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Abstract

We study a class of fractional differential inclusions defined by Caputo-Katugampola fractional derivative
involving a nonconvex set-valued map in the presence of certain fractional integral boundary conditions.
Using a technique developed by Filippov we establish an existence result for the problem considered under
the hypothesis that the set-valued map is Lipschitz in the state variable. Also, based on a result concerning
the arcwise connectedness of the fixed point set of a class of set-valued contractions, we prove the arcwise
connectedness of the solution set of the problem considered. The paper is the first in literature which contains
such kind of results in the framework of the problem studied
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1. Introduction

In the last decades we can see a strong development of the theory of fractional differ-
ential equations and inclusions [1, 2, 3] etc. The explanation is that fractional differential
equations are very useful tools in order to model several physical phenomena. Fractional
calculus contains several fractional derivatives; from them, the fractional derivative intro-
duced by Caputo allows to use Cauchy conditions which have physical meanings.

Recently, a generalized Caputo type fractional derivative was introduced in [4]. This
Caputo-Katugampola fractional derivative unifies the well known Caputo and Caputo-
Hadamard fractional derivatives into a single form. Even if Katugampola fractional in-
tegral operator looks similar to Erdélyi-Kober operator [5] it is argued [4] that is not
possible to derive Hadamard equivalence operators from Erdélyi-Kober type operators.
We also mention that in some recent papers [6, 7, 8, 9] were obtained certain qualita-
tive properties of solutions of fractional differential equations and inclusions defined by
Caputo-Katugampola.
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The present paper is concerned with the following problem

D&Px(t) € F(t,x(t)) a.e. ([0,T]), (1.1
X(T) =D MIPPx(ny) +& 8x(0) =0, (1.2)
i=1

where o € (1,2], p > 0, > 0, DX is the Caputo-Katugampola fractional derivative,
I1P-¢ is the Katugampola type fractional integral, A; € R, n; € [0,T], i = 1,m, & € R,
o= tl_p% and F: [0, T] x R — P(R) is a set-valued map.

In a recent paper [10], problem (1.1)-(1.2) was studied and two existence results for
this problem are provided taking into account the situations when the values of the set-
valued map F are convex and nonconvex. The results in [10] are obtained by using fixed
point techniques.

Our goal is to continue the study in [10]. Namely, our aim is twofold: on one hand,
we show that Filippov’s technique [11] may be used in order to obtain the existence of
solutions for problem (1.1)-(1.2). On the other hand, taking into account a result in
[12] concerning the arcwise connectedness of the fixed point set of a class of set-valued
contractions, we deduce the arcwise connectedness of the solution set of problem (1.1)-
(1.2).

We note that even if similar results for other classes of fractional differential inclusions
defined by Riemann-Liouville, Caputo or Caputo-Fabrizio fractional derivatives exists in
the literature [13, 14, 15] etc., the theorems in the present paper are new in the framework
of problem (1.1)-(1.2).

It is worth to remark that as papers in the literature closely related to the topic of the
present article one may mention [16, 17, 18, 19, 20, 21, 22, 23, 24, 25] etc..

The paper is organized as follows: in Section 2 we recall some preliminary facts that
we need in the sequel, Section 3 is devoted to our existence theorem and in Section 4 we
obtain the arcwise connectedness of the solution set.

2. Preliminaries

Let denote by I the interval [0, T], T > 0 and let X be a real separable Banach space
with the norm |.| and with the corresponding metric d(.,.). As usual, we denote by
C(I,X) the Banach space of all continuous functions x(.) : I — X endowed with the norm
Ix(.)lc = supyerlx(t)] and by L(I, X) the Banach space of all (Bochner) integrable func-
tions x(.) : I —+ X endowed with the norm |x(.)}; = fg [x(t)|dt. Denote AC™(L,R) = {f :
I - R, f "D cC(,R) and f("~ isabsolutely continuous} and AC}(I,R) =
{f:1—-R; 8™ Uf isabsolutely continuous; &=t"°L

A subset D C L(I, X) is said to be decomposable if for any u(-),v(-) € D and any subset
A € L(I) one has uxa +vxp € D, where B = I\A. We denote by D(I, X) the family of all
decomposable closed subsets of L!(I, X).

Denote by £(I) the o-algebra of all Lebesgue measurable subsets of I, by P(X) the
family of all nonempty subsets of X and by B(X) the family of all Borel subsets of X. If
A C Ithen xa(.):I— {0,1} denotes the characteristic function of A.
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Recall that the Pompeiu-Hausdorff distance of the closed subsets A, B C X is defined by
dn (A, B) = max{d*(A,B),d*(B,A)}, where d*(A,B) = sup{d(a,B);a € A}and d(x,B) =
infyep d(x,y).

Let p > 0. The next notions were introduced in [4].

a) The generalized left-sided fractional integral of order « > 0 of a Lebesgue integrable
function h : (0, c0) — R is defined by

pl o t - -
[%Ph(t) = J (t° —sP)*1sP~In(s)ds, (2.1)
Mled) Jo
provided the right-hand side is pointwise defined on (0, co) and I'(.) is the (Euler’s) Gamma
function defined by I'(«) = [” t* e *dt.
b) The generalized fract10nal derivative, corresponding to the generalized left-sided
fractional integral in (2.1) of a function h : [0, c0) — R is defined by

DEPh(t) = (H1P-L)n (1“—“fph)(t)=‘W(tl—pd)“r( M s

dt MNn—«) dt tP —gp)x—n+l

if the integral exists and n = [«] + 1.
c) The Caputo-Katugampola generalized fractional derivative is defined by

n—
D&Ph(t) = (D*P[h Z (t),
with n = [a] 4 1.

If p = 1, the Caputo-Katugampola fractional derivative is the well known Caputo
fractional derivative and if we pass to the limit with p — 0+ in the above definition
we get the Caputo-Hadamard fractional derivative.

5]

n{
In what follows p >0, x € (1,2], f >0and Q =1—Y " A; e

Lemma 2.1. Assume that QO # 0. For a given function h € C(I,R) N LY(I,R) the unique
solution x € ACZ(L,R) of the problem DZPx(t) = h(t) a.e. (I) with boundary condition
(1.2) is given by

1 m
x(t) = I%Ph(t) + 5{—1“'ph(T) + ; MICTPPHM) + &), tel, (2.2)

For the proof of Lemma 2.1, see [10]; namely, Lemma 2.3.
Remark 2.2. If we define

l-ogp—1 1—x o p—1

§(t,s) = WXOt (s) — Qr(o‘f)(Tffsp)]_“Jr
m 7\10 —x—pgp—1

Zl 1 OT(a+p)(mf—sP)l- B X[0m;]\S (s)

then the solution in (2.2) may be written as

-
x(t) = é +L G(t, s)h(s)ds. (2.3)
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Moreover, for any s,t € I we have the estimate

plfoch(xfl plfochocfl m |7\i|plfoc7[3nf(“+ﬁ)*1

Mo O & or<p)

5(t, s)] <

A function x(.) € AC% (I,R) is called a solution of problem (1.1)-(1.2) if there exists a
function h(.) € L}(I,R) with h(t) € F(t,x(t)) a.e. (I) and such that (2.2) is satisfied.

3. An existence result

The next lemma [26] contains a selection result for set-valued maps and is a version
of the celebrated Kuratowski and Ryll-Nardzewski selection theorem [27].

Lemma 3.1. Consider X a separable Banach space, B is the closed unit ball in X, F: I — P(X)
is a set-valued map with nonempty closed values and ¢ : I — X,r : I — R, are measurable
functions. If

F(t)N(c(t)+7m(t)B) #0 a.e. (1),

then the set-valued map t — F(t) N (c(t) + r(t)B) has a measurable selection.

In the sequel we assume the following conditions on F.

Hypothesis H1. i) F: [ x R — P(R) has nonempty closed values and for every x € R F(.,x)
is measurable.

i) There exists m € L'(I,R) such that for almost all t € 1,F(t,.) is m(t)-Lipschitz in the
sense that for all x,y € R

dH(F(t/X)/F(tIU)) < m(t)Ix _y|

Theorem 3.2. Assume that Hypothesis H1 is satisfied, assume that M|m|; < 1 and let
z(.) € ACZ(LR) be such that there exists q(.) € L'(I,R) with d(D&’z(t), F(t, z(t))) < q(t)
ae (I)and z(T) = Y ™ MIBPz(n;) + 1, 82(0) = 0.
Then there exists x(.) : I — R a solution of problem (1.1)-(1.2) satisfying for all t € 1
1 1&— M

x(t) —z(t)] < + . 3.1
Ix(t) —z(t)] T Mml; Q] 1—M|m|1|q|1

Proof. We note first that the set-valued map t — F(t,z(t)) is measurable with closed values
and the fact that d(D&z(t), F(t,z(t))) < q(t) a.e. (I) means

F(t,z(t)) ({D&Pz(t) + q(t) (L1} # 0 a.e. (I).

From Lemma 3.1 there exists a measurable selection hy(t) € F(t,z(t)) a.e. (I) such
that
lhi(t) =D&Pz(t) < q(t)  a.e (I). (3.2)

Define x(t) = & —|—f0 G(t,s)hy(s)ds and one has

Ix1(t) —z(t — 152+ [0 S 1(s) = DEPz(s))ds| <
)ds

N HIEIEDIE 'ﬁﬂr' + Midh
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We construct next two sequences xn, (.) € C(I,R), hn(.) € L'(I,R), n > 1 such that

-
xn(t) = £ +J G(t,s)hn(s)ds, tel, (3.3)
Q  Jo
hn(t) € F(t, xn1(t)) ae.(I), n>1, (3.4)
hnt1(t) —ha ()] < mt)xn(t) —xn-1(t)] ae.(I),n>1 (3.5)

Assuming that this construction is done, then from (3.3)-(3.5) we have for almost all
tel

X1 (t) —xn(t)] < fg|9(t,t1)|-|hn+1(t1) —hn(t1)ldt; < Mfo (t1)Pxen (1)
—Xn— 1(t1)|dt1 < MIOT m(ty) IOT|9 (t1, t2)[.Thn(t2) —hn— 1(t2)|dt2 <

M2 fo (t1) fo (t2)lxn—1(t2) = xn—2(t2)ldtodt; < M™ fo (tl)ﬂ m(t2)
Jo mtn)x(tn) — 2(tn)|dtn...dt; < (Miml)™ (55 + Migh).

It means that {xn }nen is @ Cauchy sequence in the Banach space C(I,R), hence con-
verging uniformly to some x € C(I,R). At the same time, by (3.4), for almost all t € I, the
sequence {h,, (t)}hen is Cauchy in R. Take h the pointwise limit of h,,. Moreover, one has

Rdﬂ—d)llm( O+ X175 i (1) —xi (1) < B

Sar +Mldh

(e - (3.6)
+Mlqh + )i, |Q|LL +M‘q|l)(M|m|1)1:‘fle-

Similarly, from (3.2), (3.5) and (3.6) we deduce for almost all t € I

Ihn () = DEPz(t)] < X1 i (t) — hi(t)] + [hy (t) — DEPz(t)] <

‘a‘ar‘JrMIQM

L) -2y +a(b).

So, the sequence h,, is integrably bounded and therefore h € L'(I,R).

With Lebesque’s dominated convergence theorem, passing to the limit in (3.3), (3.4)
we conclude that x is a solution of (1.1). Finally, taking the limit in (3.6) we deduce the
estimate on x.

Next we construct the sequences x,,, h,, with the properties in (3.3)- (3.5). This will
be achevied by induction.

At the beginning of the proof we already provided the first step of induction. We
assume that for some p > 1 we already constructed x,, € C(I,R) and h, € L'(I,R),n =
1,2,...p satisfying (3.3), (3.5) forn = 1,2,...p and (3.4) for n = 1,2,...p — 1. The maps
t — F(t,xp(t)) and t — L(t)[xp(t) —xp_1(t)] are measurable. But F(t,.) is Lipschitz, hence
for almostall t € I

F(t, xp (1)) N {hyp (1) + m(t)xp (t) — xp—1 ()1, 1]} # 0.

Now we apply Lemma 3.1 in order to deduce the existence of a measurable selection
hp11(.) of F(.,xp(.)) such that

Ihp1(t) —hp (1) < m(t)lxp (t) =xp—1(t)] a.e. (I).

We put xp, 1 like in (3.3) with n = p +1. So, hy 4 verifies (3.4) and (3.5) and the
proof is finished. 0
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The assumptions in Theorem 3.2 are satisfied, in particular, for z(.) = 0 and with
q(.) = m(.). We obtain the following consequence of Theorem 3.2.

Corollary 3.3. Assume that Hypothesis H1 is satisfied, assume that M|mJ; < 1 and
d(0,F(t,0)) < m(t) ae. (I).
Then there exists x(.) a solution of problem (1.1)-(1.2) satisfying for all t € 1

1 €] M
< ————+—-—Iqh- 3.
Remark 3.4. A similar existence result to the one in Corollary 3.3 may be found in [10],
namely Theorem 4.2. Its proof is performed by using the set-valued contraction principle.
It is worth to mention that the approach in [10], apart from the requirement that the
values of F(.,.) are compact, does not provides a priori bounds as in (3.7).

Example 3.5. As an application of our above result one may consider the following ex-
ample taken from [10]. Consider the following problem

51 et 1 101+t [x(t) 1
DEx(t) € [7900+t(tan x(t) + 2),730 (7|x(t)| 1 + 8)] a.e. ([0,2]), (3.8)
31 1 131 3 1 B

Inthiscase,TZZ,oc:g,B:%,p:%,mzZ,nl:%,n2:%,£:%,7\1:2,

" ]
A =1, F(tx) = [\/;Ooﬁ(tan_lx—i- %),%(‘Jﬁll + 1)) and m(t) = Lt Since Mim); ~

0,7572001 < 1, we are able to apply Corollary 3.3 in order to deduce the existence of a
solution for problem (3.8)-(3.9).

4. Arcwise connectedness of the solution set

In this section we are concerned with the more general problem

DEPx(t) € F(t, x(1),S(t,x(1) a.e. (I), (4.1)
xX(T) =Y NIPPx(ni) +&  8x(0) =0. (4.2)
i=1

We are working under the hypothesis that F and S are closed-valued Lipschitz with
respect to the second variable and F is a contraction in the third variable. It is clear
that the right-hand side of the differential inclusion in (4.1) is, in general, neither convex
nor closed. However, we may prove that its solution set is the arcwise connectedness.
Obviously, when F does not depend on the last variable (4.1) reduces to (1.1) and the
result is still valid for problem (1.1).

Let Z be a metric space with the distance dz. In what follows, when the product
Z = Z1 x Z, of metric spaces Z;,i = 1,2, is considered, it is assumed that Z is endowed
with the metric dz((z1,22), (2], 25)) = Zle dz, (zi,2}).
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Let X be a metric space and let F : X — P(Z) be a set-valued map with nonempty
closed values. F is called Hausdorff continuous if for any xy € X and every € > 0 there
exists & > 0 such that x € X, dx(x,xp) < & implies diy (F(x), F(xo)) < €.

Consider (T,J, u) be a finite, positive, nonatomic measure space and let (X,|.|x) be a
Banach space.

We need two preliminary results in order to establish our result. To simplify the nota-
tion we write E in place of L!(T, X). The following lemmas are proved in [12].

Lemma 4.1. ® : TxE — P(E)and V¥ : T x E x E — P(E) are Hausdorff continuous
multifunctions with nonempty, closed, decomposable values and satisfy
a) There exists Q € [0,1) such that, for every t € T and every u,u’ € E,

dH(q)(t/ u)l (D(tr u/)) < Q|u_u/|E-

b) There exists L € [0,1) such that Q +L < 1 and for every t € T and every (u,v),
(u,v') e EXE,

dp(Y(twv), Y(t,u',v)) <Llu—u'[g +v—V]g).

Define Fix(A(t,.)) ={u € E;u € A(t,u)}, where A(t,u) =V¥(t,u, ®(t,u)), (t,u) € T x E.
Then for every t € T the set Fix(A(t,.)) is nonempty and arcwise connected.

Lemma 4.2. Consider A : T — P(X) and B : T x X — P(X) be two nonempty closed-valued
set-valued maps verifying

a) A is measurable and there exists k € L1(T) such that dy(A(t),{0}) < k(t) for almost
allt €T.

b) The set-valued map t — B(t, x) is measurable for every x € X.

c¢) The set-valued map x — B(t, x) is Hausdorff continuous for all t € T.

Consider b : T — X a measurable selection from t — B(t, A(t)).

Then there exists a selection a € L'(T,X) of A(.) such that b(t) € B(t,a(t)), t € T.

Hypothesis H2. F: IxR?> — P(R)and S : I x R — P(R) are set-valued maps with
nonempty closed values and with the following properties
i) The set-valued maps t — F(t,u,v) and t — S(t,u) are measurable for all u,v € R.
ii) There exists m € L'(I,R..) such that, for every u,u’ € R,

di(S(t,w), S(t, ) < mt)hu—u| ae. (D).
iii) There exist p € L1(I,R) and 0 € [0, 1) such that, for every u,v,u’, v € R,
du (F(t,w,v), F(t,u, V) <p)lu—u|+0lv—V] ae. (I).
iv) There exist f,s € L'(I,R) such that
d(0,F(t,0,0)) < f(t), d(0,S(t,0)) <s(t) a.e. (I).

For fixed & € R we denote by §(&) the solution set of (4.1)-(4.2).
In what follows N(t) := max{m(t),p(t)}, t € L.
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Theorem 4.3. Assume that Hypothesis H2 is satlsﬁed and 2M fo s)ds +6 < 1.
Then for every & € R, the solution set 8(&) of (4.1)-(4.2) is nonempty and arcwise
connected in the space C(I, R).

Proof. For & € Rand u € L'(I,R), set

N
ug (t) = 3 —|—J G(t,s)u(s)ds, tel
Q Jo
We prove first that @ : R x L'(I,R) — P(L}Y(I,R)) and ¥ : R x L}(I,R) x L'(I,R) —
P(LY(I,R)) given by

®(&,u) ={vel'(LR); v(t)eS(tus(t) ae (1)}
Y(E,uv) ={we LYLR); w(t) € F(tug(t),v(t) ae. (1)},

meet the assumptions in Lemma 4.1.

Based on the fact that u; is measurable and S satisfies Hypothesis H2 i) and ii), the
set-valued map t — S(t,ug(t)) is measurable and nonempty closed valued, thus it has a
measurable selection. By Hypothesis H2 iv), the set @ (¢, u) is nonempty. The fact that the
set ®(&,u) is closed and decomposable is a standard argument. Similarly, ¥(&,w,v) is a
nonempty closed decomposable set.

Take (&,u),(&1,u1) € R x LY(I,R) and consider v € ®(&,u). For every ¢ > 0 there
exists v; € @ (&1, 1) such that, for every t € I, one has

v(t) —vi(t)] < (S(t ug (1)), S(tug, (1)) + e
<N 1E— &1l + [ 1G(t, s)]u(s) — i (s)lds] +

Consequently;,
1 T T
lv—wvi|; < |Q|551|.J0 N(t)dt+MJ'0 N(t)dtlu —uqy + Te
for any ¢ > 0.
Thus,
T T
s, (e 1)) < e = al. | N(Ode+ M| Ndthu -l

for all v € ®(¢,u). Therefore,

T

)
NP &IJ (t)dt+MJ N (O dthu —wil;
0

dr(®(&,u), ©(&, 1)) < Ql

which means that @ verifies the hypothesis of Lemma 4.1 and is Hausdorff continuous.
Take (&,u,v), (&1,u1,v1) € Rx LY(IL,R) x LY(I,R) and w € ¥(&,u,v). As before, for
each ¢ > 0 there exists w; € W(&7,uq,v1) such that for every t € I

w(t) —wi(t)] < dn(F(t, ug (t), v(t)), F(t, ue, (t),vi(t))) + ¢

)
< N(B)[ug (1) —ug, (8] + 6v(t) —vi (t)] + €
SNIE — &1+ [4 15, s)Lhuls) —ui(s)lds] + Ov(t) — vy (t)] + ¢
< NO[S1E = &l + Miu— ] + 0v(t) — v (1) + &
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Thus,

w—wil; < ‘Q‘Iﬁ Ellfo dt—l—MfO t)dtlu—ugly +0lv—vil1 + Te
‘Q||E, £1|J‘0 dt+ MJO dt+e)dL1 LR) XLl(IR](( ),(u],V1))+TE.

We deduce that

dn (¥ (&uv) V(&1 u,v1)) < gy7lé — &1l [y N(t)dt+
Mfo (t)dt+0)dpr (1 ryxrt(Lr)((WV )(ullvl))l

i.e., W verifies the hypothesis of Lemma 4.1 and is Hausdorff continuous.

We introduce now A(&,u) = V(&,u, ®(&,u)), (§,u) € R? x LI(I,R). With Lemma 4.1
we find that the set Fix(A(§,.)) = {u € L'(I,R);u € A(&,u)} is nonempty and arcwise
connected in L'(I,R).

Finally, we prove that

Fix(A(E,.)) = {u e LY(I,R); u(t) € F(t,ug(t), S(t,ue(t))) ae. (1)} (4.3)

Let Z(&) be the right-hand side of (4.3). If u € Fix(A(§,.)) then there is v € ®(§,v)
such that u € W(&,u,v). Hence, v(t) € S(t,ug(t)) and

u(t) € F(t,ug(t),v(t)) C F(t,ug(t), S(t,ug(t))) a.e. (I),

i.e., Fix(A(E,.)) C Z(&).
Take u € Z(&). By Lemma 4.2, there exists v € L'(I,R) a selection of t — S(t, ug(t)))
such that u(t) € F(t,ug(t),v(t)) a.e. (I). Thus, v € ®(E,v), u € Y(& u,v), hence u €
(&, ) and equality (4 3) is proved. We remark that the function P : L'(I,R) — C(I,R),
fo s)ds, t € I is continuous and one has

5(8) = o +P(FN(T(E, ), E€R
But Fix(A(£,.)) is nonempty and arcwise connected in L!(I,R), therefore the set S(£)
has the same properties in C(I,R). O

5. Conclusions

In the present paper, we studied a class of fractional differential inclusions involving
Caputo-Katugampola fractional derivative with certain fractional integral boundary con-
ditions. We established an existence result for problem (1.1)-(1.2) when the set-valued
map is Lipschitz in the state variable without any assumptions concerning the convexity
of the values of the set-valued map. Our approach uses a technique due to Filippov ([11])
instead of an usual application of set-valued fixed point theorems. In this way we im-
proved a similar existence result in the literature [10], obtained by using the set-valued
contraction principle. An illustration of our result is provided by a numerical example.
At the same time, we obtained a topological property of the solution set of the problem
considered; namely it is proved the arcwise connectedness of the solution set of problem
(1.1)-(1.2).
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