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Abstract
The major goal of this research paper is to investigate the existence and uniqueness of an implicit

fractional pantograph equation in the frame of the Hilfer-Katugampola operator on the finite interval [a,b]
with mixed nonlocal conditions. Our analysis of the existence and uniqueness of solutions depends on some
fixed point theorems such as Banach and Krasnoselskii. Moreover, we discuss the dependence of solutions on
mixed nonlocal conditions by means of δ-approximated solution. As an application, we provide an example
to illustrate the validity of our results.
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1. Introduction

In the last three decades, the study of fractional calculus has very caught importance
and popularity among researchers due to their applicability in modeling many phenomena
in the real-world such as propagation in complex medium, polymers, biological tissues,
expansion of universe, earth sediments, etc. For more details, we refer the reader to the
monographs [1, 2, 3, 4], and references therein. In order to meet the need of modeling
more real-world problems in different fields of science and engineering, some researchers
have realized necessary finding new fractional derivatives (FD). In this work, we consider
Hilfer-Katugampola type fractional derivative which interpolates some fractional deriva-
tives such as, Hilfer, Hilfer-Hadamard, Riemann-Liouville, Hadamard, Caputo, Caputo-
Hadamard, see [4, 5, 6, 7, 8] and the references therein. On the other hand, some re-
searchers via different types of fractional derivatives studied the existence and stability of
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Ulam-Hyers, which can be found in [10, 11, 12, 13, 14, 15, 16, 17, 18]. A pantograph is
an important tool employed in electric trains in order to collect electric currents from the
overload lines. The pantograph equations have been modeled by Ockendon and Tayler in
[19]. Persuaded by the importance of these equations, many researchers have generalized
these equations into various kinds and presented the solvability theoretically and numeri-
cally portion of such problems. For additional details, see [20, 21, 22, 23, 24, 25, 26] and
the references therein. Recently, Abdo et al. [27] Considered the pantograph (FDEs){

ABCDa+ϑ(σ) = f(σ, ϑ(σ), ϑ(µ(σ))),µ ∈ (0, 1)
ϑ(a) =

∑n
j=1 τjϑ(κj), κj ∈ (a, T) .

The authors by means of Banach’s contraction principle and Krasnoselskii fixed point the-
orem studied the existence and uniqueness results and by using Gronwall’s inequality in
the frame of (ABC) discussed the Ulam–Hyers stabilities. Asawasamrit et. al. [28] by
means of some fixed point theorems studied existence, uniqueness and different type of
Ulam stability results of the following problem{

Dqϑ(σ) = f(σ, ϑ(σ)), 0 < q < 1,σ ∈ J := [0, T ]∑m
i=1 γiϑ(ηi) +

∑n
j=1 τjD

λj
0+ϑ(κj) +

∑m
i=1 θiI

ψi
0+ ϑ($i) = A ∈ R,

where Dq,Dλj are the Caputo (FD) of order q and λj, respectively, 0 < λj < q 6 1,
j = 1, 2, ...,n, γi, τj, θr ∈ R and ηi, κj,$i ∈ J.

On the other hand, Almalahi et. al. [29] via some properties of Mittag-Leffler functions
and some fixed point theorems studied the existence, uniqueness and different type of
Ulam stability results of the following Hilfer-Katugampola (FDEs){

ρD
q,β
0+ ϑ(σ) = λϑ(σ) + f(σ, ϑ(σ)), λ < 0, 0 < α < 1, 0 6 β 6 1,σ ∈ J := (0, T ]

ρI
1−γ
0+ ϑ(0+) =

∑m
i=1 δi

ρI
η
0+ϑ(τi), q 6 γ = q+β− qβ < 1 τi ∈ (a, T ] ,

where ρDq,β
a+ (·) denotes the Hilfer-Katugampola (FD) of order q ∈ (0, 1) and type β ∈

[0, 1] and ρI
1−γ
0+ is a generalized fractional integral (GFI) of order 1 − γ, ρ > 0. Here

f : J×R −→ R is a continuous function, τi(i = 0, 1, 2, ....,m) are prefixed points satisfying
0 < τ1 6 τ2 6 ..... 6 τm < T , and λ < 0, δi ∈ R.

Motivated by the above argumentations, the intent of this work is to investigate the
existence and uniqueness of solutions as well as the dependence of solutions by means of
δ -approximated solution of the implicit fractional pantograph equation:{

ρD
q,β
a+ ϑ(σ) = f(σ, ϑ(σ), ϑ(µ(σ)),ρDq,β

a+ ϑ(σ)),µ ∈ (0, 1) ,σ ∈ J := [a, T ]∑m
i=1 θi

ρI
ψi
a+ϑ($i) = B−

∑n
j=1 τj

ρD
λj,β
a+ ϑ(κj) ∈ R.

(1.1)

where ρDq,β
a+ (·),ρDλj,βa+ (·) are the Hilfer-Katugampola (FD) of order q and λj respectively,

q ∈ (0, 1) and type β ∈ [0, 1], q > λj+β
(
1 − λj

)
, (j = 0, 1, 2, ....,n),ρ Iψia+ , ρIqa+ are the gen-

eralized fractional integral of order ψi,q, (i = 0, 1, 2, ....,m) respectively, θi, τj ∈ R − {0}
and $i, κj ∈ J are prefixed points. f : J×R3 −→ R is continuous function. We confirm
that our proposed problem (1.1) is a fractional integral multi-order and fractional deriva-
tive multi-order problem, which means our results yield some results related to choosing
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the parameters. In addition, we note that, if θi = 0 then (1.1) reduce to implicit fractional
pantograph equations subjected to fractional derivative multi-order conditions, if τj = 0
then (1.1) reduce to implicit fractional pantograph equations subjected to fractional in-
tegral multi-order conditions. We investigate the existence and uniqueness of solution as
well as dependence of solutions and uniqueness by means of δ-approximated solution of
the proposed problem. The fractional derivative ρDq,β

a+ is an interpolator some fractional
derivatives such as Hilfer (if ρ = 1), Hilfer-Hadamard (if ρ = 0+), generalized (if β = 0
), Caputo-type (if β = 1), Riemann–Liouville (if β = 0, ρ = 1), Hadamard (if β = 0,
ρ = 0+), Caputo (if β = 0, ρ = 1), Caputo–Hadamard (if β = 1, ρ = 0+), Liouville (if
β = 0, ρ = 1, a = 0) and Weyl (if β = 0, ρ = 1, a = −∞). To the best of our knowledge,
this is the first work dealing with the implicit fractional pantograph equations in the frame
of Hilfer-Katugampola operator. In consequence, the results of this work will be a useful
contribution to the existing literature on this topic.

This paper is organized as follows. In Section 2, we present notations, auxiliary lem-
mas and some basic definitions which are used throughout the paper. In Section 3, we
discuss the existence and uniqueness results for a system 1.1. In Section 4, we discuss
dependence and uniqueness of solutions by means of δ-approximate solution. In section
5, we provide some examples to illustrate the validity of our results. Concluding remarks
about our results in the last section.

2. Background material and auxiliary results

In order to achieve our main purposes, we present here some definitions and basic
auxiliary results that are required throughout our paper. Let 0 < a < T , J := [a, T ] and let
C (J) be the Banach space of all continuous function from J into R with supremum norm
‖ϑ‖∞ = sup {|ϑ(σ)| : σ ∈ J}. Let Xpc (J) , (c ∈ R, 1 6 P 6 ∞) be the space of the complex
Lebesgue measurable functions ϑ on J for which ‖ϑ‖Xpc <∞, where

‖ϑ‖Xpc =

(∫T
a

|σcϑ(σ)|p
dσ

σ

) 1
p

.

In the case, c = 1
p , the space Xp1

p

(J) = Lp (J) .

Definition 2.1. [30] Let q ∈ R+, c ∈ R and ϑ(σ) ∈ Xpc (J). Then, the generalized left-
sided fractional integral ρIqa+ of order q > 0 is defined by

ρI
q
a+ϑ(σ) =

1
Γ(q)

∫σ
a

(
σρ − sρ

ρ

)q−1

sρ−1ϑ(s)ds, σ > a, ρ > 0. (2.1)

Definition 2.2. [30] The Katugampola (FD) of order q ∈ R+ \ N, ρ > 0 is defined by:

ρD
q
a+ϑ(σ) =

1
Γ(n− q)

(
σ1−ρ d

dσ

)n ∫T
a

sρ−1
(
σρ − sρ

ρ

)n−q+1

ϑ(s)ds, (2.2)

where n = [q] + 1.
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Definition 2.3. [31] Let n− 1 < q < n and 0 6 β 6 1. Then, the Hilfer-Katugampola
(FD) with respect to σ, with ρ > 0 of a function ϑ is defined by:

ρD
q,β
a+ ϑ(σ) =

ρI
β(n−q)
a+

(
σ1−ρ d

dσ

)n
ρI

(1−β)(n−q)
a+ ϑ(σ),

the operator ρDq,β
a+ can be expressed by

ρD
q,β
a+ = ρI

β(n−q)
a+

(
σ1−ρ d

dσ

)n
ρI
n−γ
a+

= ρI
β(n−q)
a+

ρD
γ
a+ , γ = q+nβ− qβ, (2.3)

In this paper, due to q ∈ (0, 1) , we consider n = 1.

Lemma 2.4. [31] Let ρIqa+ and ρD
q
a+ are generalized left-sided fractional integral and

derivative respectively defined in (2.1) and (2.2). Then, for q > 0 and β > 0, we have(
ρI
q
a+

(
σq − aρ

ρ

)β−1
)
(σ) =

Γ(β)

Γ(β+ q)

(
σq − aρ

ρ

)q+β−1

,q > 0,β > 0,(
ρD

q
a+

(
σq − aρ

ρ

)q−1
)
(σ) = 0, 0 < q < 1.

Lemma 2.5. Let γ = q+β− qβ where q ∈ (0, 1) and β ∈ [0, 1] . If ϑ ∈ Cγγ,ρ (J) , then

ρI
γ
a+

ρD
γ
a+ϑ = ρI

q
a+

ρD
q,β
a+ ϑ,

ρD
γ
a+

ρI
q
a+ϑ = ρD

β(1−q)
a+ ϑ.

Lemma 2.6. [31] Let q ∈ (0, 1) . Then for σ ∈ J, we have

ρI
q
a+

ρD
q
a+ϑ(σ) = ϑ(σ) −

ρI
1−γ
a+ ϑ(a)

Γ(γ)

(
σq − aρ

ρ

)γ−1

.

Theorem 2.7. [32] Let X be a Banach space and K ⊂ X be a nonempty, closed, convex and
bounded. If there is tow operators Φ1,Φ2 such that for all u, v ∈ X, imply Φ1u+Φ2v ∈ X
also Φ1 is compact and continuous and Φ2 is a contraction mapping, then there exists a
function z ∈ K such that z = Φ1z+Φ2z.

Lemma 2.8. Let γ = q + β − qβ, q ∈ (0, 1) and β ∈ [0, 1]. If q > λj + β
(
1 − λj

)
and

ϑ ∈ C (J) , then
ρD

λ,βρ
a+ I

q
a+ϑ(σ) =

ρI
q−λ
a+ ϑ(σ).

Proof. From definition 2.3, n = 1, we have

ρD
λ,β
a+ ϑ(σ) =

ρI
β(1−λ)
a+

(
σ1−ρ d

dσ

)
ρI

1−γ
a+ ϑ(σ),
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where γ = λ+β− λβ. Then, we have

ρD
λ,β
a+

(
ρI
q
a+ϑ(σ)

)
= ρI

β(1−λ)
a+

(
σ1−ρ d

dσ

)
ρI

1−γ
a+

(
ρI
q
a+ϑ(σ)

)
= ρI

β(1−λ)
a+

(
σ1−ρ d

dσ

)
ρI

1−γ+q
a+ ϑ(σ)

= ρI
β(1−λ)
a+

(
σ1−ρ d

dσ

)
1

Γ(1 − γ+ q)

∫σ
a

(
σρ − sρ

ρ

)q−γ
sρ−1ϑ(s)ds

= ρI
β(1−λ)
a+

1
Γ(q− γ)

∫σ
a

(
σρ − sρ

ρ

)q−γ−1

sρ−1ϑ(s)ds

= ρI
q−λ
a+ ϑ(σ).

Theorem 2.9. Let γ = q+ β− qβ, q ∈ (0, 1), β ∈ [0, 1] and h : J −→ R be a continuous
function such that h ∈ C (J) . A function ϑ ∈ Cγ (J) is a solution of problem{

ρD
q,β
a+ ϑ(σ) = h(σ), 0 < q < 1, 0 6 β 6 1,σ ∈ J∑m

i=1 θi
ρI
ψi
a+ϑ($i) = B−

∑n
j=1 τj

ρD
λj,β
a+ ϑ(κj),B ∈ R.

(2.4)

if and only if ϑ satisfies the following mixed type integral

ϑ(σ) =

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)

B−

m∑
i=1

θi
ρI
q+ψi
a+ h(s) ($i) −

n∑
j=1

τj
ρI
q−λj
a+ h(s)

(
κj
)

+ ρI
q
a+h(s) (σ) , (2.5)

where

Ψ =

m∑
i=1

θi
Γ(γ+ψi)

(
$
ρ
i − a

ρ

ρ

)γ+ψi−1

+

n∑
j=1

τj

Γ(γ− λj)

(
κ
ρ
j − a

ρ

ρ

)γ−λj−1

6= 0 (2.6)

Proof. In view of (2.3), first equation of (2.4) can be written as

ρI
β(1−q)
a+

ρD
γ
a+ϑ(σ) = h(σ) (2.7)

Applying the operator ρIqa+ to both sides of (2.7) and using Lemma 2.6, we get

ϑ(σ) =
ρI

1−γ
a+ ϑ(a)

Γ(γ)

(
σq − aρ

ρ

)γ−1

+ ρI
q
a+h(s)(σ). (2.8)

Denoting c = ρI
1−γ
a+ ϑ(a) in (2.8) yields

ϑ(σ) =
c

Γ(γ)

(
σρ − aρ

ρ

)γ−1

+ ρI
q
a+h(s) (σ) . (2.9)
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Taking the operator ρIψia+ into both sides of (2.9) with replace σ by $i and using lemma
2.4, we get

ρI
ψi
a+ϑ($i) =

c

Γ(γ+ψi)

(
$
ρ
i − a

ρ

ρ

)γ+ψi−1

+ ρI
q+ψi
a+ h(s) ($i) . (2.10)

Taking again the operator ρDλj,βa+ into both sides of (2.9) with replace σ by κj and using
lemmas 2.4, 2.8, we obtain

ρD
λj,β
a+ ϑ(κj) =

c

Γ(γ− λj)

(
κ
ρ
j − a

ρ

ρ

)γ−λj−1

+ ρI
q−λj
a+ h(s)

(
κj
)

. (2.11)

Thus
m∑
i=1

θi
ρI
ψi
a+ϑ($i) +

n∑
j=1

τj
ρD

λj,β
a+ ϑ(κj)

=

m∑
i=1

θic

Γ(γ+ψi)

(
$
ρ
i − a

ρ

ρ

)γ+ψi−1

+

m∑
i=1

θi
ρI
q+ψi
a+ h(s) ($i)

+

n∑
j=1

τjc

Γ(γ− λj)

(
κ
ρ
j − a

ρ

ρ

)γ−λj−1

+

n∑
j=1

τj
ρI
q−λj
a+ h(s)

(
κj
)

= c

 m∑
i=1

θi
Γ(γ+ψi)

(
$
ρ
i − a

ρ

ρ

)γ+ψi−1

+

n∑
j=1

τj

Γ(γ− λj)

(
κ
ρ
j − a

ρ

ρ

)γ−λj−1


+

m∑
i=1

θi
ρI
q+ψi
a+ h(s) ($i) +

n∑
j=1

τj
ρI
q−λj
a+ h(s)

(
κj
)

It follows from the condition (
∑m
i=1 θi

ρI
ψi
a+ϑ($i) = B−

∑n
j=1 τj

ρD
λj,β
a+ ϑ(κj)) that

c =
1
Ψ

B−

m∑
i=1

θi
ρI
q+ψi
a+ h(s) ($i) −

n∑
j=1

τj
ρI
q−λj
a+ h(s)

(
κj
) . (2.12)

Substitute (2.12) into (2.9), we get (2.5). Conversely, let ϑ ∈ Cγ (J) satisfying (2.5). We
need to show that ϑ also satisfies (2.4). For that, applying the operator ρDγa+ on both
sides of (2.5). Then, from Lemmas 2.4 and 2.5, we get

ρD
γ
a+ϑ(σ) =

ρD
β(1−q)
a+ h (σ) (2.13)

By the definition of Cγ (J) and ϑ ∈ Cγ (J), we have ρD
γ
a+ϑ ∈ C (J). Consequently,

ρD
β(1−q)
a+ ϑ = ρD1ρI

1−β(1−q)
a+ ϑ ∈ C (J) . For any ϑ ∈ C (J) , σ ∈ J, it is obvious that

ρI
1−β(1−q)
a+ ϑ ∈ C1 (J). Now, multiplying both sides of (2.13) by ρIβ(1−q)

a+ , using lemma
2.6, we can write

ρD
q,β
a+ ϑ(σ) = h (σ) −

ρI
1−β(1−q)
a+ h(a)

Γ(β(1 − q))

(
σq − aρ

ρ

)β(1−q)−1

, (2.14)
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where ρI1−β(1−q)
a+ h(a) = 0. Hence (2.14) reduces to

ρD
q,β
a+ ϑ(σ) = h(σ).

On the other hand, applying the operator ρIψia+ and ρDλj,βa+ to both sides of (2.5) with
using Lemmas 2.8 and 2.4, for i = 1, 2, ....,m, and j = 1, 2, ....n, we obtain

m∑
i=1

θi
ρI
ψi
a+ϑ($i) =

m∑
i=1

θi

1
Γ(ψi+γ)

(
$
ρ
i−a

ρ

ρ

)ψi+γ−1

ΨB−

m∑
i=1

θi
ρI
q+ψi
a+ h(s) ($i) −

n∑
j=1

τj
ρI
q−λj
a+ h(s)

(
κj
)

+

m∑
i=1

θi
ρI
q+ψi
a+ h(s) ($i) ,

n∑
j=1

τj
ρD

λj,β
a+ ϑ(κj) =

n∑
j=1

τj

1
Γ(γ−λj)

(
κ
ρ
j−a

ρ

ρ

)γ−λj−1

ΨB−

m∑
i=1

θi
ρI
q+ψi
a+ h(s) ($i) −

n∑
j=1

τj
ρI
q−λj
a+ h(s)

(
κj
)

+

n∑
j=1

τj
ρI
q−λj
a+ h(s)

(
κj
)

,

where Ψ is given by (2.6). Therefore

m∑
i=1

θi
ρI
ψi
a+ϑ($i) +

n∑
j=1

τj
ρD

λj,β
a+ ϑ(κj) = B.

The lemma is proved.

3. Exestence of solution

In this part, we will prove our main results such as existence and uniqueness of solution
for proposed problem. In order to obtain our results, we deliver the following assumptions

(H1): f : J×R×R×R→ R is a continuous function and there exist a constant Rf > 0
such that

|f(σ,u, v, z) − f(σ,u, v, z)| 6 Rf (|u− u|+ |v− v|+ |z− z|) ,

for any u, v, z,u, v, z ∈ R and σ ∈ J.
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(H2): The following inequality holds

∆ =
2Rf

(1 −Rf)ΨΓ(γ)

(
m∑
i=1

θi
Γ(q+ψi + 1)

(
$
ρ
i − a

ρ

ρ

)q+ψi

+

n∑
j=1

τj

Γ(q− λj + 1)

(
κ
ρ
j − a

ρ

ρ

)q−λj
+

2Rf
1 −Rf

1
Γ(q+ 1)

(
Tρ − aρ

ρ

)q
< 1 (3.1)

In the light of Theorem 2.9, we have the following theorem.

Theorem 3.1. Let γ = q+β−qβ where q ∈ (0, 1) and β ∈ [0, 1] , let F : J×R×R×R −→
R be a continuous function such that F ∈ C (J) for all ϑ ∈ C (J) . A function ϑ ∈ Cγ (J) is a
solution of problem (1.1) if and only if ϑ is the fixed point (FP) of the operator S : C (J) →
C (J) defined as

Sϑ(σ) =

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)

(
B−

m∑
i=1

θi
ρI
q+ψi
a+ Fϑ(s) ($i)

−

n∑
j=1

τj
ρI
q−λj
a+ Fϑ(s)

(
κj
)+ ρI

q
a+Fϑ(s) (σ) , (3.2)

where Fϑ(s) = f(s, ϑ(s), ϑ(µ(s)),ρD
q,β
a+ ϑ(s)).

Theorem 3.2. Assume that (H1) and (H2) holds, Then the problem (1.1) has a unique
solution in Cγ (J) .

Proof. Step (1): We will show that the operator S which defined in 3.2 has a unique fixed
point ϑ ∈ C (J). For that let ϑ, v ∈ C (J) ,σ ∈ J, then, we have

‖ϑ− v‖ = max
σ∈J

|Sϑ(σ) − Sv(σ)|

6

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)

(
m∑
i=1

θi
ρI
q+ψi
a+ |Fϑ(s) − Fv(s)| ($i)

+

n∑
j=1

τj
ρI
q−λj
a+ |Fϑ(s) − Fv(s)|

(
κj
)+ ρI

q
a+ |Fϑ(s) − Fv(s)| (σ)

6
2Rf

(1 −Rf)ΨΓ(γ)

(
m∑
i=1

θi
ρI
q+ψi
a+ |ϑ(s) − v(s)| ($i)

+

n∑
j=1

τj
ρI
q−λj
a+ |ϑ(s) − v(s)|

(
κj
)+

2Rf
1 −Rf

ρI
q
a+ |ϑ(s) − v(s)| (σ)
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6
2Rf

(1 −Rf)ΨΓ(γ)

(
m∑
i=1

θi
Γ(q+ψi + 1)

(
$
ρ
i − a

ρ

ρ

)q+ψi
‖ϑ− v‖

+

n∑
j=1

τj

Γ(q− λj + 1)

(
κ
ρ
j − a

ρ

ρ

)q−λj
‖ϑ− v‖


+

2Rf
1 −Rf

1
Γ(q+ 1)

(
σρ − aρ

ρ

)q
‖ϑ− v‖

6 ∆ ‖ϑ− v‖ .

Due to (3.1), the operator S is a contraction mapping on C (J).
Step (2): We need to show that such a fixed point ϑ ∈ C (J) is actually in Cγ (J) . Let

ϑ∗ be a unique fixed point of operator S in C (J) , then

ϑ∗(σ) =

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)

(
B−

m∑
i=1

θi
ρI
q+ψi
a+ Fϑ∗(s) ($i)

−

n∑
j=1

τj
ρI
q−λj
a+ Fϑ∗(s)

(
κj
)+ ρI

q
a+Fϑ∗(s) (σ) .

Applying ρDγa+ to both sides of the last equation, using Lemmas 2.4 and 2.5, we have

ρD
γ
a+ϑ

∗(σ) = ρD
γ
a+

ρI
q
a+Fϑ∗(s) (σ) =

ρD
β(1−q)
a+ Fϑ∗(s) (σ) ,

Since γ > q, by (H1), we have Dβ(1−α)
a+ Fϑ∗(s) (σ) ∈ C (J) , and hence ρDγa+ϑ

∗(σ) ∈
C (J) . It follows from definition of Cγ (J) that ϑ∗ ∈ Cγ (J) . As a consequence of the above
steps, we conclude that the problem (1.1) has a unique solution in Cγ (J) .

Theorem 3.3. Assume that (H1) holds. If

∆2 =
2Rf

(1 −Rf)ΨΓ(γ)

(
|B|+

m∑
i=1

θi
Γ(q+ψi + 1)

(
$
ρ
i − a

ρ

ρ

)q+ψi

+
2Rf

(1 −Rf)

n∑
j=1

τj

Γ(q− λj + 1)

(
κ
ρ
j − a

ρ

ρ

)q−λj < 1

then the problem (1.1) has at least one solution on J.

Proof. Consider a closed ball set Qr defined as

Qr = {ϑ ∈ C (J) : ‖ϑ‖ 6 r} ,

with r > ∆1
1−∆2

, where

∆1 =
1

ΨΓ(γ)

 m∑
i=1

f̂θi
Γ(q+ψi + 1)

(
$
ρ
i − a

ρ

ρ

)q+ψi
+

n∑
j=1

f̂τj

Γ(q− λj + 1)

(
κ
ρ
j − a

ρ

ρ

)q−λj ,
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and f̂ = maxσ∈J |F0(σ)| , where F0(σ) = f (σ, 0, 0, 0) . In order to prove existence solution
by means of Krasnoselskii’s (FPT), we split the operator S into tow operators S1, S2 such
that S = S1+S2, where

S1ϑ(σ) :=
ρI
q
a+Fϑ(s) (σ) ,

and

S2ϑ(σ) =

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)

(
B−

m∑
i=1

θi
ρI
q+ψi
a+ Fϑ(s) ($i)

−

n∑
j=1

τj
ρI
q−λj
a+ Fϑ(s)

(
κj
) .

Step (I): S1ϑ(σ) + S2ϑ(σ) ∈ Qr. For the operator S1 any ϑ ∈ Qr,σ ∈ J, we have

‖S1ϑ‖ = max
σ∈J

|S1ϑ(σ)|

=
∣∣ ρIqa+Fϑ(s) (σ)

∣∣
6 ρI

q
a+ {|Fϑ(s) − F0(s)|+ |F0(s)|} (σ)

6
2Rf

(1 −Rf)

1
Γ(q+ 1)

(
σρ − aρ

ρ

)q
‖ϑ‖+ f̂

Γ(q+ 1)

(
σρ − aρ

ρ

)q
6

2Rf
(1 −Rf)

1
Γ(q+ 1)

(
Tρ − aρ

ρ

)q
r+

f̂

Γ(q+ 1)

(
Tρ − aρ

ρ

)q
. (3.3)

For the operator S2 any ϑ ∈ Qr,σ ∈ J, we have

‖S2ϑ‖ = max
σ∈J

|S2ϑ(σ)|

6
1

ΨΓ(γ)

(
|B|+

m∑
i=1

θi
ρI
q+ψi
a+ (|Fϑ(s) − F0(s) + F0(s)|) ($i)

+

n∑
j=1

τj
ρI
q−λj
a+ (|Fϑ(s) − F0(s) + F0(s)|)

(
κj
)

6
1

ΨΓ(γ)

(
|B|+

m∑
i=1

θi
ρI
q+ψi
a+ {|Fϑ(s) − F0(s)|+ |F0(s)|} ($i)

+

n∑
j=1

τj
ρI
q−λj
a+ {|Fϑ(s) − F0(s)|+ |F0(s)|}

(
κj
)
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6
1

ΨΓ(γ)

(
|B|+

2Rf
1 −Rf

m∑
i=1

θi
Γ(q+ψi + 1)

(
$
ρ
i − a

ρ

ρ

)q+ψi

+
2Rf

1 −Rf

n∑
j=1

τjΓ(γ)

Γ(q− λj + γ)

(
κ
ρ
j − a

ρ

ρ

)q−λj r
+

1
ΨΓ(γ)

(
m∑
i=1

f̂θi
Γ(q+ψi + 1)

(
$
ρ
i − a

ρ

ρ

)q+ψi

+

n∑
j=1

f̂τj

Γ(q− λj + 1)

(
κ
ρ
j − a

ρ

ρ

)q−λj (3.4)

In the light of (3.3) and (3.4), we have

‖S1ϑ+ S2v‖
6 max {‖S1ϑ‖ , ‖S2v‖}

6
1

ΨΓ(γ)

(
|B|+

2Rf
1 −Rf

m∑
i=1

θi
Γ(q+ψi + 1)

(
$
ρ
i − a

ρ

ρ

)q+ψi

+
2Rf

1 −Rf

n∑
j=1

τj

Γ(q− λj + 1)

(
κ
ρ
j − a

ρ

ρ

)q−λj r
+

1
ΨΓ(γ)

(
m∑
i=1

f̂θi
Γ(q+ψi + 1)

(
$
ρ
i − a

ρ

ρ

)q+ψi

+

n∑
j=1

f̂τj

Γ(q− λj + 1)

(
κ
ρ
j − a

ρ

ρ

)q−λj
6 ∆2r+∆1 6 r.

which infers that S1ϑ+ S2ϑ ∈ Qr
Step (II): S2 is a contraction mapping. By Theorem 3.1, we deduce that S is a contrac-

tion mapping on C (J) and hence S2 is a contraction mapping too.
Step (III): We prove that the operator S1 is compact and continuous.
The continuity of S1 follows from the continuity of f. From (3.3), we have

‖S1ϑ‖ 6
2Rf

1 −Rf

1
Γ(q+ 1)

(
Tρ − aρ

ρ

)q
r+

f̂

Γ(q+ 1)

(
Tρ − aρ

ρ

)q
.

This means S1 is uniformly bounded. Now we prove the equicontinuous of operator S1.
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For any σ1,σ2 ∈ J, σ1 < σ2, ϑ ∈ Qr, we get

|S1ϑ(σ2) − S1ϑ(σ1)|

=

∣∣∣∣∣ 1
Γ(q)

∫σ2

a

(
σ
ρ
2 − sρ

ρ

)q−1

sρ−1Fϑ(s)ds

−
1
Γ(q)

∫σ1

a

(
σ
ρ
1 − sρ

ρ

)q−1

sρ−1Fϑ(s)ds

∣∣∣∣∣
6
‖Fϑ(·)‖
Γ(q)

∣∣∣∣∣
∫σ1

a

sρ−1

((
σ
ρ
2 − sρ

ρ

)q−1

−

(
σ
ρ
1 − sρ

ρ

)q−1
)
ds

∣∣∣∣∣
+
‖Fϑ(·)‖
Γ(q)

∣∣∣∣∣
∫σ2

σ1

sρ−1
(
σ
ρ
2 − sρ

ρ

)q−1

ds

∣∣∣∣∣
→ 0 as σ2 → σ1.

Thus S1 is equicontinuous. Hence, it follows from the Arzelà-Ascoli theorem that the
operator S1 is compact on Qr. According to Theorem 2.7, we conclude that S has at least
a fixed point ϑ∗ ∈ C (J) and by the same technique of Theorem 3.2, one can show that the
problem (1.1) has at least one solution.

4. δ-approximate solution

Definition 4.1. A function ϑ ∈ C (J) satisfying the following inequality∥∥∥ρDq,β
a+ ϑ(σ) − Fϑ(σ)

∥∥∥ 6 δ,σ ∈ J, (4.1)

and
m∑
i=1

θi
ρI
ψi
a+ϑ($i) = B

∗ −

n∑
j=1

τj
ρD

λj,β
a+ ϑ(κj),B∗ ∈ R.,

is called δ-approximate solutions of Hilfer-Katugampola fractional differential (1.1).

Theorem 4.2. Let F : J×R×R×R → R be a continuous function satisfies the condition
(H2) for each σ ∈ J and let ϑ1, ϑ2 ∈ C (J) be a δ-approximation solutions of the following
Hilfer-Katugampola fractional differential equations

ρD
q,β
a+ ϑ1(σ) = Fϑ1(σ),∑m

i=1 θi
ρI
ψi
a+ϑ1($i) = B

∗
1 −
∑n
j=1 τj

ρD
λj,β
a+ ϑ1(κj),

, (4.2)

and
ρD

q,β
a+ ϑ2(σ) = Fϑ2(σ),∑m

i=1 θi
ρI
ψi
a+ϑ2($i) = B

∗
2 −
∑n
j=1 τj

ρD
λj,β
a+ ϑ2(κj),

Then

‖ϑ1 − ϑ2‖ 6
1

1 −∆

(
δ1 + δ2

Γ(q+ 1)

(
Tρ − aρ

ρ

)q
+

∣∣B∗1 −B∗2 ∣∣
ΨΓ(γ)

)
.
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Proof. Let ϑ1, ϑ2 ∈ C (J) be an δ-approximation solutions of the problem (1.1). Then, we
have 

∥∥∥ρDq,β
a+ ϑ1(σ) − Fϑ1(σ)

∥∥∥ 6 δ1,∥∥∥ρDq,β
a+ ϑ2(σ) − Fϑ2(σ)

∥∥∥ 6 δ2,
(4.3)

and { ∑m
i=1 θi

ρI
ψi
a+ϑ1($i) = B

∗
1 −
∑n
j=1 τj

ρD
λj,β
a+ ϑ1(κj)∑m

i=1 θi
ρI
ψi
a+ϑ2($i) = B

∗
2 −
∑n
j=1 τj

ρD
λj,β
a+ ϑ2(κj).

Applying ρIqa+ on both sides of the above inequality, and using lemma 2.6, we get∣∣∣∣∣∣∣ϑ1(σ) −

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)
B∗1 +

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)

m∑
i=1

θi
ρI
q+ψi
a+ Fϑ1(s) ($i)

+

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)

n∑
j=1

τj
ρI
q−λj
a+ Fϑ1(s)

(
κj
)
− ρI

q
a+Fϑ1(s) (σ)

∣∣∣∣∣∣∣
6

δ1

Γ(q+ 1)

(
σρ − aρ

ρ

)q
and ∣∣∣∣∣∣∣ϑ2(σ) −

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)
B∗1 +

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)

m∑
i=1

θi
ρI
q+ψi
a+ Fϑ2(s) ($i)

+

(
σρ−aρ

ρ

)γ−1

ΨΓ(γ)

n∑
j=1

τj
ρI
q−λj
a+ Fϑ2(s)

(
κj
)
− ρI

q
a+Fϑ2(s) (σ)

∣∣∣∣∣∣∣
6

δ2

Γ(q+ 1)

(
σρ − aρ

ρ

)q
Using the fact |x|− |y| 6 |x− y| 6 |x|+ |y| in the above inequality, we get

|(ϑ1(σ) − ϑ2(σ))|

6
δ1 + δ2

Γ(q+ 1)

(
σρ − aρ

ρ

)q
+

∣∣∣∣(B∗1 −B∗2) 1
ΨΓ(γ)

∣∣∣∣
+

1
ΨΓ(γ)

m∑
i=1

θi
ρI
q+ψi
a+ |Fϑ1(s) − Fϑ1(s)| ($i)

1
ΨΓ(γ)

n∑
j=1

τj
ρI
q−λj
a+ |Fϑ1(s) − Fϑ1(s)|

(
κj
)

+ ρI
q
a+ |Fϑ1(s) − Fϑ1(s)| (σ)
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6
δ1 + δ2

Γ(q+ 1)

(
Tρ − aρ

ρ

)q
+

∣∣∣∣(B∗1 −B∗2) 1
ΨΓ(γ)

∣∣∣∣
+

2Rf
1 −Rf

1
ΨΓ(γ)

m∑
i=1

θi
Γ(q+ψi + 1)

(
$
ρ
i − a

ρ

ρ

)q+ψi
‖ϑ1 − ϑ2‖

+
2Rf

1 −Rf

1
ΨΓ(γ)

n∑
j=1

τj

Γ(q− λj + 1)

(
κ
ρ
j − a

ρ

ρ

)q−λj+γ−1

‖ϑ1 − ϑ2‖

+
2Rf

1 −Rf

1
Γ(q+ 1)

(
Tρ − aρ

ρ

)q
‖ϑ1 − ϑ2‖

6
δ1 + δ2

Γ(q+ 1)

(
Tρ − aρ

ρ

)q
+

∣∣B∗1 −B∗2 ∣∣
ΨΓ(γ)

+∆ ‖ϑ1 − ϑ2‖ .

In consequence, we have

‖ϑ1 − ϑ2‖

6
1

1 −∆

(
δ1 + δ2

Γ(q+ 1)

(
Tρ − aρ

ρ

)q
+

∣∣B∗1 −B∗2 ∣∣
ΨΓ(γ)

)
. (4.4)

Remark 4.3. If δ1 = δ2 = 0 in the inequality (4.3), then ϑ1, ϑ2 are solutions of the problem
(1.1) and the inequality (4.4) reduces to

‖ϑ1 − ϑ2‖ 6
1

1 −∆

(∣∣B∗1 −B∗2 ∣∣
ΨΓ(γ)

)
.

which provides the continuous dependence of the problem (1.1). Also if B∗1 = B∗2 , we have
‖ϑ1 − ϑ2‖ = 0, which provides the uniqueness of a solution of problem (1.1).

5. Examples

Example 5.1. Consider the following problem
1D

1
2 , 1

2
1+ ϑ(σ) =

2+|ϑ(σ)|+|ϑ(σ2 )|+
∣∣∣∣1D 1

2 , 1
2

1+
ϑ(σ)

∣∣∣∣
95e2σ

(
1+|ϑ(σ)|+|ϑ(σ2 )|+

∣∣∣∣1D 1
2 , 1

2
1+
ϑ(σ)

∣∣∣∣) , σ ∈ J := (0, 1] ,

10 1I
1
4
1+ϑ(

1
2) = 1 − 5 1D

9
20 , 1

2
1+ ϑ(1)

(5.1)

Here q = 1
2 ,β = 1

2 , γ = q+ β− qβ = 3
4 ,µ = 1

2 , m = n = 1, θ1 = 10, τ1 = 5, $1 = 1
2 ,

κ1 = 1,B = 1, (a, T ] = (0, 1] , ρ = 1,ψ1 = 1
4 , λ1 = 9

20 and

f(σ, ϑ(σ), ϑ(
σ

2
),ρDq,β

a+ ϑ(σ)) =

2 + |ϑ(σ)|+
∣∣ϑ(σ2 )∣∣+ ∣∣∣∣1D 1

2 , 1
2

1+ ϑ(σ)

∣∣∣∣
95e2σ

(
1 + |ϑ(σ)|+

∣∣ϑ(σ2 )∣∣+ ∣∣∣∣1D 1
2 , 1

2
1+ ϑ(σ)

∣∣∣∣) .
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Thus, f(σ, ϑ(σ), ϑ(µ(σ)),ρDq,β
a+ ϑ(σ)) is continuous and f(·, ϑ(·), ϑ(λ·),ρDq,β

a+ ϑ(·)) ∈ C (J)

for all ϑ ∈ C (J). Let σ ∈ (0, 1] and ϑ, ϑ ∈ R. Then∣∣∣∣f(σ, ϑ(σ), ϑ(
σ

2
),1D

1
2 , 1

2
1+ ϑ(σ)) − f(σ, ϑ(σ), ϑ(

σ

2
),1D

1
2 , 1

2
1+ ϑ(σ))

∣∣∣∣
6

1
95

(∣∣ϑ(σ) − ϑ(σ)∣∣+ ∣∣∣ϑ(σ
2
) − ϑ(

σ

2
)
∣∣∣+ ∣∣∣∣1D 1

2 , 1
2

1+ ϑ(σ) −
1 D

1
2 , 1

2
1+ ϑ(σ)

∣∣∣∣) .

Thus the condition (H1) is satisfied with Rf =
1
95 . Furthermore, by simple calculation, we

get Ψ ' 11.67 and ∆ ' 0.049 < 1. Then all the assumptions in Theorem 3.2 are satisfied.
Hence, the problem (5.1) has a unique solution in C

1
2 ([0, 1]) . Also, ∆2 ' 0.019 < 1. It

follows from Theorem 3.3 the problem (5.1) has at least one solution.

Example 5.2. Consider the following problem
1
2D

1
2 , 1

2
1+ ϑ(σ) =

1

4σ+3
(

1+|ϑ(σ)|+|ϑ(σ2 )|+
∣∣∣∣ 1

2D
1
2 , 1

2
1+
ϑ(σ)

∣∣∣∣) , σ ∈ J := (0, 1] ,

5
1
2 I

1
4
0+ϑ(

6
7) = 1 − 10

1
2D

9
20 , 1

2
0+ ϑ( 3

4)

(5.2)

Here q = 1
2 ,β = 1

2 , γ = q+ β− qβ = 3
4 , m = n = 1,µ = 1

2 , θ1 = 5, τ1 = 10, $1 = 6
7 ,

κ1 = 3
4 ,B = 1, (a, T ] = (0, 1] , ρ = 1

2 ,ψ1 = 1
4 , λ1 = 9

20 and

f(σ, ϑ(σ), ϑ(
σ

2
),

1
2 D

1
2 , 1

2
1+ ϑ(σ)) =

1

4σ+3

(
1 + |ϑ(σ)|+

∣∣ϑ(σ2 )∣∣+ ∣∣∣∣ 1
2D

1
2 , 1

2
1+ ϑ(σ)

∣∣∣∣)
. Thus, f(σ, ϑ(σ), ϑ(µ(σ)),ρDq,β

a+ ϑ(σ)) is continuous and f(·, ϑ(·), ϑ(µ(·)),ρDq,β
a+ ϑ(·)) ∈ C (J)

for all ϑ ∈ C (J). Let σ ∈ (0, 1] and ϑ, ϑ ∈ R. Then∣∣∣∣f(σ, ϑ(σ), ϑ(
σ

2
),

1
2 D

1
2 , 1

2
1+ ϑ(σ)) − f(σ, ϑ(σ), ϑ(

σ

2
),

1
2 D

1
2 , 1

2
1+ ϑ(σ))

∣∣∣∣
6

1
64

(∣∣ϑ(σ) − ϑ(σ)∣∣+ ∣∣∣ϑ(σ
2
) − ϑ(

σ

2
)
∣∣∣+ ∣∣∣∣ 1

2D
1
2 , 1

2
1+ ϑ(σ) −

1
2 D

1
2 , 1

2
1+ ϑ(σ)

∣∣∣∣) .

Thus the condition (H1) is satisfied with Rf =
1
64 . Furthermore, by simple calculation, we

get Ψ ' 7.27 and ∆ ' 0.031 < 1. Then all the assumptions in Theorem 3.2 are satisfied.
Hence, the problem (5.1) has a unique solution in C

1
2 ([0, 1]) . Also, ∆2 < 1. It follows from

Theorem 3.3 the problem (5.1) has at least one solution.

6. Conclusion

In this work, the existence and uniqueness of the nonlocal boundary value problem for
differential equation with Hilfer-Katugampola fractional derivative were discussed. Kras-
noselskii fixed point theorem and Banach contraction principle are utilized to obtain our
results. The dependence of solutions and uniqueness have been obtained by means of δ
-approximated solution. In conclusion, Hilfer-Katugampola fractional derivative can be
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used as a powerful tool for studying the dynamical behavior of many real-world prob-
lems. The acquired results which are obtained in the current paper are more general
and cover many of the parallel problems that contain special cases of function because
our proposed problem contains a global fractional derivative that integrates many classic
fractional derivatives.
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