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Abstract

This paper studies a new version of integral transform so-called Elzaki’s transform and some of its prop-
erties. The transform is applied to obtain a solution of a class of nonlinear fractional differential equations.
Some examples are presented to illustrate the method.
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1. Introduction

Fractional calculus generalizes the theory of derivatives of integer orders to non-
integer orders. Fractional derivatives are non-local and capture the history of dynamics.
Hence, it is an important tool in the study of dynamical systems. It is very useful in dealing
with properties of memory effects in many problems of sciences and technology. For more,
see [1, 2, 3, 4, 5, 6]. As a result of its vast areas of applications, a lot of authors carried out
fractional differential equations. In a bid to solve the equations, a lot of transforms such
as Sumudu [7], Shehu [8], Laplace [9], Fourier transforms [10] etc were used. For more
transforms of fractional differential equations, see ([14],[15],[111,[18],[16]1,[171,[19])
and the references therein. Recently, Triag Elzaki [13] developed a new integral trans-
form called the Elzaki transform in solving ordinary and partial differential equations.
In this paper, we are interested in applying the Elzaki transform method to the class of
nonlinear fractional differential equations given by

“D§, x(t) + k °DE x(t) + g(t,x(t)) = h(t), t € [0,1], (1.1
x(0) =0, (1.2)
x'(0) = E (1.3)
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where 0 < B < 1 < « < 2, are real constants, x € C2[0,1] and CD&x(’c) is the Caputo
fractional derivative of a function x of order «, k is a negative constant, g : [0, 1] x [0, c0)

is an L,,— Caratheddory function, h € L% [0,1].

2. Definition of terms

Let,
1t .
A= {f(t) :3IM, Ky, Ky >0 f(t) < Me"i, t e (i) x [O,oo)} (2.1)

be a class of functions.

Definition 2.1.[13] The Elzaki transform of a function f € A denoted by E[f(t)] = T(u)
is defined as

T(w) = uJ f(t)e™ dt (2.2)
0
where f(t) is denoted by
E[f(t)] = T(uw)
defined in [1,2] as
T(u) = uZJ f(ut)e tdt Ky, Ky > 0. (2.3)
0

Definition 2.2.[8] Let x be n — th times continuously differentiable function. The
Caputo fractional derivative of a function x, of order «, with lower limit 0 is defined as,

t
‘D x(t) = F(nl—oc) JO (t—s)"* 1x(M(g)ds, (2.4)

withn—1<a<n, n=[a]+1.

Definition 2.3. The Riemann-Liouville fractional integral of a function x, of order
« > 0, and denoted by I§ x(t) is defined by,

I, x(t) = I“(loc)JO (t—s)* Ix(s)ds. (2.5)

3. Manuscript Content

From the definition of terms in the previous section, we deduce from equations (2.4)
and (2.5) that,
‘D§ x(t) = Igjfxx(“)(t). (3.1)

Also, we can see from equation (2.3) that if f(t) = 1 then,

E[1] =T(u) = uro e dt
0
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u -t
=—ux—ew [’
1
=u?

When f(t) = t then,

Generally, forn > 1,
E[t"] = nlu™t?

Theorem 2.4.[19] Let f be an n— continuously differentiable function on [0, o), then

6y -
E[f (t)] = Ell) —uf(0)
(i)
E[f(n)(t)] _ m “il 27n+kfk
= uw 0),n>1
k=0

Theorem 2.5 The Elzaki Transform of the Riemann-Liouville fractional integral of a
function f, of order « > 0, and denoted by E(I(‘)’:f (t)) is given as

E(IF, f(t)) = u*E(f(t)). (3.2)

Proof: By definition,
E[I§ x(t)] = uJ Ig x(t)e v dt
0

T e S L
—uL F(oc)J(t ) x(s)ds e wdt
u o0
ZF((X)JO h

By setting t — s = p, then we have,

0
(s)dsJ (t— s)“*le*% dt.
S

E[I5 x(t)] :uJ x(s)dsJ po‘*le*LIS)dp
0

_ . u * - a—1,—L2
_F(oc)J x(s)e dsJ p* e uwdp
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Again, on setting £ = w on the preceding, we obtain,

u o0 s o0
E[IF x(t)] = J x(s e‘udsJ W ly*e ™ Waw
Sxt) = o | xlo)e tas |

_ g0l > -3
=u Jo x(s)e vds
=u*E(x(1)).

Theorem 2.6. The Elzaki Transform of the Caputo fractional derivative of a function
f, of order n —1 < « < n is given as

n—1
E[DF x(t)] = u “E[f(t)] — > u? > *¢()(0) (3.3)
k=0

Proof: By making use of equation (3.1) and making use of Theorem 2.5, we have,
E[Dg f(1)] = E[Iy~*f™ (1))

= u™*E[FM (1)
By Theorem (2.4ii), we have that

n—1
E[chif(t)] — (Ti:i') _ Z u2n+kfk(0)> n>1
k=0

n—1

—u (T(u) = > urteel) (0))
n—1

=u“ (E[f(t)] — ) uFrR) (0)>

k=0
n—1
=u “E[f(t)] - ) w? > *e(0)
k=0
Thus,
n—1
E[°DE x(t)] = u” *E[f(t)] — Z W2tk ()

k=0

Corollary 2.7 For n = 2,, The Elzaki transform of the caputo fractional derivative of a
function f, of order 1 < « < 2 is given as
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E[CDE x(1)] = u” *E[f(t)] —u> *F(0) — u'~*'(0) (3.4)
Proof:
E[D§’ f(t)] = E[I§*x"(t)]
_ uzfo‘E(f"(t))
=ur e <E[i(2t)] —x(0) — uf’(O))
W XE[f(1)] — w2 %F(0) — ul =% (0)
Therefore,
E[CDE x(t)] = u *E[f(1)] —u?~ *“f(0) —u'~ *f'(0) (3.5)
Equally,
E[°D§ x(t)] = Elly_Px/(1)]
=u'"PEKX/(1)]
—ul=h [E[X(t)] —ux(O)}
u
Thus,
E°D§ x(t)] = u' P [E[’ﬁt” — ux(O)} (3.6)

Applying Elzaki transform to equations (1.1), we have

E [*D§ x(t) +k °Df x(t) + glt,x(t) = h(t)] , t € [0,1

Making use of equations (1.2) and (1.3), we have

u?« (E[X(t)] —x(0) —ux’(O)) +k(u! P [E[Xu(t)] —ux(O)] ) = E[h(t) — g(t,x(t))]

u2
= Elx(t)] [ *+ku B] = E[h(t) — g(t, x(t))] + %uB—(x
_ Eh(t) —g(t,x(1))] Bud—
= Elx(t)] = u—*+ku-B o= + ku—5)

Taking the inverse Elzaki transform of the the above, we have

E[h(t) — g(t, x(t))] Bud—x

t)=E"!
x(t) u %+ ku B oa(u=*+kuPB)

3.7)
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4. Some Examples

Example 1
°D3 x(t) +08 DE x(t) +sindx(t) = &, t € 0,1, (4.1)
(0) =0, (4.2)
(0) = 3 (4.3)

Proof: Taking the Elzaki transform of equation (4.1), we have
3 1
E[°Dg, x(t) +0.8 °Dg x(t) +sin’ x(t) = t*]
From equation (4.2) and (4.3), we have that

(E[X(t)]

u2

E[x(t)]

[SIE

u

—x(0) —ux’(0)> 10.8uz [ —ux(O)] = E[t? — sinx3(t)]

— uwZEK(t)] —3u? +0.8u7 E[x(t)] = E[t2 — sinx3(t)]
— Ex(t)] (u%s n o.sﬁ) — E[t? — sin ()] + 3ul

E[t2 — sinx3(t)] 4 3u?
u? +08uz
Taking the inverse Elzaki transform of the preceding equation , we obtain

x(t) = E-1 (E[t2 —sinx3(t)] + 3u2 )

= E[x(t)] =

u_TS + O.Su_T1

Example 2 Using the Elzaki transform, obtain the solution of the following equations

°Dy x(t) + °D§ x(t) +x2(t) = t, t € [0,1), (4.4
x(0) = 0, (4.5
Vo) - (4.6)

where 7y is a nonzero real number

Proof As usual, we take the Elzaki transform of the equation (4.4). That is,

3n e
E (CDOix(t) +7v D x(t) +x7(t) = t)

i (E[x(t)] ) _ux,(0)> s (E[z(t) _ux(o)) — E[t—x2(t)]

u2

w5 <E[X(t)] —u5€> Fyu'E <E[x(t)> = E[t —x*(t)]
3 u

u2
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“3n 5 s5.3n

:équmm—g?LS+mf+ﬁaum=Eh—%m]

3 e 5 5.3
= E[x(t)] (u% +yul_e_E> = ﬁu% + E[t — x%(1)]
5 us Elt —x2(t)]
= Ex(t)] = — — = | +—= .
e \us +yul-e = us +yul"ex

Taking the inverse transform of the preceding, we obtain

(5 us E[t —x2(t)]
x(t)=E 1| = +
( ) 3e uigﬁ —|—'yu1_e_7er uign —|—'yu1_e_%

5. Conclusion

We applied a new integral transform called Elzaki transform on a class of fractional
differential equations and also studied some of its properties. Some examples were used
to demonstrate the application.
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