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Abstract

We introduce a Susceptible-Corrupted-Paying Well-Recovered (SCPwR) model specifically designed to
analyze corruption dynamics within the public sector. This model is demonstrated to be well posed both epi-
demiologically and mathematically. Our results show that all model solutions remain positive and bounded
given initial conditions within a meaningful set. We investigate the existence of unique corruption-free and
endemic equilibrium points and calculate the basic reproduction number. The local and global stability of
these equilibrium points is then analyzed. Our findings indicate that the system has a locally asymptotically
stable corruption-free equilibrium when Re < 1 and unstable when R > 1. Additionally, the corruption
endemic equilibrium point (E*) is globally asymptotically stable only if %—f < 0. Numerical implementa-
tion of the model suggests that corruption will persist in public sectors if civil servants are not adequately
compensated.

Keywords: Corruption, Dynamics, Public Sectors, Optimal Control.
2010 MSC: 34C60, 93A30.

1. Introduction

According to the Corruption Perception Index (CPI) [1], which incorporates indicators
such as bribery, diversion of public funds, officials’ misuse of public office for personal gain
without facing repercussions, governments’ effectiveness in combating corruption in the
public sector, nepotistic practices within the civil service, state capture by narrow interests,
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bureaucratic hurdles in the public sector, legal protection for corruption whistle blowers,
among others, corruption levels are measured on a scale of 0 to 100. A score of 0 denotes
high corruption, while 100 represents a minimal level of corruption. The data reveals that
Sub-Saharan Africa, with a score of 32, ranks as the most corrupt region globally, whereas
Western Europe and the European Union, scoring 66, are perceived as relatively free from
corruption.

Corruption is a pervasive and harmful phenomenon that undermines the integrity and
effectiveness of public sectors worldwide [3]. It encompasses a range of unlawful activi-
ties carried out for personal gain, often through the abuse of authority or power by public
officers or private individuals [4]. Corruption occurs when someone in charge, such as a
government official or the company leaders, use their power unfairly to benefit themselves
instead of fulfilling their responsibilities properly [5]. corruption is not just a consequence
but a source of conflict, catalysing it in several ways [6]. Corruption poses a significant
threat to any economy, particularly in low-income contexts [7]. Tanzi and Davoodi [8], in
their study, observed that corruption leads to a rise in public investment levels at the detri-
ment of private investments due to opportunities for manipulating public expenditure.

Corruption manifests in diverse ways, encompassing bribery, embezzlement, favoritism,
nepotism, extortion, and other forms [9]. Its detrimental impact extends globally, pos-
ing significant challenges to the effective functioning of public sectors by eroding trust
in institutions, distorting resource allocation, and hindering economic development [10].
Corruption undermines governance, fosters exemptions, and corrodes the integrity of gov-
ernmental processes, perpetuating systemic inefficiencies [11]. Moreover, technological
advancements have facilitated the emergence of new forms of corruption, such as cy-
bercrime and digital bribery, adding complexity to efforts aimed at combating corrupt
practices within the public sector [12]. Despite the widespread implementation of anti-
corruption policies or strategies across many countries, corruption remains a persistent
societal issue, indicating the challenges in effectively addressing its root causes [13]. The
government needs to strengthen regulations to ensure proper adherence to due process
and be ready to enforce laws against offenders [14]. Nevertheless, while these measures
can be effective, devising robust intervention strategies to combat corruption and corrupt
practices necessitates a comprehensive grasp of corrupt processes, prevention initiatives,
and disengagement programs, which involve intricate mathematical modeling [15].

The role of mathematical modeling and optimal control analysis in understanding cor-
ruption transmission dynamics and guiding intervention program decisions is paramount
[16]. Various mathematical modeling approaches have been proposed to investigate cor-
ruption dynamics, each providing distinct insights into the underlying mechanisms and
transmission pathways of corrupt practices. For instance, Teklu’s study [17] on insight
into the optimal control strategies on corruption dynamics using fractional order deriva-
tives revealed that the implementation of three time-dependent controlling strategies sig-
nificantly reduces the number of corrupted individuals in the community. Conversely, a
study by Keno and Legesse [37] on modeling and optimal control strategies of corruption
dynamics determined that prevention emerges as the optimal and most cost-effective strat-
egy for eradicating corruption. Additionally, Olaniyi et al.’s study [19] on optimal control
and cost-effectiveness analysis of illicit drug use population dynamics highlighted that a
single implementation of preventive control stands as the most cost-effective intervention
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for managing corruption dynamics. Hathroubi and Trabelsi [20] examined corruption as
an epidemic phenomenon, employing the epidemic diffusion model originally proposed
by Kermack and Mc-Kendrick [21].

Similarly, the study conducted by Alemneh [16] on mathematical modeling, analysis,
and optimal control of corruption dynamics concluded that an integrated control strategy
is essential to combat corruption effectively. Fantaye and Birhanu [22] developed a study
on mathematical model and analysis of corruption dynamics with optimal control, reveal-
ing that the prevention and punishment strategy is the most effective approach to reducing
the dynamic transmission of corruption. Nathan et al. [23] developed a novel mathe-
matical model to depict the dynamics of moral corruption, incorporating age-appropriate
sexual information and offering guidance and counseling. Danford [24] investigated cor-
ruption dynamics in Tanzania, focusing on modeling the effects of control strategies. The
study recommended investing more in the provision of mass education to citizens, includ-
ing general awareness campaigns and incorporating anti-corruption education into the
curriculum from pre-primary to university levels. Additionally, leveraging religious lead-
ers to educate their followers about the impacts of corruption was highlighted as a crucial
measure. Numerical simulations show that effective interventions can reduce the spread
of corruption in public institutions. Deterministic mathematical models are strongly rec-
ommended for studying endemic diseases [25, 26]. Integer and fractional-order models,
as highlighted by [30, 31, 32], are essential tools in analyzing these diseases.

The study done by Shatanawi et al. [27] on approximate solutions for various frac-
tional orders reveal that the susceptible and exposed classes decline more rapidly at lower
fractional orders, slowing as they approach integer values. The infection rate increases,
reducing the exposed class more quickly at integer orders and more slowly at fractional
ones. This rise in infection also decreases the under-treatment class, with similar trends
observed in the recovered class. Hussain et al. [28] formulated a stochastic epidemic
model to evaluate disease persistence. Their results indicate that when noise levels are
high, Ry < 1, suggesting the disease does not persist. Conversely, the findings show that
the disease persists only if the stochastic basic Ry > 1. Abdo et al. [29] studied the spread
of highly contagious diseases through direct contact and found that vaccination programs
are the most effective means of preventing measles. They highlight that backward bifurca-
tion can lead to inaccurate predictions if relying solely on the basic reproduction number
(Ro), as measles can still occur even when Ry < 1. Despite advancements in modeling,
key issues for future research include the role of IgG antibodies in maternal immunity
transfer and the significant impact of measles co-infection with other severe diseases like
pneumonia and diarrhea.

1.1. Contribution of the Study

This study develops a comprehensive mathematical model to analyze the dynamics of
corruption within public sectors and explores optimal control strategies for mitigating its
impact. Distinct from previous models, this research incorporates detailed mechanisms
of corruption propagation alongside various intervention strategies, presenting a novel
approach to understanding and controlling corrupt practices. Additionally, this study aims
to offer practical insights for policymakers, enhancing the effectiveness of anti-corruption
measures. By providing a framework for evaluating and implementing optimal control
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strategies, this research supports broader efforts to improve governance and reduce the
socio-economic costs associated with corruption.

2. MATERIAL AND METHODS

2.1. Formulation of the Model

We introduce a Susceptible-Corrupted-Paying Well-Recovered (SCPwR) model specifi-
cally tailored to examine the dynamics of corruption within public sectors, serving as the
focal point of our investigation. The model is based on the following assumptions: Firstly,
it employs a simplified mass action framework. Secondly, it operates under the assumption
of enduring resistance against corruption. Thirdly, it incorporates a constant recruitment
rate for employees. Fourthly, it assumes a transition rate from the susceptible class to
the corrupted class denoted by «, and a transition rate from the susceptible class to the
well-compensated class denoted by 3. Additionally, it assumes a transition rate from the
corrupted class to the well-compensated class denoted by 6. Moreover, the model con-
siders a recovery rate resulting from being well-compensated, labeled as ¢, alongside a
natural recovery rate denoted by 6. Furthermore, it takes into account a natural mortality
rate denoted by pu. These assumptions collectively underpin the dynamics of corruption
and optimal control within public sectors as modeled. Table 1 indicates the descriptions
of parameters and variables used in model 2.1.

Table 1: Description of variables and parameters used in Model 2.1

Variable/Parameter | Description

Susceptible individual

Corrupted individual

Well-compensated individual

Recovered individual

Recruitment rate

Natural mortality rate

Rate of infection

Natural recovery rate

Rate of transition from susceptible to well-compensated
Rate of transition from corrupted to well-compensated
Recovery rate due to being well-compensated

SO TDORE >7u§_°nm

2.2. Model Flow diagram

Derived from the dynamics of corruption within public sectors, alongside model as-
sumptions, variable definitions, and parameter specifications, the progression of corrup-
tion can be synthesized into Figure 1 as follows:

2.3. Model Equations
From Figure 1 we have the following linear differential equations:

4 A aSC— (B +w)S

g

S —aSC— (n+6+0)C

(gll‘gw (2.1)

=W — BS4+5C— (u+P)Py
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Figure 1: Compartment model diagram for the dynamics of Corruption and Optimal Con-
trol in Public Sectors.

with initial conditions;

S(0)>0, C(0)>0, Pu(0)>0, and R(0) > 0. (2.2)

2.4. Basic properties of the model
2.4.1. Invariant region

This region defines the state space in which the solutions of the differential equations
representing the disease dynamics persist for all time t > 0 [2, 44, 45]. Suppose that the
whole population is given by N(t) = S(t) + C(t) 4+ Pw (t) + R(t). It follows that:

dN _ds_ dC dP.  dR
dt  dt dt dt = dt’
Substituting the equations of model system (2.1), into equation (2.3), we have

dN

dN
Y CA—uN, 2.4
= 3 n (2.4)

dN
— N < AL
= @t

Applying the approach of integrating factor and the initial condition given on (2.2) we
get

(2.3)

N(t) < % + N(0)e M, (2.5)
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Introducing limit as t — oo, it results

N(t) < (2.6)

T[>

2.4.2. Positivity of Solution

Theorem 2.1 Let the initial conditions of the model variables in the equation (2.1) be
S(0)>0, C(0)>0, P,(0)>0, and R(0) > 0, then the solution set

{S(0) >0, C(0)>=0, P,(0)>0, R(0)=0}cR* >0

Proof. From the first equation of model (2.1),

S A asC— (B4 ws,

dt (2.7)

ds
—~ > S.
= 1 (B+u)

Separation of variables and integration gives
dS
S
. Js(t) is . _J't([?) ds (2.8)
s©) S 0
= S(t) > S(0)e P > 0.

Applying the similar technique, it reveals that C(t) > 0, P,,(t) > 0, and R(t) > 0. O

2.5. Existence of the Corruption Free Equilibrium point (CFE)

When there is no corruption in the public institution, the corruption free equilibrium

EY, is given as: E’(S,C,P,,,R) = ( A ,0, AP , )
u+p" 7 (h+ B+ o)
2.5.1. The effective reproduction number R,

The basic reproduction number is the number of new infections that may arise when
one infected individual is introduced in a population where there is intervention [41]. To
obtain the effective reproduction number R., we adopt the approach of next generation
matrix as used in [2, 43]. Let F be the force of infection and v be the transfer terms, then
from the model system 2.1, the values of F and V at disease free equilibrium are given as;

_oc/\

B+
v = +5+mcz:xv—91v— +5+e=:>v4———i—f
- ~ac’ M T Ht5+0

Then,

oA 1
FVv ! =
B+u<u+6+9)

oA

— Re =B rwmrsro)
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2.5.2. Global stability of CFE
Let the Lyapunov function £ be given as;

1
(u+6+6)c
& 1 dc
dt  (u+6+0)dt’
a1
At p+6+6

(xS—(nu+6+0))C.

A
But, at Corruption free equilibrium, S° = B n Thus we have:
ds 1 aA
— = —(u+6+06))C,
dt u+6+6([3+u (b )>
oA —(B+u)(p+0+06)
(B+m)(n+d+6)

as
—— = (Re —1)C.
i = Re—1C

4

Thus, we conclude the following

Case I: The CFE is globally asymptotically stable if and only if
Re — 0.

av
dt

Case II: The CFE is globally unstable if and only if %—\t/ > 0 where R > 1.

(2.9)

< 0 where R, < 1 and

Case III: The CFE is neither globally asymptotically stable nor unstable if and only if % =0

where R =1 and C =0.

2.6. Existence of Corruption Endemic Equilibrium point

The corruption endemic equilibrium denotes a stage at which the corruption continues
within the public sector. It is achieved by equating the model system’s derivative to zero
and then determining the state variables. Hence, the endemic equilibrium is represented

as E*(S*, C*, P%,, R*) where:

7w

o — n+0+06
[0 8
cr o A—(B+wn+d+0)
a(u+86+0) ’
pr _ A+ (4 )(E+0+ 1) — S+ p—1)(5+0+p)
ha x(n+d)(6+6+ 1) ’

_ Aab(5¢ +0(n+¢)) — b (n+B—1)(3+0+p)

R S+ §)(5 + 01 1)

(2.10)

S+ )6 +0+w)(O(u+2—-1)—¢)+0(u+P)(6+0+ W (BO+ ) —(d+u)

" oid(i+ )(5 -0+ )
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2.7. Global Stability of Corruption Endemic Equilibrium Points

The global stability of the corruption endemic equilibrium point (E*) was examined
using the Lyapunov function. In accordance with the Lyapunov function a point is con-
sidered to be asymptotically globally stable if the derivative of the function is negative

Theorem 2.1. The corruption dynamics has a unique endemic equilibrium point E* for the
model system that is globally asymptotically stable if Re > 1 and unstable otherwise.

Proof. A Lyapunov function of the model system (2.1), as described by Vargas-De-Le6n
[33], Korobeinikov et al. [34], and Korobeinikov[35], was employed in this study. The
Lyapunov function £ is defined by

n

Liy)=)_ %(Yi —yi)

i=1

Here, the population of the i-th compartment is denoted by y;, while y; designates the
endemic equilibrium point.
The model system (2.1) exhibits the following positive definite function

4
1
P(S/ C/ PW/ R) = Z E(YI 7yt)2/

i=1

Then the above Lyapunov function of the corruption model system is written as:
1
£=351(S=8)+(C=C )+ (P —P) + (R— R*)J%.

Then, differentiation of the function L(t) with respect to time results in:

dl d

o = [(8=8)+(C—C 4 (P —PL) + (R—RI L[S+ C+ Py + Rl
dL * * * * d
= S=S)H(C=C)+ (P —PL) + (R=RI 5 + C+ Py +RI.
But,
d
E(S+C+PW+R):/\—;¢N.
And,
A —uN* =0,
= A—u(S*+C*+P},+R*) =0,
A
(S*4+C*+P),+R") = —.
w
Substituting into % gives
ds
G T R ANy NNES)
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ac

T = N - T][—u(N(t) —(A))].
dl
o= —u[N(t) — E][N(t) - E]-
dsl Ao
at S —u[N(t) _E] <0

Thus, it is clear that 4= < 0.
Therefore, the corruption endemic equilibrium point (E*) is globally asymptotically stable.
O

3. NUMERICAL SIMULATION OF THE MODEL

3.1. Parameters values

The table 2 indicates the name of the parameter used in the model, the value of the
parameter, and the source from which the value has been extracted.

Table 2: Model parameters and their sources

Parameter | Value | Source

A 50 [36]

u 0.02 | [36]

o4 0.024 | [37]

B 0.01 | Assumed
1 0.015 | Assumed
¢ 0.010 | [38]

0 0.01 [39]

3.2. Sensitivity analysis of Re

The sensitivity indices of the model parameters are calculated for determining param-
eters that have a major effect on effective reproduction numberR. and should be targeted
by strategies for intervention. The normalized forward sensitivity index method, as de-
scribed by Chitnis et al.[40], is used to derive sensitivity indices. If P is a parameter in the
effective reproduction number R, then its sensitivity index is given by:

rye = —.
? T3P “Re
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Sensitivity Indices of R.

T T T T

Figure 2: Sensitivity indices of R, with respect to the parameters.

Referring to the graph presented in Figure (2), it illustrates the parameters affecting
the value of R.. Parameters with positive indices contribute to an increase in the value
of R, while those with negative indices lead to a decrease in R, when their values are
raised. Parameters exhibiting the most positive sensitivity are the force of infections of
corruption (&) and the recruitment rate (A), while the parameter showing the most neg-
ative sensitivity is the natural mortality rate (i). Additionally, the rate at which corrupted
individuals undergo natural recovery (0) is depicted as the parameter with the smallest
negative sensitivity. Consequently, it can be inferred that parameters « and A exert a
positive influence on the effective reproduction number R, whereas u exerts a negative
influence on R.. Furthermore, the index associated with parameter 0 suggests that cor-
ruption poses a significant threat, with minimal probability for corrupted individuals to
naturally recover. Based on these findings, it is recommended that implementing compen-
sation mechanisms for infected and susceptible individuals should be considered as part
of strategies aimed at controlling the transmission of corruption.

3.3. The effect of corruption interventions

To evaluate the impact of adequate compensation for public servants on reducing cor-
ruption within society, we conduct numerical simulations using the model system (2.1).
Initially, we prioritize examining simulations for parameters with the most significant in-
fluence. Furthermore, we provide a discussion of the simulation results and their implica-
tions.
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3.3.1. The Impact of Varying Rate of Infection o on Susceptible Individuals

Figure (3) illustrates that as the corruption rate rises, the number of susceptible indi-
viduals decreases because many of them transition to the corrupted class. Thus, a higher
corruption rate leads to an increase in the number of corrupted individuals.

500 : x x x T
450 .
« =0.0039 i
400 a= 0.0068
o a=0015 i
‘© 350 «a =0.05
3
©
'S 300 i
©
S
© 250 i
e
& 200 i
(&]
(2]
>
» 150 .
100 .
50 .
O T T T T T
0 10 20 30 40 50 60

Time (Years)

Figure 3: Variation of infection rate « on susceptible individuals

3.3.2. The Impact of Varying & on Corrupted Individuals

Figure (4) demonstrates that with increase of the rate of payment 9, there is a decrease
in the number of corrupted individuals as many of them move into the well-compensated
class. Therefore, providing adequate payment to public servants significantly contributes
to reducing corruption.
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Figure 4: Variation compensation rate & on corrupted individuals

3.3.3. The Impact of Varying 3 on Susceptible Individuals

Figure (5) depicts that as the well compensation rate {3 increases, there is a decrease in
the number of susceptible public servants who are at risk of joining the corrupted individ-
uals’ class, as many of them transition to the well-compensated class. Therefore, ensuring
adequate payment to public servants significantly contributes to reducing corruption.
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Figure 5: Variation of compensation rate {3 on susceptible individuals

3.3.4. Numerical Simulation of SCPWR Model

In this subsection, we perform numerical simulation of the model system (2.1). The
initial conditions utilized to generate Figure (5) are as follows: S(0) = 1000, C(0) = 100,
Pw(0) = 5, and R(0) = 0. These variables denote the initial quantities of susceptible,
corrupted, paid well, and recovered individuals, respectively.
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SCPwR Model without Normalization
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Figure 6: Dynamics of corruption drawn using the parameter values in Table 2 when there
is an intervention

Figure (6) illustrates that, the susceptibility of public servants to corruption undergoes
an initial sharp decline within the first 2 years due to the presence of high corruption
rates across the entire population. However, this decline stabilizes over time, reaching a
steady state. This trend, results to the fast increase for the number of corrupted individu-
als in the first 2 years. But, from the 2™¢ year to the 10" year, this number exponentially
declines as many corrupted individuals transition to compensated class because of well
payment. Additionally, the curves representing well-paid and recovered individuals ex-
hibit continuous growth over time. The curve for well-paid individuals sees an increase
through the recruitment of susceptible individuals and those transitioning from the cor-
rupted class. Furthermore, after 40 years, the simulation indicates that the number of
recovered individuals exceeds that of well-paid individuals. It is attributed by the grounds
that corrupted individuals receiving better compensation are less likely to return to corrupt
practices, leading to a sustained increase in the recovered population.

4. CONCLUSION AND RECOMMENDATIONS

4.1. Conclusion

The simulation highlights an initial decline and subsequent stabilization in the sus-
ceptibility of public servants to corruption over time. It underscores the importance of
addressing corruption early on to prevent its proliferation. Additionally, the transition of
corrupted individuals to well-paid positions plays a significant role in reducing corrup-
tion levels. Moreover, sustained efforts in providing better compensation lead to a higher
number of recovered, proving that encouraging honesty is effective.
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4.2. Recommendations

Implementing anti-corruption measures early on to capitalize on the initial decline in
susceptibility, while prioritizing the transition of corrupted individuals to well-paid posi-
tions to mitigate corruption levels. Sustain efforts in providing competitive compensation
to deter individuals from returning to corrupt practices, and regularly monitor and evalu-
ate the effectiveness of anti-corruption policies to adapt strategies accordingly.
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