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Abstract

This paper is based upon incomplete fractional calculus and with the help of this, derived the fractional
calculus formula for the incomplete Mittag-Leffler function. The results obtained are found in the form of
incomplete Wright function and hypergeometric function.
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1. Introduction

Incomplete Fractional Order Integrals and derivatives:

Fractional calculus has long been an essential part of core curricula in most branches of
physical sciences and engineering. The classical theory of fractional integrals and deriva-
tives occupies an important place in modern science and engineering. It forms one of the
foundations of bioengineering, mechanical engineering, Chemical engineering, marine en-
gineering, aeronautics, astronautics, and in fact, just about every scientific or engineering
field. There are numerous studies focused in this direction [1, 2, 3, 4, 5]. All these discov-
eries simulated our interest not only in applications of the notions of the derivatives and
integrals of arbitrary order but also in the basic mathematical properties of the fascinating
operators. Singh [6] introduced fractional calculus as a new tool using incomplete hyper-
geometric function.

Let «, 3,y € C, and let x € R, the incomplete fractional integral and incomplete frac-
tional derivative of a function f(x) on R are defined in the following forms:

x— B

(I = S | (= (o Byl =y e — DAL R(a) > 0. (LD
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dTL
= o Tlo s ST I(), 0 < (o) +n < Ln € Np). (1.2)

(FI%PY)f(x) = 1 Jx(x—t)“_lt_"‘_ﬁgrl((oc—i— B;x), —y; 1 — %)f(t)dt,i)‘i(cx) > 0.

I'(ec) Jo
N (1.3)
= (—1)“;71r1_°‘+“'f5_“”f(x),0 <R(a) +n < 1(n € Np). (1.4)
(FDgPYIF(x) = (rIp P M) f(x)
d\" —atnBon—aty-n
N (dx> (Pl S ™ BT Y M), R(e) > 0n=[R(e)]+1 (1.5
(rD*P)f(x) = (pI=* P (x).
:(@ (Flg ST PN, R() > 0n = [R(w) + 1. (1.6)
Operators of the incomplete fractional calculus are defined as follows
_ FeFle+vy—RB) _op-
I“rﬁr’ytp 1 X Xp Bp—1
hox ) = N By rar o)
x+p—1 r
X (p) x+p+y a+p 1.7)

TTla+ BT (at+p)2 2] atpatp+l’ |

where «, 3,v,p € C,R(x) > 0, and R(p) > max[0, R(B —v)].
And

FA+p—pl1+y—=p) o pq x*°1  T1+B—p)

B, —1 _
(rI_ VP )(X)_F(l—p)F(1+oc+[5—p+Y) F(a+[5+1)F(1+a+f5—P)

l1+a+p—p+vy,a+p -
1+a+pB—px+p+1"7 ’

where «, 3,v,p € C,R(x) > 0, and R(p) > max[R(—p), R(—y)].

Incomplete Mittag-Leffler Function:
In recent years some extensions of the Mittag-Leffler function [7, 8] considered by several
authors [9, 10, 11] and [2, 3, 12, 13, 14, 15, 16, 17, 18]. In 2013, Singh and Porwal [19]
introduced the following incomplete Mittag-Leffler

X2 (1.8)

v 16,xh ZF

Fap _kZO Mok + B) K! (19)
Gr) v (0,x)k Z¢
Eop _gir(ock—i—ﬁ) i (1.10)
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where «, 3,6 € C; R(x) > 0,R(p) > 0,7R(8) > 0 and [5,x]x and (4, x), represent incom-
plete Pocchammer symbol and these incomplete Pocchammer symbols satisfy the following

decomposition
Ax)y+xly = (A)y (A, veCx=0). (1.11)

Incomplete Wright Function:
An incomplete generalized hypergeometric function [22] definded as

_ 5 [al,oq,X]..-(ap,OCp) :|
a¥q(z) = q¥q [ (b1, B1,x]...(bg, Bq) &

i (a1 + aak, x)T(az + ak)...T (ap +ocpk)é (1.12)
= T(o1+ Pik, X)T (b2 + Pak)..T(bg + Pgk) k! '
|: ap, &1, X p/(xp) |Z:|
q 9 bl/Bl/ q Bq)
Zy (a1 + o1k, x F(az—l—oczk)...l‘(ap—l—ocpk)é‘ (1.13)

(b1 + Bk, X)T(by + Bak)..T(bgq + B k) K!

With decomposition formula [20] incomplete Wright function (1.12) and (1.13) as classi-
cal Wright function ,¥4(z)[21, 22, 23, 24] and this particular function is an entire func-
tion if there hold the condition

q
> B—) oa>1. (1.14)

2. Incomplete Fractional Integration For Incomplete Mittag-Leffler Function

If o, B,v,0,1,0,a,b e C; R(p) > max[0,R(p —v)] and condition (1.14) exist, then

B 6], .o _xP Pl T [5,1,x (p,0)(p+Y—B,0) -
IOX ¥ (tp 1E (}—Lt )) (X) - F(é) 3 |: (b, a)(p_ B’ 0')(9+OC+Y, O_) “LX :|
ch+p71

T+ a+B)T()

1F1loc+ B 1+ o+ B; —x] 3¥3 [ 15,1,%] (p,cr)(p+oc+y+n,a)) |HX0} .

(b,a)(pt+a+v,0)(p+a+n,o
2.1

Proof. With (1.1) and (1.9)
—ax—p x
rlgy By ( pflEfg}(HtUD (x) = X J (x—t)*1,n (((x+ B,X), —V; & (1 _ t))
, . .

(o)
xtP~1 i preo dt (2.2)
I( ak+b k! ' '

Interchanging the order of integration and summation which is permissible under the

condition
uk
By (1p+ok—1
E 7&“ (t )(x). (2.3)
e Iak+b)k!



D.K Singh / Investigation of the solution of incomplete fractional.. 40

Using (1.7), we arrive at

7% k F(p—i—dk)l“(p—iry—[i—i—cfk) Xp—l—ok—B—l
Fak+b MNp—P+ok)INp+ ax+7vy+ok)

Xoc+p—1 1

B i (+B)n  (—x)"
F1+a+p)T(3) 4 0(1+oc+[5)n n!

Fro+kx)Mp+ok)Mo+vy+p+n+ok) (ux®)k
Fak+b (x+v+p+ok)Max+p+ok+n) k! °

(2.4)

Which is the requlred result. O]

Corollary 2.1. Now ifwe set p = —« in (2.4), then with the formula ([20], p. 104) equation
(2.4) as Rieman-Liouville fractional calculus operator

ox,—x, [5,x]  Tx [5,x] . Xp+“+l T [5,1,X](p,0) o
FI V(tp EL (e )) (x) = I8, (t" TR (uto ))( X) = 1 2 [ (b, ) (04 0] X ]

(2.5)
If we take 3 =0, in (2.4), we get

—1
a0y ((p—1p[8,x] o _ &Y (1p—1r[8,x] o _ L U (5,1,x] (p +, o) o
rIO,X <t Ea,b (Ht )) (X) - rEO,X (t Ea,b (}lt )) (X) - F(é) 211]2 |: (b, a)(p+ x+vy, O—) “‘LX

_xxted 5,1,x] (p, o) (p+ x+y +n,0)
M1+ o) T(5) (b,a)(p+a+vy,0)lp+ax+mn,p

Equation (2.6) as incomplete Erdélyi-Kober operator.

If «,B,v,0,1,0,0,b € C, R(ax) > 0; R(p) > max[R(—P),R(—y)] and condition (1.14)
exist, then

1F1 [ 1+ o; —x] 3V [ ) |on} . (2.6)

PP (20 TE R () ) ()

B xP—B—1 7 [6,1,x] (14+p—p,—0)(1+v—0p,—0) x®
T ) 2 (ba)(1—p,—0)(1+x+B+y—p,—0) "
Xoc+p—1
T(1+a+B)T(5)

T 6,1, x](1+p—p,—0)1+ax+p+y+n—p,—0)
3V b, a)1+a+B+y—p,—0)l+ax+B—p+n,—p

1F1 [OC+ [5;1+oc—|— B}—X]

| qu‘y] . 2.7)

Proof. With (1.3) and (1.9)

1Py (t"*lE[ci’g‘](ut")) () = —— Jm(t—X)“lt“ﬁzﬁ ((oc+ B.X),—vi o (1 - %))

ktO’k

e Bx M
tP1 dt. 2.8
) Mak+b) K (28)
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Interchanging the order of integration and summation which is permissible under the

condition
k
[ Fli'ﬁ’y (tp+crk—l) (x). (2.9)

£ T(ak + b)k!

Using (1.8), we arrive at

i uk Fr1+p—p—ok)l(l+vy—p—ok) (P+ok—p—1
I( ak+b K'T(1—p—ok)I(1+ax+p+vy—p—o0ok)

Coxet 1 & (a4 Bl (T
TF(1+o+p)T(5) 14+ a+pB)n n!

n=0

(o¢]

Fro+kx)r(1+p—p—ok)FM(1+a+p+y+n—p—ok) (ux°)¥*
Fak+b l+ax+B+y—p—0ok)M(1+ax+B+n—p—ok) k!

(2.10)

Which is the required result O

Corollary 2.2. Now if we set p = —« in (2.10), then with the formula ([20], p. 104)
equation (2.10) as Weyl operator

P (P TERY ) (0 = 1 (0 TTERY () ()

xProtl o 5,1, (1-a—p,—~0) o
re 7 bai—p-o M|

If we take p =0, in (2.10), we get
POV (TS () () = K (P TTERY () ()

xP~1 _ 5,1,x] (1+v—p,—0)
-Ly 7 L7 7 o
re) 22 [ (b, a)(1+aty—p,—o) P

Xoc+p—1

CT(1+ o) T(8)

6,1,x](1—p,—0)(1+x+y+n—p,—o0) x
b,a)l+a+v—0p,—0)(1+x+n—p,—0) H )
(2.11)

1F1 [ 1+ o —x] 3¥3 [ (

Here (2.12) as incomplete Erdélyi-Kober operator.

3. Incomplete Fractional Differentiation for Incomplete Mittag-Leffler Function

If«,B,v,0,10,a,b € C; R(p) > max[0,R(p —v)] and condition (1.14) exist, then

o, By —1¢[8,x] o _ Xerﬁil w |: [611/X] (p/ O—)(p—l_o‘—l_ﬁ—'_YI G) (j:|
rDoj (tp Eop (mt )) =5 b,a)0+B,0)0+v,0)  H

1F1 [—(X—B;l—(X—B,‘—X]:),W?, |: [6/1/X] (p—i‘Y—i‘k/U)(P—OH-Tl/U) | 0':| .

(b/ Cl)(p +v, 0)(p_ “+k/ G)
(3.1)

T1—a—B)T(d)
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Proof. With (1.5) and (1.9)

n_ —oa—p rx
FDST;‘B,Y <tpilEf§](“to)> (x) = ((i() Xr((x) Jo (x—t)* 120 <(o<+ B,x), —v; (1 — i))

=3 ktde 3.2
<t Zrak+b ot (3.2)

Interchanging the order of integration and summation which is permissible under the
condition

o0
Z ak+b Ifochn B—m,x+vy— n(tp+cyk 1) (X) (3.3)
=0

Using (1.7), we arrive at

i Xk W*T(p+ okl (p+ a+p+vy+0k) ( d >nxp+0‘k+[3+n1
I'( ak

+b) k' Mp+pB+n+ok)lp+vy+ok) \dx
_i (p+vY+ok)m(—x—B)m 6, ] Lk i nXp—oc+n+m+ck—1
—= (p—o+n+ok)m(l—o— Bm m' Fak—i—b k! \ dx

i Xk kF(p+crk)l"(p+oc+[3+y+crk)xp+ckﬂ371
Fak+b MNp+pB+ok)T(p+vy+ ok)

_i kF(p a+n+m-+ ok)
Fak+b I'p—oa+k+ok)

< (p+v+crk)m(—oc—rs)m (D™ ok
Z(p—a+n+ck)m(1—a—ﬁ)m X

m=0

Which is the required result O

Corollary 3.1. Now if we set p = —« in (3.4), then with the formula ([20], p. 104)

o, —1p[8,x] o _ Xpi(x*l (6/ 1/ X)(p, G) o
rDO,X Y (tp E(l,b (”'t )> (X) - W:})\y?) |: (b, a)(p_(x’ O') “LX :| . (34)

If we take 3 =0, in (3.4), we get
rDgY (tp*lEflg‘](m“)) (x) = rDgY (tp’lEEf”ff}(ut"D (x)

xP1 [ 8,1, (p+a+7v,0) U]
re) 2> (b,a)(p+v,0)

xP—a—1 1

_mmlﬁ [—o;1— o —x] 3¥5 [ 5,1,x] (p+v+m,0)(p—a+n,o) | x"]

(b,a)(p+v,0)(p—x+m,p)
(3.5)
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Ifx,B,v,0,10,a,b € C; R(p) >max[0,R(p —v)] and condition (1.14) exist, then

PHR=L _ T[5,1,x](1—B—p,—0)(1+x+y—p,—0)
D(X,B,'Y tpflE[(S,X} to‘ — X 7 Iz P, Y P, o
DY (T ) () = ST ba)1—p 01— p+y,—0) M

xP—a—1 1
TA—a_p) r(5)1F1 [~ —B;1—o—P;—x]
W [6/1/X](1_B_p1_0)(1_B+Y+m_p/_O-)
B (ba)1-B+y—p,—0)1-ax—B—p+m,—0c

| |ux“] . (3.6)
Proof. As previous calculation O

Corollary 3.2. Now if we set 3 = —« in (3.6), then with the formula ([20], p. 104)
x,— X, Y p—1x[8,x] o _ Xpiail (61 1/X)(1 tx—op, _G) o
rDZ (t E b (ut )) (x) = Te) 22 (b, a)(1— p,—0) x| . (3.7)
If we take =0, in (3.6), we get

p—1 _ — 0 —
FDi’O,Y (tp—lEEig}(utd)> (X) _ X 2\112 |: [6/ 1/X] (1 +ax+v—0p, 6) |HXU:|

() (b,a)(1+v—p,—0)
xp—a—=1 1 ' ‘ — (6,1,x] (1—p,—0)(1—Y+m—p,—U) o
i F(é)lFl [—o;1 — o —x] 33 [ (b, a)(1+y—p,—0)(1—ct+m—p,—0) [ux } .

(3.8)

Conclusion.The aim of this paper is to present a wide variety of interesting fractional
calculus formulas of incomplete Mittag-Leffler function in a flexible and accessible format and

by using which in the field of science and engineering, even more, important results can be
achieved.
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