. .\.l " Journal of Mathematical Analysis and Modeling J Math Anal & Model
~ jmam. sabapub. com (2025)6(1) : 107-116
b ISSN 2709-5924 doi:10.48185/jmam.v6i1.1261

SABA Publishing

Summation formulas for Gauss’s and Clausen’s hypergeometric
functions

AHMED ALI ATASH ¢, AHMED ALI AL-GONAHY*

’

@ Department of Mathematics, Faculty of Education-Ataq, University of Shabwah, Shabwah,
Yemen
b Department of Mathematics, Faculty of Science, University of Aden, Aden, Yemen
b Department of Information Technology, Faculty of Computer and Information, Socotra
Archipelago University, Socotra, Yemen

e Received: 21 July 2024 e Accepted: 01 April 2025 e Published Online: 15 June 2025

Abstract

In this paper, we utilize the general hypergeometric identity established by Masjed-Jamei and Koepf [5]
to derive several summation formulas for Gauss’s and Clausen’s hypergeometric functions. As an applica-
tion of our main results, we also evaluate specific values of Clausen’s hypergeometric function for various
arguments.
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1. Introduction

The generalized hypergeometric function ,Fs with r numerator parameters and s de-
nominator parameters (r and s are positive integers or zero and x is complex variable) is
defined by (see [13])

ap, az,...,Qy;

— (a)n(@)n...(ar)n X"
" - =, 11
b1, by,..., bs; h T;) (bl)n(bZ)n...(bs)n n! ( )

where (A),, (n € Ng = N U{0}) denotes the Pochhammer’s symbol defined by

1 n=0,
0‘)“:{}\(7\+1)...(7\+n—1) n=12..,
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 T(A+mn)
T
and I'(A) is the Gamma function defined by

AN#£0,—1,-2,... (1.2)

M) = J:o t*le7tdt, Re(A) > 0. (1.3)

Two important cases of the series (1.1) are appearance in many mathematical prob-
lems. The first case is the Gauss’s hypergeometric function F;:

a,b;

— (@)n(b)n x™
»Fy N x | = TLZ_O(C)TL“!' c#0,—-1,-2,.. . (1.4)

The second case is the Clausen’s hypergeometric function 3F;:

a,b,c I n
5 x| =Y Wal®nleln Xy 0 1 o (1.5)
e 2 T(@aleln

The evaluation of the Gauss’s and Clausen’s hypergeometric functions with different
arguments is of ongoing interest, since it appears in many mathematical science prob-
lems. Many summation formulas for Gauss’s and Clausen’s hypergeometric functions with
different arguments have been obtained, see [1,3,4,7,8,9,10 ]. Recently Masjed-Jamei
and Koepf [5] obtained general hypergeometric identity for generalized hypergeometric
function and discussed certain cases of this identity. In this paper, we employ the result of
Masjed-Jamei and Koepf [5] to obtain some summation formulas for Gauss’s and Clausen’s
hypergeometric functions. For the application purpose, we evaluate certain new special
values for the Clausen’s hypergeometric function using our main results.

2. Summation theorems for Gauss’s hypergeometric function

Theorem 2.1. The following summation formulas for Gauss’s hypergeometric function hold
ture:

a,?2; B
2 _2[(ax—x=1)(1—x)""¢+1]
Sil DN (a—1)(a—2)x2 =
and
2R @3 | _sl2l-ax+9+x¥a~3a+2)(1-x) "0 ~2] (22)

(a—1)(a—2)(a—3)x3

Proof. For prove (2.1) and (2.2),we consider the following result [5]:
all"'lapflln; r

pFq x | = r
bl/ cecy bqfll m;

(m) i (an)k--- (ap_1)k(k+1)(k+2)...(k+n—1) x*

(
n) = (b1)k...(bg—1)x (k+m—1)!
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CTm) «  (a)jmet---(ap1)j-mi

B Z (b1)j—ms1---(bg1)j-mu1

G+2—m)G+3—m)...j —m+n)x)—m+l
j!

where m,n € N,m > n.
Settingp=q+1=2,n=2,m=31in (2.3), we get

a,2; a—1; a—2;
oF1 X :w (a—2)x1Fp x | —1Fo x | +1].
3; xTla) - -

Using the following relation [13]:

a; [ ((1) X
m)[ x]Z S =1-x7 (2.5)

n=0

7

we get the required result(2.1). For prove (2.2), settingp = q+1=2,n=3,m =4
in (2.3) and using the same technique as in the proof of (2.1), we obtain the required
result(2.2). This completes the proof of Theorem 2.1.

Remark 2.1. Note that, thecasep =q+1=2,n =1, m =2 in (2.3) is found in [8] as:

a,l;
7 L7 1— 1—a __ 1
F g 26)
9. (a—1)x
Corollary 2.1. Setting a = —3,—3 in (2.1), we get
— -
2 2/ 4 5
2F1 x | =y [2-Bx+2)0-%)5], (2.7)
3. 35x
- 5 .. .
F v x —i[z—(7x+2)(1—x)%] (2.8)
2F N = 52 . .
Remark 2.2. The special cases of (2.1) when a = —%, %, % yield a known results in [8].
Corollary 2.2. Setting a = —3,—3 in (2.2), we get

3 a.
3,3, ) 2 .
oF x | = [8—(35x +20x+8)(1—%)3], (2.9)
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_5 na.
27 3/ 2 ) 7
2F1 x | = 5575 [3—(63x2+28x+8)(1—x)?]. (2.10)
. 231x
Remark 2.3. The special cases of (2.2) when a = —1, 1,3, 3 yield a known results in [8].

As an application of our results (2.1) and (2.2), we present the following Theorem:

Theorem 2.2. The following summation formula for Gauss’s hypergeometric function holds
ture:

a,?2; _
re _6[(ax—3x+2)—(axz—xz—ax—x+2)(l—x)1 a]
2h |7 (a—1)(a—2)(a—3)x3 - 21

Proof. For prove (2.11), we start with the following result (see[8],[12]):
ab,c; 1 ab; a,c;
3F2 X = (¢ 2F1 X —b 2F1 X . (2.12)

b+1,c+1; c—b b+1; c+1;

Taking b =2,¢ =3 in (2.12), we get

a,?2; a,?2; a,3;
2k x | = |32k x | —22F X ) (2.13)
4; 3; 4;

Using (2.1) and (2.2) to the two ,F; in the right hand side of (2.13), we easily obtain
the required result (2.11).

Corollary 2.3. Setting a = —3,—3 in (2.2), we get

2/ 8 2 5
oF x :7[9x—4+(4+x—5x)(1—x)2], (2.14)
4 105x3
8 2 7
oF :73[11x—4+(4+3x—7x )(1—x)z}. (2.15)
4 231x
Remark 2.4. The special cases of (2.11) when a = —3, 1,3 yield a known results in [8].

For more applications of our results, we present new summation formulas for the
following two other special cases of Gauss hypergeometric function:

a,a+3; a,a+3;
2F]_ m and 2F]_ m

5.
7 2/
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Theorem 2.3. The following summation formula for Gauss’s hypergeometric function hold
true:

31 —x)22[(2ax —3x + 1) — (4ax? —2x2 —2ax —x + 1)(1 — 2x)1 2] (2.16)
- 22a—1)(2a—2)(2a—3)x3 ) )

Proof. For prove (2.16), we consider the following quadratic transformation (see[2],[7]):

a, b/ %’ % + %’ )

2F1 2x = (1 — X)_azFl Ufix)z . (217)

. 1.
2b; b+ 5
Replacing a by 2a and taking b =2 in (2.17), we get

a,a-+ %; . 2a,2;

2F o | = (1=x)%R 2x | . (2.18)
3 &

Now, by apply (2.11) to ,F; in the right-hand side of (2.18), we easily obtain the required
result (2.16).

Corollary 2.4. Setting x = 1 in (2.16), we get

(2.19)

RN

. a/a+§/ B 3X22a[a(3272a+1)_2]
21 T (2a—-1)(2a—2)(2a—3)"

Remark 2.5. If we replace a by 2a and taking b = 1 in (2.17) and apply (2.6), we easily
obtain the following summation formula:

Theorem 2.4. The following summation formula for Gauss’s hypergeometric function hold
true:
2 (1—x)29[(1 —2x)172a —1]

F = | = . 22
2 A7 2x(2a—1) (2.20)

a,a-+ 27 22(1—1(1 _31—2(1)

, 2.21
2a—1 ( )

N
-
_
ST

which is a known result [6].
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3. Summation theorems for Clausen’s hypergeometric function

In this section, we will use the results (2.1),(2.2) and (2.6) to obtain four Summation
formulas for Clausen’s hypergeometric function.

Theorem 3.1. The following summation formula for Clausen’s hypergeometric function 3F,(x)
holds ture:

3
2(a—1)(a—2)(a—3)x3

3k X | =

x [2(2¢% — ax® + ax —x — 1)(1 —x)' 7% — a®x? + 5ax? — 6x* + 2] . (3.1)

Proof. Setting b =1,c = 3 in (2.12), we get

a,1,3; 1 a,l; a,3;
3F2 X ==13 2F1 X — 2F1 X . (32)
2,4; 2; 4;

Using (2.6) and (2.2) to the two ,F; in the right hand side of (3.2) respectively, we
easily obtain the required result (3.1).

Corollary 3.1. Setting a = 3,—1,—3,—32 in (3.1), we get

313 1 1
3F» x :4—[wﬁ—8—4@%—x—mu—mﬁ}, (3.3)
5x3
2,4;
i _%/ 1/31 ] 1 ) ) 3
5F» X ::——[%x—ﬁ—wa—sx—mu—xﬁy (3.4)
) 35x3
2/4/ i
i _%/ 1/ 3/ ] 1
2 2 2
3F x | = [63x —8—4(7x —5x—2)(1—x)2], (3.5)
105x%3
L 2,4 1
_%/ 1/3; i
7
3F» x| = 3[%ﬁ—8—4@ﬁ—7x—mu—xﬁ]. (3.6)
- 231x

Theorem 3.2. The following summation formulas for Clausen’s hypergeometric function
3F2(x) hold ture:

Ha+2),a+1),1;
3F» 4x(1—x) | = —— (3.7)
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Ha+3), a+2),2 -
2 2 B C2[(ax—x—1)(1—x)1" ¢ +1]
3F2 { 23 4x(1—x) ] T (a—D(e—-2)1—x)2x2 ' (3.8)
%(a+4)/%(a+3),3;
3F2 4x(1—x)
a+3,4;
_3[(2(1—GX+X)+X2(a2—3a+2))(1_x)17a_2:| o)

(a—1)(a—2)(a—3)(1—x)3x3

Proof. For prove (3.7), we consider the following result [11]:

a,b,%(a—l—b),%(a—kb—i—l); a,b; a,b;
aF3 4x(1—x) | =2k x |2k

¢,1+a+b—c,a+b; c; a+b+1—c;
(3.10)
Setting ¢ = a in (3.10) and using (2.5), we have
%(a+b+1),%(a+b),b; a,b;
3F> 4x(1—x) | =(1—x)"% K x |. (3.11)
[a+b,b+1; ] {b+l; }

Now, setting b = 1 and using (2.6) to the »F; in the right hand side of (3.11), we easily
obtain the required result(3.7). The results (3.8) and(3.9) can be obtained similarly. This
completes the proof of Theorem 3.2.

4. Special cases

In this section, we apply the results of section three to evaluate some special values
for the Clausen’s hypergeometric function as follows:

1. Taking x = %, %, 411 respectively in (3.3), we get

[ 11,3
21 7 7 2
3F» 1= : (14v2 —17), (4.1)
| 2,4, i
I
3F 1= g(72\@ —17), (4.2)
| 2,4; i
313 4
3F L= 5(66\@ —113). (4.3)
2,4;

2. Taking x = 3, §, ¢ respectively in (3.4), we get

-1,1,3;
LA 176v6 111
3F2 = -
2,

L 3 105 357 (44)

3
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_%/ 1/3/ 6
3F» L= %(39\/5— 62), (4.5)
2,4;
193
L3 | 384y 165
3F2 5 = T - 7 (46)
2,4;
3. Taking x = %, %, % respectively in (3.5), we get
_31.3.
r 27/ 1/3/ . 27\/:)») 52 (4 7)
32 1= 347 A7 .
2 4 14 21
311
21,3 1 8704v/5 137
3F2 507 2625 21’ (48)
2,4;
313
213 1 475v/30 90
3F 8| =10 — 7 (4.9)
2,4;
4. Taking x = , 1, % respectively in (3.6), we get
[ 3L3 ] age12v5 505
3F2 S| = asss o (410
2,4; i
513 1
2 4375\/30 378
3F2 6| = 4158 777 (4.11)
L 24 1
—51.3:
P 39744y/42 2051
3F2 7| T T 26411 231° (4.12)
2,4;
5. Taking a = },x = 1 in (3.6), (3.7) and (3.9) respectively, we obtain
%I %l 1/ i
3F> { 8§ 1=9-3vs (4.13)
3 9.
27 < n
%/ %l 2/ ]
5F» { § | =54-21v5, (4.14)
2.3
2757 _
9 7
273
44 1458  2349v/6
sF2 [ 8 ] == 5 (4.15)
7.4
2/ 4
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6. Taking a =

7. Taking a =

8. Taking a =

27

27

—1,x=11in (3.6), (3.7) and (3.9) respectively, we obtain

31 1.
47 47 1/
sF2

\O|Co

2V6
|-

0|0

18
B

_ 1458 1107v6
~ 35 70

—3,x = 3 in (3.6), (3.7) and (3.9) respectively, we obtain

1 _14.
F oA 8 _2_%
32 1 ). 9 - 5 15 ’
2/ 4
3 19
4/4/ 4 2
3F2 { 5 } 35 (81 —22V6),
1 3
279r
53
7,93
4/4/ 4 1
3F2 { 5 ] = £(486—167\f6).
%I4/

3k

—g,x = % in (3.6), (3.7) and (3.9) respectively, we obtain

“b-i1 ] Y
N
3 n.
_212/
1 _19.
v 8]18 104v/6
N A T
_%/3/
31
313
4/4/ 4
g] 2 = (243 —73V6).
. 77
214/

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

Remark 4.1. Similarly many other new special values for the Clausen’s hypergeometric

function may be obtained from our main results (3.1),(3.7),(3.8) and (3.9).
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5. conclusion

In this paper, we established some summation formulas for Gauss’s and Clausen’s hy-
pergeometric functions with the help of general hypergeometric identity of Masjed-Jamei
and Koepf [5]. As an applications of our main formulas, we evaluated many special values
for the Clausen’s hypergeometric function with the different arguments . Our main re-
sults of this paper can be applied to derive further summation formulas and special values
for Gauss’s and Clausen’s hypergeometric functions and other generalized hypergeometric
function given in the literature.
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