ), and by Routh- Hurwitz criterion, the other eigenvalues of
J(β∗,χo) are negative. Thus, we can use the center manifold theory [5] to discuss the dy-
namics of system (6.2) when Ro = 1. Hence, it follows that the disease-free equilibrium
χo is a nonhyperbolic equilibrium.

Now, we evaluate a right eigenvector w = (w1,w2,w3,w4,w5,w6)
t of the matrix

J(β∗,χo) associated with the zero eigenvalue λ2 = 0. It can be obtained by

− µw1 + ρw3 − (β∗ν/µ) w4 − (β∗ν/µ) w5 + τw6 = 0,
−Aw2 + (β∗ν/µ) w4 + (β∗ν/µ) w5 = 0,
θw2 −Bw3 = 0,
σ1w2 + καw3 −Cw4 = 0,
σ2w2 + (1 − κ)αw3 +ψw4 −Cw5 = 0,
γ1w4 + γ2w5 − (µ+ τ)w6 = 0.

So, the components of right eigenvector are w1 = (1/µ)(ρw3 − (β∗ν/µ)[w4 +w5] + τw6),
w2 = B/θ, w3 = 1, w4 = (1/C)[(σ1B/θ) + κα], w5 = (1/C)[(σ2B/θ) + (1 − κ)α +
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(ψ/C)([σ1B/θ] + κα)], and w6 = (1/C)([γ1 + γ2(ψ/C)][(σ1 B/θ) + κα] + γ2[(σ1 B/θ) +
(1 − κ)α])/(µ + τ). Moreover, the left eigenvector of the matrix J(β∗,χo), denoted by
v = (v1, v2, v3, v4, v5, v6)

t, which satisfies v ·w = 1 is given by

− µ v1 = 0,
−Av2 + θv3 + σ1 v4 + σ2 v5 = 0,
ρ v1 −Bv3 + κα v4 + (1 − κ)αv5 = 0,
− (β∗ν/µ) v1 + (β∗ν/µ) v2 −Cv4 +ψv5 + γ1 v6 = 0,
− (β∗ν/µ) v1 + (β∗ν/µ) v2 −Cv5 + γ2v6 = 0,
τ v1 − (µ+ τ) v6 = 0.

So, the components of left eigenvector are v1 = 0, v2 = (θv3 + σ1v4 + σ2v5)/A, v3 =
(α/BC)[(κψ/C) + 1](β∗ ν/µ)v2, v4 = (1/C)[1 +ψ](β∗ ν/µ)v2, v5 = (1/C)(β∗ ν/µ)v2 and
v6 = 0. Now, we compute all the partial derivatives of fi with respect to χi (i = 1, · · · , 6)
and β∗ at the disease-free equilibrium, χo, to have

∂2
χ1χ4

f1 = ∂2
χ4χ1

f1 = ∂2
χ1χ5

f1 = ∂2
χ5χ1

f1 = −β∗,

∂2
χ1χ4

f2 = ∂2
χ4χ1

f1 = ∂2
χ1χ5

f2 = ∂2
χ5χ1

f2 = β∗,

∂2
χ4β∗f1 = ∂2

χ5β∗f1 = −χ1 = −ν/µ,

∂2
χ4β∗f2 = ∂2

χ5β∗f2 = χ1 = ν/µ,

where all other second-order partial derivatives are equal to zero. Consequently, we are
able to determine the coefficients a and b as outlined in Theorem 4.1 [5], i.e.

a =

6∑
k,i,j=1

vkwiwj ∂
2
χiχj

fk(β
∗,χo) and b =

6∑
k,i=1

vkwi ∂
2
χiβ
fk(β

∗,χo).

Considering the system (6.2) and concentrating exclusively on the nonzero derivatives of
the terms ∂2

χiχj
fk(β

∗,χo) and ∂2
χiβ
fk(β

∗,χo), one can deduce that

a = 2 v2w1w4 ∂
2
χ1χ4

f2(β
∗,χo) + 2 v2w1w5 ∂

2
χ1χ5

f2(β
∗,χo) = 2 v2w1 β

∗ (w4 +w5),

and

b = v2w4 ∂
2
χ4β
f2(β

∗,χo) + v2w5 ∂
2
χ5β
f2(β

∗,χo) = v2 (ν/µ) (w4 +w5).

Clearly, the coefficients a and b are always positive since v2 can be chosen to be positive.
According to Theorem 4.1 of [5], one can conclude that, when a > 0 and b > 0, the
bifurcation at Ro = 1 is subcritical (backward), thus we have backward bifurcation when
β1 = β2 = β∗.

Theorem 6.1. Assume that the basic reproduction number Ro given by (4.1) equals to unity.
If the signs of the parameters a and b are both positive, then the system (2.1) admits a
backward bifurcation phenomena.
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7. Conclusion

In this study, we clarify the mechanisms of Covid-19 transmission through the examina-
tion of an epidemic model. We have established the existence of a disease-free equilibrium
and demonstrated its asymptotic local and global stability for basic reproduction numbers
Ro < 1. We also examined the prerequisites for reaching an endemic equilibrium, or
a consistent degree of infection throughout the community. The occurrence of a back-
ward bifurcation has been observed, identified as a potential phenomenon resulting from
the clinical transition from an asymptomatic state to one that presents symptoms. Adding
more complicated variables to the model and assessing its efficacy could be the main goals
of future research.
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