. .\T gy Journal of Fractional Calculus and Nonlinear Systems J Frac Calc & Nonlinear Sys
] jfcns.sabapub.com (2022)3(2) : 27-36
b ISSN : 2709-9547 doi:10.48185/jfcns.v3i2.553

SABA Publishing

Opial-Jensen and functional inequalities for convex functions

MEHMET ZEKI SARIKAYA ¢*, Candan CAN BILISIK®

@ Department of Mathematics, Faculty of Science and Arts, Dlizce University, Dlzce, Turkey
b Department of Mathematics, Faculty of Science and Arts, Dliizce University, Diizce, Turkey

e Received: 04 August 2022 e Accepted: 13 December 2022 e Published Online: 25 December 2022

Abstract

The main of this article are presenting generalized Opial type inequalities which will be defined as the
Opial-Jensen inequality for convex function. Further, new Opial type inequalities will be given for functionals
defined with the help of the Opial inequalities.
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1. Introduction

In the year 1960, in [1], Opial established an inequality involving integral of a function
and its derivative as follows:

Theorem 1.1. Let {(t) € CV [0, h] be such that P(0) = Pp(h) =0, and P(t) > 0in (0, h).
Then, the following inequality holds

h h

[ oo ac< 3 | (wim)? e (.1

0 0
The constant h/4 is best possible.
In 1960, Olech [2] gave a new proof by extending the (1.1) inequality as;

Theorem 1.2. Let {(t) € C [0, h] be such that P(0) = 0, and P(t) > 0 in (0,h). Then,
the following inequality holds

N

h h
[ oo ae < 3 [ (o) e (1.2)
0 0
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Later, in 1965, Hua [3] proved Opial’s inequality (1.2) by generalizing it as follows;

h hf h
[l o ar < s [ ) ae
0 0

where { is a positive integer.
In 1967, Godunova and Levin [4] proved the following theorem for convex functions,
a generalization of the well-known Opial inequality.

Theorem 1.3. Let 1 be real-valued absolutely continuous function defined on [a,b] with
P(a) = 0. Let \ be real-valued convex, increasing function on [0, co) with 1(0) = 0. Then,
the following integral inequality holds

h

h
[l torenar<w | [wear). (1.3)
0

0

Opial’s inequality and its generalizations play an important role in determining the
existence and uniqueness of initial and boundary value problems for ordinary and partial
differential equations as well as difference equations. Recently, a large number of arti-
cles have appeared in the literature dealing with different types of evidence and various
generalizations of Opial inequalities, see [5]-[9], [10]-[23].

Opial’s inequality, due to its significance, experienced a lot of extensions and gener-
alizations over time in both classical and fractional calculus. Motivated with Opial-type
inequalities, together with Jensen’s inequality, we improve some known results and obtain
new, interesting inequalities.

Jensen’s inequality is of great interest in the theory of differential and difference equa-
tions, as well as other areas of mathematics. The Jensen’s inequality can be stated as
follows.

Theorem 1.4 (Jensen Inequality). [24] Let a,b,c,d € [0,00). Let w : [a,b] — R and
g : [a,b] — (c,d) are nonnegative, continuous functions with IEW(T)dT > 0,and { :
(c,d) — R is continuous and convex function. Then, we have

o (fovme(0dr) _ Jowlep (g(t) dr
fb w(T)dT h IE w(T)dT .

a

(1.4)

The purpose of this paper is to establish some generalizations of Opial type inequalities
defined Opial-Jensen inequality for convex functions. Further, new Opial type inequalities
will be given for new functionals defined with the help of Opial inequalities. Thus our
results are new results for Opial type inequalities. Now, we present the main results:

2. Opial-Jensen inequalities

In this section,we will state our main results and give their proofs as follows.
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Theorem 2.1. Let \ be real-valued absolutely continuous function defined on [a,b] with
P(a) = 0. Let \ be a differentiable mapping defined on [0, c0) with {(0) = 0 and ' be
real-valued convex, increasing function on [0,00). Then, the following integral inequalities
hold

fhp ) b(1)ldr , 0
o < " J (7)) dr 2.1)
f|1p )l dt J"Itb Jldt  \a
and
flw )| ()l dT
W (2.2)
jllb’ )l dt
/ / 0 ! ! i
. 1 {11) (b) — ' (a) J|¢,(T)’2dT+b1|) (a) —ay (b)wa(T)dT] _
b 2 b—a
' (7)] d a :

a

If ' is a concave and decreasing fuctions, then inequalities (2.1) and (2.2) are reversed.

Proof. We consider y(t f [W’(s)|ds such that y'(t) = [W’(7)] and y(t) > [W(7)|. Since
'’ is convex and i 1ncrea51ng, by using Jensen inequality, we get

Illb )b (T dT b

P < | Wl i e (2.3)
fhp ) dr [ ()l dra
: b
< Jy )dt
T)|dTt a

Cl

b
- ¥w (J W(r)\«h)
jm) Jldar  V©

which completes the proof the inequality (2.1).
Since 1|’ is a convex function on [a, b] C [0, c0), from the first inequality of (2.3) and



MZ SARIKAYA and CC BILISIK / Opial-Jensen and functional inequalities 30

with the help of the inequality (1.2), we have

f|¢ ) ()] ar b
P << [ ol v (o) ae
f|1|)' )l dt flll) )| dT a

b
= [ (R 2 e

r b b
B B LAUE O ) I AU L Jw’m}cﬁ]
—a b—a
[ olar L a a
r b
¢ Y [, - 0 dT]
2 b—a
fhb |dT L a a
which completes the proof the inequality (2.2). O

Remark 2.2. In Theorem 2.1, if we take {(s) = 572 on [0,h], Y/(s) = s is a convex function
on [0, h],
i) the inequality (2.1) reduces to the inequality
h h
J [ (1) W () dt < (J ()] m) .
0
By using the Cauchy-Schwarz inequality, it holds the inequality (1.2).
ii) the inequality (2.2) reduces to the inequality (1.2).

N =

0

Corollary 2.3. Under the hypotheses of Theorem 2.1, we have

h h
h
[l ter < " w0 e (2.4
(L+1)¢
0 0
fort>1
Proof. In Theorem 2.1, if we choose P (s) = %
on [0, h] for £ > 1, the inequality (2.1) reduces to

h
vl e < - (
(L+1)t

0

n [0,h], P/(s) = s' is a convex function
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By using the Cauchy-Schwarz inequality, it follows that

h h
[ @lrprorar < — [y ax
0 0

holds the inequality (2.4). O

Remark 2.4. In Corollary 2.3, if we take £ = 1, the inequality (2.4) reduces to the inequality
(1.2).
Corollary 2.5. Under the hypotheses of Theorem 2.1, for £ > 1, we have

£+1

h a1 [N ¢
JW(T)} ()l dt < h;e ( J Wﬂfcﬁ) : (2.5)
0 0

1
[4

Proof. In Theorem 2.1, if we choose \’(s) = s’ on [0, h] for £ > 1, the inequality (2.2)
reduces to

1 1
[

h h 4 h
e < (j |¢’m2dT) (J (o) dw)
0 0 0

By applying the Cauchy-Schwarz inequality, we have

h h3271 h % h 82;‘31
20
[l oelar < ( | w’mzdr) (J w'msz)
[
0 0 0
which completes the proof. O
Remark 2.6. In Corollary 2.5, if we take { = 1, the inequality (2.5) reduces to the inequality
(1.2).
3. Functional inequalities via Opial type inequalities

By the inequalities (1.2) and (1.3), we define the following functionals

Ss—a

01(5) = 25 [ W0 ae— [ o) ool e, 3.1

2

Dy (5) = (J (%)) dr) - [l (v e (3.2)
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where the function 1 is as in Theorem 1.2 and 1.3. By the change of the variable T =
As + (1 —A) a, we rewrite the (3.2) as follows

1
Oy (s) = 1])((3a)J(|1p’(?\s+(17\)a))d?\) (3.3)
0

1
~ (5= a) [ [/ (hs + (1A )| (Rb(As + (1= @)l) dp
0

for s € (a,b].

Theorem 3.1. Under the hypotheses of Theorem 1.2, let \p(t)| and |[\'(T)| be convex func-
tions on [a, b] . Then, the following integral inequality holds

(s—a)
6

2
1 (5)] < ([ + [ @] + [w's)] [v'(a)])

_l’_

29 )] + [0/ (@] i)

fors € (a,bl.

Proof. From the functional (3.1), we have

S
Ss—a

)
|Dq ( 5

%

(o) dr+J\ ()| 1 ()] dr.

a

By using the convexity of [p(t)| and [’ (T)|, we get

@1 5) < 5t j [(t—a)? [W/()* 42 (t =) (s =) [0/ (s)] [W'(@)| + (s —)* [#'(a]

1t )ZJ[(T—a) () [(t— a) [W(s)] + (s — ) [/(a)[] dr

_ ([[W )+ [ ()] + [w'(s)] [w'(a)])

o 2 |[w'(s)] + [’ (a)|] b (s)]

which completes the proof. O]

A similar results can be obtained for the different convex functions as follows:

Theorem 3.2. Under the hypotheses of Theorem 1.2, let \p(t)|, W' ()| and [’ (T)|* be convex
functions on [a, b]. Then, the following integral inequality holds

(s—a)
4

|D1 (s)] <

for s € (a,b].

2 J—
(v + @) + S i) + o] mbis)

H dt
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Proof. From the functional (3.1), we have

—a

()
|D1 ( 2

J\w' ) dT+J )| (1) d.
By using the convexity of [ (T)|, \/(t)| and [b'(T )I we get

|d>1(s)|<;HT—a|xp P+ (s =) [ ()] ar

- ZJ( Q) W(s)l] [(r— a) [0'(s)] + (s — ) [ (a)|] dv

= *40 (N),(s){z—i_ }ll)’(a)f) 4 (860) [2 |1|)’(s)‘ + ‘lb'(a)H b (s)|

which completes the proof. O

Theorem 3.3. Under the hypotheses of Theorem 1.2, let (p(T)|P, W' (7)|P and ['(T)|9 be
convex functions on [a,b], p,q > 1 and % + % = 1. Then, the following integral inequality
holds

/()4 YPNT: N I\ [P 1P P
s ()] < (s — )<|¢ I+ h'(a) > [sza(m) P +h'(a) ) +|¢(S)|]

fors € (a,b].

Proof. From the functional (3.1) and by using Holder’s inequality, we have

S

J\w ) a+ [ [0 o e

a a

< (be/(ﬂqcﬁ) {52‘1011)%)}"%) +(J¢(T)PdT) ]

01 (s)] < -2

By using the convexity of \p(T)[P, /()P and [p/(T1)|9 on [a, b], we get
@y (s)] < (J [T_“ [9/(s)] 9 + ﬂ dT)
s—a
X {s;(”;:;» oz an) ([ wras) ]
. ()19 a9\ G [e_ . 1P VPN .
— (s—a)d <|11) (s)l -12-|1|) (a)] ) lsza(s—a)p <|11) (s)] -12-|11) (a)] ) +(s—a)v|1b(s)|]

which this completes the proof. O]



MZ SARIKAYA and CC BILISIK / Opial-Jensen and functional inequalities 34

Theorem 3.4. Under the hypotheses of Theorem 1.3, let \p(t)| and |[\'(T)| be convex func-
tions on [a, b] . Then, the following integral inequality holds

| @y, (s) (3.4)

( ( |+|1b >>

1
P’ (s)] W' (a)] — [’ (s)]
+(s—a) [q}( )|tb((|lb( s))) + D0 llb((?\lb(S)))dA]
for s € (a,bl.
Proof. From the functional (3.3), we have
| Dy (s)] (3.5)

1
< ((sa)J(|1|)’(7\s+ (1-A)a)|) d?\)
0

1
+(s—a) J W' (As+ (1=A) @) [P’ (b(As + (1 —A) a)]) dA.
0
By using the convexity of [/ (T)|, we get

(s—a) | (W' (As+ (1—2A)a)]) dA (3.6)

< (s—a)

(A [W ()] 4+ (1 =N) W' (a)]) dN

_ W' (s)l+ ' (a)l
= (s—a) > .

Since 1) is a increasing function, it follows that the (3.6) can be written

1
P ((sa)J(tb'(As+(1A) ) dh) < ((s—a (PRI - )
0

o%._\ O%H
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On the other hand, using the convexity of \p(t)|, we get

(s—a) | W' (As + (1=2A) @) W ((As + (1—A) a)]) dA

< (s—a)

AW ()] + (1 =N [W'(a)|) W' (ARb(s)]) dA

o%._. ot

1 1
= (s—al )] [ ORI @A+ (= @) @] [ (=M1 (s e
0 0
Here, we apply integration by parts in integrals, we have
1

(s—a) [ [0/ (s (1= A) @) W/ (s + (1— ) @)l) dA (3.8)
]
B 1
0/ (s)] ()l — [/ (s)|
< (s=a) [T (s + P ijw(s))dxl.

Substitute the inequalities (3.7) and (3.8) in the inequality (3.5), we obtain that

@y (5)] < ¥ <(S_a) (hp )1t (a)|>>

1
' (s)] W' (a)l — ' (s)]
s —a) | s ((b(s))) + =0 lw ((Ahp(s)) dA]
which this completes the proof of the (3.4). O

Corollary 3.5. Under the hypotheses of Theorem 3.4, if we take {(u) = u on [a, b], we have

Dy (5)] = (s—a) ([W/(s)] + [W/(a)]).

1w e [ ] (wio e

for s € (a,bl.
Corollary 3.6. Under the hypotheses of Theorem 3.4, if we take P(u) = u? on [a,b], we

have
S 2 S
(J (W' (1)) dT) - 2J W' (7)] ()] d

a

D2 (s)] =

W' (@)l 42 W (s)]
3

< (s—ap (MBI

2
) T (s—a) b(s)

for s € (a,b].
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4. Conclusion

In this paper, some generalizations of Opial type inequalities defined Opial-Jensen
inequality for convex function were established and also presented some extensions of
the analogues. Further, new Opial type inequalities will be given for new functionals
defined with the help of Opial inequalities. Thus our results are new results for Opial type
inequalities. In future work, we recommend researchers can be obtained new results in
different types of convex functions, fractional calculus or inner product spaces with the
method used in this study.
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