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Abstract

We study the Hyers-Ulam stability of tempered (k,ψ)-Hilfer fractional differential equations using the
(k,ψ)-generalized Laplace transform. This transform plays a central role in deriving and extending stabil-
ity results, underscoring its effectiveness in the analysis of tempered fractional operators. The theoretical
contributions are further supported by illustrative examples that confirm the validity and applicability of the
results.
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1. Introduction

In mathematical analysis, differentiation and integration are typically considered in the
context of integer-order operations. However, when these operations are generalized to
fractional, irrational, or complex orders, the resulting field is known as fractional calculus.
The historical development of fractional calculus can be traced as far back as the 17th
century. In 1695, Leibniz questioned the meaning of derivatives of non-integer order in his
correspondence with L’Hôpital. This idea was later developed through the contributions
of eminent mathematicians such as Euler, Fourier, Liouville, and Riemann. For detailed
information on these and the other developments, see, for example [1, 2, 4, 3, 5, 6] and
references therein.
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Research on fractional differential equations (FDEs) has significantly expanded with
the development of various definitions of fractional derivatives, leading to a rich and
comprehensive analytical framework. Several types of fractional derivatives have been
proposed, including those of Riemann–Liouville, Caputo, Hadamard, Hilfer, Grünwald–
Letnikov, Riesz, Katugampola, Caputo–Fabrizio, and Atangana–Baleanu–Caputo. These
have found extensive applications in modeling problems in physics and engineering [3, 4,
5, 6, 7, 8, 9]. However, as most of these definitions do not fully coincide with each other,
there remains a need for more generalized formulations of fractional derivatives.

In this direction, Sousa and Oliveira [10] introduced the ψ-Hilfer fractional derivative
(ψ-HFD), which is defined with respect to another function and has been successfully
applied in the qualitative analysis of both linear and nonlinear FDEs see for example [11,
12, 13, 14]. The existence and uniqueness of some problems formulated using the ψ-
Hilfer fractional derivative defined by Sousa and Oliveira have been analyzed in detail
by various researchers. For example, Almalahi at al. [15] analyzed the existence and
uniqueness of a new class of terminal type boundary value problems for ψ-Hilfer fractional
differential equations using the Banach contraction principle and the Krasnosleskii fixed-
point theorem. Wahash at al. [16] using the Picard iterative method, investigated the
existence and uniqueness of a class of Cauchy problems for differential equations involving
Caputo fractional derivatives with respect to another function. Similarly, Almalahi at al.
[17] investigated existence and uniqueness results for fractional functional di¤erential
equations with boundary conditions and nite lags containing Hilfer-type derivatives, and
Shatanawi at al. [18] conducted an existence and uniqueness investigation using the
Krasnosleskii xed-point theorem for fractional operators with a special model kernel.

In 2007, Díaz and Pariguan [19] proposed the definitions of the k-gamma and k-beta
functions such as

Γk (u) =

∞∫
0

zu−1e−
zk

k dz, βk (u, v) =
1
k

1∫
0

z
u
k−1 (1 − z)

v
k−1 dz,Reu > 0,Rev > 0, k > 0,

which is the generalization of the Euler gamma and Euler beta functions Γ (·) and β (·, ·) ,
respectively and satisfies the following properties:

a) lim
k→1

Γk (u) = Γ (u) , Γk (k) = 1, Γk (u+ k) = uΓk (u) , Γk (u) = k
u
k−1Γ

(
u
k

)
and

Γ (u+ 1) = u! for u ∈ N,
b) lim
k→1

βk (u, v) = β (u, v) , βk (u, v) = Γk(u)Γk(v)
Γk(u+v)

and βk (u, v) = 1
kβ
(
u
k , vk

)
Although many fractional operators have since been defined using these functions, a

comprehensive operator encompassing all of them has long been lacking.
In response, Kucche and Mali [11] proposed the generalized (k,ψ)-Hilfer fractional

derivative ((k,ψ)-HFD), and later, Salim et al. [20] further extended it to define the
tempered (k,ψ)-HFD. These advancements reflect the ongoing evolution and broadening
of fractional calculus theory.

Within the framework of FDEs, Hyers-Ulam stability occupies a special place. In 1940,
Stanislaw Ulam questioned the proximity of approximate solutions of functional equations
to exact solutions, and in 1941, Donald Hyers provided an answer for linear functional
equations [21]. Later, in 1978, Themistocles Rassias generalized this result to include
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nonlinear equations. The concept, now known as Hyers-Ulam-Rassias stability, has also
been employed in the analysis of FDEs [22, 23, 24, 25, 26, 27, 28, 29, 30].

While classical Laplace transforms were traditionally used in stability analyses of such
FDEs [31, 32, 33, 34, 35, 36, 37, 38, 39] , the increasing variety of generalized fractional
differential and integral operators over time has rendered the classical Laplace transform
insufficient for investigating the Hyers-Ulam stability of these equations.

The Ulam-type stability of generalized fractional differential equations (GFDEs) has
been studied using methods such as successive approximations [40, 24, 41], fixed point
theorems [40, 24, 11, 12, 14, 42, 43, 30], and Gronwall-type inequalities [44, 45]. Ad-
ditionally, the ρ-Laplace transform, introduced by Abdeljawad [46] and later extended by
Jarad and collaborators [47, 48], has led to new results concerning the solution of GFDEs
[49, 50, 51].

More recently, Başcı et al. [52] proposed the (k,ψ)-Generalized Laplace Transform
((k,ψ)-GLT), which provides a broad generalization of the classical Laplace transform and
ρ-Laplace transform. Mısır et al. [53], showed that this transform is not only an exten-
sion of the ρ-Laplace transform but also a generalization of many Laplace-type transforms
introduced in the literature and has a significant advantage in obtaining solutions of frac-
tional differential equations. This new transform allows for a more holistic and flexible
analytical approach to the solutions of various FDEs. Moreover, Mısır et al. [54] demon-
strated the Hyers-Ulam stability (HUS) of FDEs involving the ψ-Riemann–Liouville frac-
tional derivative by using the (k,ψ)-GLT. However, studies on this transformation remain
relatively limited in number.

For this reason we establish in this paper Hyers-Ulam stability results to the initial
value problem of the following tempered (k,ψ)- Hilfer fractional differential equations
((k,ψ)-HFDEs) of the forms (

THD
α,ν,λ;ψ
k,a+ y

)
(t) = f (t) , (1.1)

(
THD

α,ν,λ;ψ
k,a+ y

)
(t) − ηy (t) = f (t) , (1.2)

with the initial conditions

Ωλ,m
1,ψ

(
T I

(1−ν)(kn−α);ψ
k,a+ y

)
(a) = cm, m = 0, 1, 2, ...,n− 1 (1.3)

by using the (k,ψ)-GLT, where 0 < T < +∞,ν ∈ [0, 1] , η, cm are scalars in C, n− 1 < α
k <

n, λ ∈ R, f ∈ C ((0, T)× C) , ψ ∈ Cn [a,b] such that ψ
′
(t) > 0 on [a,b] and THD

α,ν;ψ
k,a+

is the tempered (k,ψ)-HFD of order α > 0. The notation Ωλ,m
k,ψ

(
I
γ,λ;ψ
k,a+ y

)
, γ > 0 will be

presented in the next section.
The primary objective of this paper is to investigate the Hyers-Ulam stability (HUS) for

Hilfer fractional differential equations (HFDEs) (1.1) and (1.2) when α > 0, utilizing the
(k,ψ)-GLT.

The structure of this article is as follows: Section 2, starts by fundamental definitions
and properties are presented, along with background information regarding the tempered
(k,ψ)-HFDs and the (k,ψ)-GLT. In the Section 3, using the lemmas and theorems we have
established, the stability of problems (1.1) and (1.2) with the initial condition (1.3) is
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investigated through the (k,ψ)-GLT, and the obtained analytical solutions are supported by
relevant examples. Finally, the conclusion section highlights the advantages of analyzing
the HUS of tempered (k,ψ)-HFDEs by means of the (k,ψ)-GLT.

2. Preliminaries and basic notations

In this section, we will introduce some basic definitions, notations, lemmas, and the-
orems that we will use throughout the paper. To simply the notation and the prove of

some results, we will introduce the Ωλ,n
k,ψ =

(
k

ψ
′(t)

d
dt + λ

)n
and g[n]k,ψ =

(
k

ψ′(t)
d
dt

)n
g for

k > 0, λ ∈ R, n ∈ N and ψ ∈ Cn [a,b] such that ψ
′
(t) > 0 on [a,b] . Also, let’s show ,

ψy (x) = ψ (x)−ψ (y) and ℧k,λ
α,β (ψy (x)) = e

−λψy(x) (ψy (x))
β
k−1 Eα

k ,βk

(
ηk−

α
k (ψy (x))

α
k

)
for α > 0,β > 0 and λ ∈ R. Where η is a given constant.

Definition 2.1. [52] Let ψ ∈ Cn [a,b] such that ψ
′
(t) > 0 on [a,b] . Then for n ∈ N

ACnψ [a,b] =
{
g : (a,b] → R and g[n−1]

k,ψ ∈ AC [a,b]
}

.

Definition 2.2. [52] Let I = [a,b] (0 < a < b <∞) be a finite interval. Also, let ψ : I→ R

and ψ
′
(t) > 0 for all t ∈ I. Then for 0 ⩽ σ < 1, the space Cσ;ψ (I, R) of weighted functions

g defined on I as following:

Cσ;ψ [a,b] = {g : (a,b] → R and (ψ (·) −ψ (a))σ g (·) ∈ C [a,b]}

and
Cnσ;ψ [a,b] =

{
g : g

[n−1]
k,ψ ∈ C [a,b] and g[n]k,ψ ∈ Cσ;ψ [a,b]

}
,n ∈ N,

where C0;ψ (I, R) = C [a,b] and Cn0;ψ [a,b] = Cn [a,b] .

Definition 2.3. [20] (k-generalized ψ-fractional integral) Let g ∈ L1 [a,b] and [a,b] be a
finite or infinite interval on the real axis R, ψ (t) > 0 be an increasing function on (a,b]
and ψ

′
(t) > 0 be continuous on (a,b) , k > 0 and α > 0. Then the generalized k-fractional

integral operators of a function g of order α are defined by

I
α;ψ
k,a+g(t) =

1
kΓk (α)

t∫
a

(ψu (t))
α
k−1ψ

′
(u)g (u)du (2.1)

and

I
α;ψ
k,b−g(t) =

1
kΓk (α)

b∫
t

(ψt (u))
α
k−1ψ

′
(u)g (u)du. (2.2)

Theorem 2.4. [11] Let α > 0, β > 0 and k > 0. Then we have the following semigroup
property given by

I
α;ψ
k,a+I

β,λ;ψ
k,a+ g(t) = I

α+β;ψ
k,a+ g(t) = Iβ;ψ

k,a+I
α;ψ
k,a+g(t)

and
I
α;ψ
k,b−I

β;ψ
k,b−g(t) = I

α+β;ψ
k,b− g(t) = Iβ;ψ

k,b−I
α;ψ
k,b−g(t).
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Definition 2.5. [11] Let k,α > 0, n− 1 < α
k < n and ν ∈ [0, 1]. Also, let ψ ∈ Cn [a,b] ,

(n ∈ N) ψ
′
(t) > 0 on (a,b) and g ∈ Cn [a,b] . Then the (k,ψ)-HFD of function g with

respect to another function ψ on [a,b] of order α is defined by

HD
α,ν;ψ
k,a+ g(t) = I

ν(kn−α);ψ
k,a+

(
k

ψ
′ (t)

d

dt

)n
I
(1−ν)(kn−α);ψ
k,a+ g(t). (2.3)

In particular, if we take ν = 0 in (2.3) (k,ψ)-HFD reduces to (k,ψ)-Riemann Liouville
fractional derivative operator and we can write as below:

HD
α;ψ
k,a+g(t) =

(
k

ψ
′(t)

d
dt

)n
kΓk (kn−α)

t∫
a

(ψu (t))
n−α

k−1 g (u)ψ
′
(u)du. (2.4)

Theorem 2.6. [11] Let α, k ∈ R+ and let β ∈ R such that βk > −1. Then

HD
α,ν;ψ
k,a+

(
(ψa (t))

β
k

)
=

Γk (β+ k)

Γk (β+ k−α)
(ψa (t))

β−α
k . (2.5)

Definition 2.7. [20] (The (k,ψ)-tempered fractional integral) Let g ∈ L1 [a,b] and [a,b]
be a finite or infinite interval on the real axis R, ψ (t) > 0 be an increasing function on
(a,b] and be continuous on (a,b) , λ ∈ R, k > 0 and α > 0. The (k,ψ)-tempered fractional
integral operators of a function g of order α and index λ are defined by

T I
α,λ;ψ
k,a+ g(t) = e−λψ(t)I

α;ψ
k,a+

(
g (t) eλψ(t)

)
=

1
kΓk (α)

t∫
a

(ψu (t))
α
k−1 e−λψu(t)ψ

′
(u)g (u)du (2.6)

and

T I
α,λ;ψ
k,b− g(t) = eλψ(t)I

α;ψ
k,b−

(
g (t) e−λψ(t)

)
=

1
kΓk (α)

b∫
t

(ψt (u))
α
k−1 e−λψt(u)ψ

′
(u)g (u)du (2.7)

where Γk (.) is k-gamma function. If we take k = 1 in the (k,ψ)-tempered fractional
integral T Iα,λ;ψ

k,a+ reduces to the ψ-tempered fractional integral T Iα;ψ
k,a+ in [20].

Theorem 2.8. [20] Let α > 0, β > 0 and k > 0. Then we have the following semigroup
property given by

T I
α,λ;ψT
k,a+ I

β,λ;ψ
k,a+ g(t) =

T I
α+β,λ;ψ
k,a+ g(t) =T Iβ,λ;ψT

k,a+ I
α,λ;ψ
k,a+ g(t)

and
T I
α,λ;ψT
k,b− I

β,λ;ψ
k,b− g(t) =

T I
α+β,λ;ψ
k,b− g(t) =T Iβ,λ;ψT

k,b− I
α,λ;ψ
k,b− g(t).
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Definition 2.9. [20] (The tempered (k,ψ)−HFD) Let n− 1 < α
k < n with n ∈ N, λ ∈ R,

k > 0, an interval such that −∞ ⩽ a < b ⩽ ∞ and g,ψ ∈ Cn ([a,b] , R) two functions
such that ψ increasing and ψ

′
(t) ̸= 0, for all t ∈ [a,b] . Then the tempered (k,ψ)-HFDs

(left-side and right-side) THDα,ν,λ;ψ
k,a+ (.) and THDα,ν,λ;ψ

k,b− (.) of a function g of order α and
index λ are type 0 ⩽ ν ⩽ 1, are defined by

THD
α,ν,λ;ψ
k,a+ g (t) =

(
T I
ν(kn−α),λ;ψ
k,a+

(
1

ψ
′ (t)

d

dt
+ λ

)n (
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,a+ g

)))
(t)

=
(
T I
ν(kn−α),λ;ψ
k,a+ Ωλ,n

1,ψ

(
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,a+ g

)))
(t)

= e−λψ(t)
(
HD

α,ν;ψ
k,a+

(
g (t) eλψ(t)

))
(2.8)

and

THD
α,ν,λ;ψ
k,b− g (t) =

(
T I
ν(kn−α),λ;ψ
k,b−

(
−

1
ψ

′ (t)

d

dt
+ λ

)n (
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,a+ g

)))
(t)

=
(
T I
ν(kn−α),λ;ψ
k,b− (−1)nΩλ,n

1,ψ

(
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,b− g

)))
(t)

= eλψ(t)
(
HD

α,ν;ψ
k,a+

(
g (t) e−λψ(t)

))
. (2.9)

If we take k = 1 in the tempered (k,ψ)-HFD THD
α,ν,λ;ψ
k,a+ (.) reduces to the tempered

ψ-HFD THD
α,ν,λ;ψ
a+ (.) in [20].

Definition 2.10. [52] Let g,ψ : [a,∞) → R be real valued functions such that ψ is
continuous and ψ

′
(t) > 0 on (a,b) . Also, let ρ, k > 0. Then, the (k,ψ)-GLT of g is defined

by the improper integral

L
ρ;ψ
k,a+ {g (t)} (s) =

∞∫
a

e−sψa(t)k
1− ρ
k
g(t)ψ

′
(t)dt. (2.10)

provided that the integral in (2.10) exists, i.e., that the integral is convergent.

Remark 2.11. If we take ψ (t) = t, k = ρ and a = 0 or ψ (t) = t, k = 1 and a = 0 in
(2.10), we get the classical Laplace transform. If we take k = ρ and a = 0 or k = 1 and
a = 0 in (2.10), we get the Lρ {g (t)} (s) generalized Laplace transform given in [48]. If
we take ψ (t) = tρ

ρ , k = ρ and a = 0 or ψ (t) = tρ

ρ , k = 1 and a = 0 in (2.10), we get the
ρ-generalized Laplace transform given in [51, 47].

Theorem 2.12. [52] Let g,ψ ∈ C [a,∞) be real valued functions such that ψ is continuous
and ψ

′
(t) > 0 on [a,b) . Also, let ρ, k > 0 and the (k,ψ)-GLT of g exists. Then

L
ρ;ψ
k,a+ {g (t)} (s) =

1
k1− ρ

k

L

{
g

(
ψ−1

(
t

k1−ρ
k

+ψ (a)

))}
(s) . (2.11)

Note that L {g (t)} (s) is the classical Laplace transform of g (t) .
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Definition 2.13. [52] A function g defined on [0,∞) taking values in R is said to be
of ψ-exponential order if one can find positive constants M, c, T such that the inequality
|g (t)| ⩽Mecψ(t) holds for all t ⩾ T .

Theorem 2.14. [52] If g : [a,∞) → R is a piecewise continuous function and is ψ-
exponential order, then its (k,ψ)-GLT exists for s > c.

Theorem 2.15. [52] If the (k,ψ)-GLT of g1 : [a,∞) → R exists for s > d1, and the (k,ψ)-
GLT of g2 : [a,∞) → R exists for s > d2. Then for any constants c1 and c2, the (k,ψ)-GLT of
c1g1 + c2g2 exist, then

L
ρ;ψ
k,a+ {c1g1 (t) + c2g2 (t)} (s) = c1L

ρ;ψ
k,a+ {g1 (t)} (s) + c2L

ρ;ψ
k,a+ {g2 (t)} (s) (2.12)

for s > max {d1,d2} .

Definition 2.16. [48] Consider two functions g and h, both of exponential order and
piecewise continuous on any interval [a, T ]. Their generalized convolution is defined by

(
g ∗ψ h

)
(t) =

t∫
a

g (u)h
(
ψ−1 (ψu (t) +ψ (a))

)
ψ

′
(u)du. (2.13)

The following lemma gives that g and h are commutative.

Lemma 2.17. [48] Consider two functions g and h, both of exponential order and piecewise
continuous on any interval [a, T ]. Then

g ∗ψ h = h ∗ψ g.

Theorem 2.18. [52] Consider two functions g and h, both of exponential order and piecewise
continuous on any interval [a, T ]. Then

L
ρ;ψ
k,a+

{
g ∗ψ h

}
(s) = L

ρ;ψ
k,a+ {g} (s)Lρ;ψ

k,a+ {h} (s) . (2.14)

Theorem 2.19. [54] A function g (t) ∈ Cψ [a, T ] and of ψ-exponential order such that g[1]1,ψ

is a piecewise continuous over every finite interval [a, T ] . Then the (k,ψ)-GLT of g[1]1,ψ exist
and

L
ρ;ψ
k,a+

{
g
[1]
1,ψ (t)

}
(s) = sk1−ρ

kL
ρ;ψ
k,a+ {g (t)} (s) − g (a) . (2.15)

Definition 2.20. [55] Mittag-Leffler function of one parameter Eξ(t) and two parameter
Eξ,η(t) are defined as

Eξ(t) =

∞∑
l=0

tl

Γ(ξl+ 1)
and Eξ,η(t) =

∞∑
l=0

tl

Γ(ξl+ η)
(2.16)

respectively. Where Reξ > 0, Reη > 0 and t ∈ C. It is easy to show that E1(t) = E1,1(t) =
et.



A. Mısır, et al. Tempered (k,ψ)-Hilfer Fractional Differential Equations 8

In the 19th century Prym [56] studied the theory of the incomplete gamma function
for the case u = 1. A hypergeometric convergent function, which is a generalized form of
the incomplete gamma functions, was systematically studied by Tricomi in 1950 [57].

Definition 2.21. The incomplete gamma functions φ(u, v) and Γ(u, v) are defined by

φ(u, v) =

v∫
0

e−zzu−1dz, Re (u) > 0, v ⩾ 0 (2.17)

and

Γ(u, v) =

∞∫
v

e−zzu−1dz, Re (u) > 0, v ⩾ 0. (2.18)

These two functions satisfy the identity φ(u, v) + Γ(u, v) = Γ(u), where Γ(u) denotes the
classical gamma function.

Various properties and behaviors of the incomplete gamma function are collected, for
example, in [56, 57, 58], where we mention only strongly relevant papers.

3. Main Results

The subsequent theorems are devoted to proving the HUS of equations (1.1) and (1.2),
subject to initial conditions (1.3), using the (k,ψ)-GLT.

Lemma 3.1. Let [a,b] be a finite or infinite interval on the real axis R, ψ (t) > 0 be an
increasing function on (a,b] and be continuous on (a,b) , λ > 0, k > 0 and α > 0. Then

t∫
a

(ψu (t))
α
k−1 e−λψu(t)ψ

′
(u)du =

t∫
a

(ψa (u))
α
k−1 e−λψa(u)ψ

′
(u)du

=
1
λ
α
k

(
Γ
(α
k

)
− Γ

(α
k

, λψa (t)
))

=
1
λ
α
k

φ(
α

k
, λψa (t)), (3.1)

where Γ
(
α
k , λψa (t)

)
and φ(αk , λψa (t)) are incomplete gamma functions.

Proof. Following integral

t∫
a

(ψu (t))
α
k−1 e−λψu(t)ψ

′
(u)du

with change variable ξ = λψu (t) , and following integral

t∫
a

(ψa (u))
α
k−1 e−λψa(u)ψ

′
(u)du
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with change variable ξ = λψa (u) , we can obtain

t∫
a

(ψu (t))
α
k−1 e−λψu(t)ψ

′
(u)du =

t∫
a

(ψa (u))
α
k−1 e−λψa(u)ψ

′
(u)du

=
1
λ
α
k

λψa(t)∫
0

e−ξξ
α
k−1dξ. (3.2)

If we use gamma function and incomplete gamma function definition

Γ
(α
k

)
=

∞∫
0

e−ξξ
α
k−1dξ =

λψa(t)∫
0

e−ξξ
α
k−1dξ+

∞∫
λψa(t)

e−ξξ
α
k−1dξ

=

λψa(t)∫
0

e−ξξ
α
k−1dξ+ Γ

(α
k

, λψa (t)
)

.

Then we can write

λψa(t)∫
0

e−ξξ
α
k−1dξ = Γ

(α
k

)
− Γ

(α
k

, λψa (t)
)
= φ(

α

k
, λψa (t)). (3.3)

If we use (3.3) in (3.2), we can obtain
t∫
a

(ψu (t))
α
k−1 e−λψu(t)ψ

′
(u)du =

t∫
a

(ψa (u))
α
k−1 e−λψa(u)ψ

′
(u)du

=
1
λ
α
k

(
Γ
(α
k

)
− Γ

(α
k

, λψa (t)
))

=
1
λ
α
k

φ(
α

k
, λψa (t)).

Lemma 3.2. A function g (t) ∈ Cψ [a, T ] and of ψ−exponential order such that Ωλ,1
1,ψ is a

piecewise continuous over every finite interval [a, T ] . Then the (k,ψ)-GLT of Ωλ,1
1,ψ exists and

L
ρ;ψ
k,a+

{
Ωλ,1

1,ψ (g (t))
}
(s) =

(
sk1−ρ

k + λ
)
L
ρ;ψ
k,a+ {g (t)} (s) − g (a) . (3.4)

Proof. If we use (2.10), we can write

L
ρ;ψ
k,a+

{
Ωλ,1

1,ψ (g (t))
}
(s) =

∞∫
a

e−sψa(t)k
1− ρ
k
Ωλ,1

1,ψ (g (t))ψ
′
(t)dt. (3.5)
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If use Ωλ,1
1,ψ (g (t)) =

(
1

ψ
′(t)

d
dt + λ

)
g (t) in (3.5) , we have

L
ρ;ψ
k,a+

{
Ωλ,1

1,ψ (g (t))
}
(s) =

∞∫
a

e−sψa(t)k
1− ρ
k

(
1

ψ
′ (t)

d

dt
+ λ

)
g (t)ψ

′
(t)dt

=

∞∫
a

e−sψa(t)k
1− ρ
k

(
1

ψ
′ (t)

d

dt

)
g (t)ψ

′
(t)dt

+λ

∞∫
a

e−sψa(t)k
1− ρ
k
g (t)ψ

′
(t)dt. (3.6)

For first integral, if we use (2.15) in (3.6) , we can obtain

L
ρ;ψ
k,a+

{
Ωλ,1

1,ψ (g (t))
}
(s) =

(
sk1−ρ

k + λ
)
L
ρ;ψ
k,a+ {g (t)} (s) − g (a) .

Now we give generalize the Lemma 3.2.

Corollary 3.3. Let g (t) ∈ Cn−1
ψ

[a, T ] such that Ωλ,j
1,ψ (j = 0, 1, ...,n− 1) are ψ-exponential

order. Also, let Ωλ,j
1,ψ be a piecewise continuous over every finite interval [a, T ] . Then the

(k,ψ)-GLT of Ωλ,n
1,ψ exists and

L
ρ;ψ
k,a+

{
Ωλ,n

1,ψ (g (t))
}
(s) =

(
sk1− ρ

k + λ
)n

L
ρ;ψ
k,a+ {g (t)} (s)

−

n−1∑
j=0

(
sk1−ρ

k + λ
)n−j−1

Ω
λ,j
1,ψ (g (a)) (3.7)

Proof. The proof of the theorem is done by mathematical induction.

Lemma 3.4. Letψ ∈ C [a,∞) be real valued functions such thatψ is continuous andψ
′
(t) >

0 on [a,b) . Also, let k > 0, λ ∈ R. Then for s > 0 and Reβ > −1

L
ρ;ψ
k,a+

{
e−λψa(t) (ψa (t))

β
}
(s) =

Γ (β+ 1)(
sk1−ρ

k + λ
)β+1 =

Γk ((β+ 1) k)(
sk1−ρ

k + λ
)β+1

kβ
. (3.8)

Proof. If we use (k,ψ)-GLT definition, we can write

L
ρ;ψ
k,a+

{
e−λψa(t) (ψa (t))

β
}
(s) =

∞∫
a

e
−
(
sk1− ρ

k+λ
)
ψa(t) (ψa (t))

βψ
′
(t)dt

with change variable
(
sk1−ρ

k + λ
)
ψa (t) = u, we have

L
ρ;ψ
k,a+

{
e−λψa(t) (ψa (t))

β
}
(s) =

1(
sk1−ρ

k + λ
)β+1

∞∫
0

e−uuβdu.
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If we use gamma function definition, we have

L
ρ;ψ
k,a+

{
e−λψa(t) (ψa (t))

β
}
(s) =

Γ (β+ 1)(
sk1−ρ

k + λ
)β+1 =

Γk ((β+ 1) k)(
sk1−ρ

k + λ
)β+1

kβ
.

Remark 3.5. If we take λ = 0 in Lemma 3.4, we can obtain

L
ρ;ψ
k,a+

{
(ψa (t))

β
}
(s) =

Γ (β+ 1)(
sk1−ρ

k

)β+1 =
Γk ((β+ 1) k)(
sk1−ρ

k

)β+1
kβ

s > 0, Reβ > −1 (3.9)

Lemma 3.6. Let Reα > 0, Reδ > 0 and

∣∣∣∣∣∣ ηk−
α
k(

sk1− ρ
k+λ

)α
k

∣∣∣∣∣∣ < 1. Then

L
ρ;ψ
k,a+

{
℧k,λ
α,δ (ψa (t))

}
(s) =

(
sk1−ρ

k + λ
)α−δ

k(
sk1−ρ

k + λ
)α
k
− ηk−

α
k

(3.10)

Proof. If we use (2.16) , we can write

L
ρ;ψ
k,a+

{
℧k,λ
α,δ (ψa (t))

}
(s) =

∞∑
j=0

(
ηk−

α
k

)j
Γ
(
αj+δ
k

)Lρ;ψ
k,a+

{
e−λψa(t) (ψa (t))

αj+δ
k −1

}
(s) .

If we use (3.8), for β = αj+δ
k − 1, we have

L
ρ;ψ
k,a+

{
℧k,λ
α,δ (ψa (t))

}
(s) =

1(
sk1−ρ

k + λ
) δ
k

∞∑
j=0

 ηk−
α
k(

sk1− ρ
k + λ

)α
k


j

=

(
sk1− ρ

k + λ
)α−δ

k(
sk1−ρ

k + λ
)α
k
− ηk−

α
k

.

Remark 3.7. If we take λ = 0 in Lemma 3.5, we get

L
ρ;ψ
k,a+

{
(ψa (t))

δ
k−1 Eα

k , δk

(
ηk−

α
k (ψa (t))

α
k

)}
(s) =

(
sk1−ρ

k

)α−δ
k(

sk1−ρ
k

)α
k
− ηk−

α
k

. (3.11)

Remark 3.8. If we take α = δ in Lemma 3.5, we get

L
ρ;ψ
k,a+

{
℧k,λ
α,α (ψa (t))

}
(s) =

1(
sk1−ρ

k + λ
)α
k
− ηk−

α
k

. (3.12)
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Remark 3.9. If we take λ = 0 and α = δ in Lemma 3.5, we get

L
ρ;ψ
k,a+

{
(ψa (t))

α
k−1 Eα

k ,αk

(
ηk−

α
k (ψa (t))

α
k

)}
(s) =

1(
sk1−ρ

k

)α
k
− ηk−

α
k

. (3.13)

Lemma 3.10. Let g (t) be a piecewise continuous over every finite interval [a, T ] and ψ-
exponential order. Also, let α > 0 and ψ

′
(t) > 0. Then

L
ρ;ψ
k,a+

{
T I
α,λ;ψ
k,a+ g(t)

}
(s) =

L
ρ;ψ
k,a+ {g (t)} (s)(
sk1−ρ

k + λ
)α
k
k
α
k

. (3.14)

Proof. If we use (2.6) , we have

T I
α,λ;ψ
k,a+ g(t) =

1
kΓk (α)

t∫
a

(ψu (t))
α
k−1 e−λψu(t)ψ

′
(u)g (u)du

with a change variables τ = ψ−1 (ψu (t) +ψ (a)), we get

T I
α,λ;ψ
k,a+ g(t) =

1
kΓk (α)

t∫
a

(ψa (τ))
α
k−1 e−λψa(τ)g

(
ψ−1 (ψτ (t) +ψ (a))

)
ψ

′
(τ)dτ. (3.15)

If we take (k,ψ)-GLT both side of (3.15) and use (2.13) , (2.14), we have

L
ρ;ψ
k,a+

{
T I
α,λ;ψ
k,a+ g(t)

}
(s) = L

ρ;ψ
k,a+

{
1

kΓk (α)

×
t∫
a

(ψa (τ))
α
k−1 e−λψa(τ)g

(
ψ−1 (ψu (t) +ψ (a))

)
ψ

′
(τ)dτ

 (s)

=
1

kΓk (α)
L
ρ;ψ
k,a+

{
(ψa (t))

α
k−1 e−λψa(t)

}
(s)Lρ;ψ

k,a+ {g (t)} (s) .

If we use (3.8) in last equation, because of αk − 1 > −1, we can obtain,

L
ρ;ψ
k,a+

{
T I
α,λ;ψ
k,a+ g(t)

}
(s) =

1
kΓk (α)

Γk (α)(
sk1−ρ

k + λ
)α
k
k
α
k−1

L
ρ;ψ
k,a+ {g (t)} (s)

=
L
ρ;ψ
k,a+ {g (t)} (s)(
sk1−ρ

k + λ
)α
k
k
α
k

.

Lemma 3.11. Let α > 0 and g ∈ ACnψ [a,b] for any b > a, ψ ∈ Cnσ;ψ [a,b] such that

ψ
′
(t) > 0 and Ωλ,j

k,ψ

(
I
(1−ν)(kn−α)−kj,λ;ψ
k,a+ g

)
, j = 0, 1, ...,n− 1 be of ψ-exponential order.
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Then

L
ρ;ψ
k,a+

{
THD

α,ν,λ;ψ
k,a+ g (t)

}
(s) = kn

(sk1−ρ
k + λ

)n L
ρ;ψ
k,a+ {g (t)} (s)(

sk1−ρ
k + λ

)kn−α
k
k
kn−α
k

−

n−1∑
j=0

(
sk1−ρ

k + λ
)n−j−1

(
sk1−ρ

k + λ
)ν(kn−α)

k
k
ν(kn−α)

k

×Ωλ,j
1,ψ

(
T I

(1−ν)(kn−α);ψ
k,a+ g

)
(a)
]

. (3.16)

Proof. If we use the (k,ψ)-GLT defined by (2.10) , we obtain

L
ρ;ψ
k,a+

{
THD

α,ν,λ;ψ
k,a+ g(t)

}
(s)

= L
ρ;ψ
k,a+

{
T I
ν(kn−α),λ;ψ
k,a+

(
1

ψ
′ (t)

d

dt
+ λ

)n (
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,a+

))
g(t)

}
(s)

= L
ρ;ψ
k,a+

{
I
ν(kn−α),λ;ψ
k,a+ Ωλ,n

1,ψ

(
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,a+

))
g(t)

}
(s) . (3.17)

If we use (3.7) and (3.14) in (3.17) , we have

L
ρ;ψ
k,a+

{
THD

α,ν,λ;ψ
k,a+ g(t)

}
(s) =

L
ρ;ψ
k,a+

{
Ωλ,n

1,ψ

(
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,a+

))
g(t)

}
(s)(

sk1− ρ
k + λ

)ν(kn−α)
k

k
ν(kn−α)

k

=

(
sk1− ρ

k + λ
)n

L
ρ;ψ
k,a+

{(
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,a+

))
g (t)

}
(s)(

sk1−ρ
k + λ

)ν(kn−α)
k

k
ν(kn−α)

k

−

n−1∑
j=0

(
sk1− ρ

k + λ
)n−j−1 (

Ω
λ,j
1,ψ

(
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,a+

))
g
)
(a)

(
sk1−ρ

k + λ
)ν(kn−α)

k
k
ν(kn−α)

k
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=
kn
(
sk1− ρ

k + λ
)n

(
sk1−ρ

k + λ
)ν(kn−α)

k
k
ν(kn−α)

k

×
L
ρ;ψ
k,a+ {g (t)} (s)(

sk1−ρ
k + λ

) (1−ν)(kn−α)
k

k
(1−ν)(kn−α)

k

−

n−1∑
j=0

(
sk1−ρ

k + λ
)n−j−1 (

Ω
λ,j
1,ψ

(
kn
(
T I

(1−ν)(kn−α),λ;ψ
k,a+

))
g
)
(a)

(
sk1−ρ

k + λ
)ν(kn−α)

k
k
ν(kn−α)

k

= kn

(sk1−ρ
k + λ

)n L
ρ;ψ
k,a+ {g (t)} (s)(

sk1−ρ
k + λ

)kn−α
k
k
kn−α
k

−

n−1∑
j=0

(
sk1−ρ

k + λ
)n−j−1 (

Ω
λ,j
1,ψ

(
T I

(1−ν)(kn−α),λ;ψ
k,a+

)
g
)
(a)(

sk1−ρ
k + λ

)ν(kn−α)
k

k
ν(kn−α)

k

 .

Lemma 3.12. Let α, k ∈ R+, β ∈ R and β
k > 0. Then

THD
α,ν,λ;ψ
k,a+

(
e−λψa(t) (ψa (t))

β
k−1
)
=

Γk (β)

Γk (β−α)
e−λψa(t) (ψa (t))

β−α
k −1 . (3.18)

Proof. If we use tempered (k,ψ)-HFD definition in (2.8) for g (t) = e−λψa(t) (ψa (t))
β
k−1 ,

we can write
THD

α,ν,λ;ψ
k,a+

(
e−λψa(t) (ψa (t))

β
k−1
)

= e−λψ(t)
(
HD

α,ν;ψ
k,a+

(
eλψ(a) (ψa (t))

β
k−1
))

= e−λψa(t)
(
HD

α,ν;ψ
k,a+

(
(ψa (t))

β
k−1
))

.(3.19)

If we use (2.5), we can write,

HD
α,ν;ψ
k,a+

(
(ψa (t))

β
k−1
)
=

Γk (β)

Γk (β−α)
(ψa (t))

β−α
k −1 . (3.20)

If we use (3.20) in (3.19), we can obtain

THD
α,ν,λ;ψ
k,a+

(
e−λψa(t) (ψa (t))

β
k−1
)
=

Γk (β)

Γk (β−α)
e−λψa(t) (ψa (t))

β−α
k −1 .

Definition 3.13. We say that equation (1.1) possesses the HUS with initial conditions
(1.3) if there exists a positive constant K > 0 such that, for any given ε > 0 and a function
y satisfying

∣∣∣(THDα,ν,λ;ψ
k,a+ y

)
(t) − f (t)

∣∣∣ ⩽ ε, there exists a solution ye of the differential
equation (1.1) such that |y (t) − ye (t)| ⩽ εK.
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Definition 3.14. We say that equation (1.2) possesses the HUS with initial conditions
(1.3) if there exists a positive constant K > 0 such that, for any given ε > 0 and a
function y satisfying

∣∣∣(THDα,ν,λ;ψ
k,a+ y

)
(t) − λy (t) − f (t)

∣∣∣ ⩽ ε, there exists a solution ye of
the differential equation (1.2) such that |y (t) − ye (t)| ⩽ εK.

Theorem 3.15. Let α,k ∈ R+, 0 < T < ∞, ψ (t) be an increasing and positive function on
(a,b] , (−∞ ⩽ a < b ⩽ ∞). If a function y : (0, T ] → C satisfies the inequality∣∣∣(THDα,ν,λ;ψ

k,a+ y
)
(t) − f (t)

∣∣∣ ⩽ ε (3.21)

with the initial conditions (1.3) for each t ∈ (0, T ] and some ε > 0, then there exists a solution
ye : (0, T ] → C of the differential equation (1.1) such that

|y (t) − ye (t)| ⩽
ε

kΓk (α) λ
α
k

φ(
α

k
, λψa (T)). (3.22)

Proof. Let
Y1 (t) =

(
THD

α,ν,λ;ψ
k,a+ y

)
(t) − f (t) (3.23)

for t ∈ (0, T ] . Taking the (k,ψ)-GLT both side of (3.23) and if we use (3.16) we have

L
ρ;ψ
k,a+ {Y1 (t)} (s) = L

ρ;ψ
k,a+

{(
THD

α,ν,λ;ψ
k,a+ y

)
(t)

}
(s) −L

ρ;ψ
k,a+ {f (t)} (s)

= kn

(sk1−ρ
k + λ

)n L
ρ;ψ
k,a+ {y (t)} (s)(

sk1−ρ
k + λ

)kn−α
k
k
kn−α
k

−

n−1∑
j=0

(
sk1−ρ

k + λ
)n−j−1 (

Ω
λ,j
1,ψ

(
T I

(1−ν)(kn−α),λ;ψ
k,a+

)
y
)
(a)(

sk1−ρ
k + λ

)ν(kn−α)
k

k
ν(kn−α)

k


−L

ρ;ψ
k,a+ {f (t)} (s) . (3.24)

If we rewrite (3.24) and use the initial conditions (1.3), we obtain

L
ρ;ψ
k,a+ {y(t)} (s) =

L
ρ;ψ
k,a+ {f (t)} (s)(
sk1−ρ

k + λ
)α
k
k
α
k

+ kn
n−1∑
j=0

cj

(
sk1−ρ

k + λ
)n−j−1

(
sk1− ρ

k + λ
)ν(kn−α)+α

k
k
ν(kn−α)+α

k

+
L
ρ;ψ
k,a+ {Y1 (t)} (s)(
sk1−ρ

k + λ
)α
k
k
α
k

. (3.25)

By (3.8) for β = α
k − 1 and β = ν(kn−α)+α

k − n+ j (j = 0, 1, 2, ...,n− 1) respectively, we
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have

1(
sk1− ρ

k+λ
)α
k
k
α
k

=
L
ρ;ψ
k,a+

{
e−λψa(t)(ψa(t))

α
k
−1

}
(s)

kΓk(α)
,

1(
sk1− ρ

k+λ
)ν(kn−α)+α

k
−n+j+1

k
ν(kn−α)+α

k
−n+j

=
L
ρ;ψ
k,a+

{
e−λψa(t)(ψa(t))

ν(kn−α)+α
k

−n+j

}
(s)

Γk

((
ν(kn−α)+α

k −n+j+1
)
k
)


.

(3.26)
If we use (3.26) in (3.25), we get

L
ρ;ψ
k,a+ {y (t)} (s) =

L
ρ;ψ
k,a+ {f (t)} (s)Lρ;ψ

k,a+

{
e−λψa(t) (ψa (t))

α
k−1

}
(s)

kΓk (α)

+

n−1∑
j=0

cjk
jL
ρ;ψ
k,a+

{
e−λψa(t) (ψa (t))

ν(kn−α)+α
k +j−n

}
(s)

Γk

((
ν(kn−α)+α

k + j−n+ 1
)
k
)

+
L
ρ;ψ
k,a+ {Y1 (t)} (s)L

ρ;ψ
k,a+

{
e−λψa(t) (ψa (t))

α
k−1

}
(s)

kΓk (α)
. (3.27)

Setting

ye(t) =
e−λψa(t) (ψa (t))

α
k−1

kΓk (α)
∗ψ f(t) +

n−1∑
j=0

kjcje
−λψa(t) (ψa (t))

ν(kn−α)+α
k +j−n

Γk

((
ν(kn−α)+α

k + j−n+ 1
)
k
) . (3.28)

Taking the (k,ψ)-GLT both side of (3.28) and if we use (2.14), (3.26), one get

L
ρ;ψ
k,a+ {ye (t)} (s) = L

ρ;ψ
k,a+

{
e−λψa(t) (ψa (t))

α
k−1

kΓk (α)
)

}
(s)Lρ;ψ

k,a+ {f (t)} (s)

+

n−1∑
j=0

kjcjL
ρ;ψ
k,a+

{
e−λψa(t) (ψa (t))

ν(kn−α)+α
k +j−n)

}
(s)

Γk

((
ν(kn−α)+α

k + j−n+ 1
)
k
)

=
L
ρ;ψ
k,a+ {f (t)} (s)(
sk1−ρ

k + λ
)α
k
k
α
k

+

n−1∑
j=0

cj(
sk1− ρ

k + λ
)ν(kn−α)+α

k −n+j+1
k
ν(kn−α)+α

k −n

. (3.29)



A. Mısır, et al. Tempered (k,ψ)-Hilfer Fractional Differential Equations 17

By (1.3), (3.16) , and (3.29), we get

L
ρ;ψ
k,a+

{
THD

α,ν,λ;ψ
k,a+ ye(t)

}
(s) = kn

(sk1−ρ
k + λ

)n L
ρ;ψ
k,a+ {ye (t)} (s)(

sk1−ρ
k + λ

)kn−α
k
k
kn−α
k

−

n−1∑
j=0

cj

(
sk1−ρ

k + λ
)n−j−1

(
sk1−ρ

k + λ
)ν(kn−α)

k
k
ν(kn−α)

k


=

1(
sk1− ρ

k + λ
)−α

k
k−

α
k

 L
ρ;ψ
k,a+ {f (t)} (s)(
sk1−ρ

k + λ
)α
k
k
α
k

+

n−1∑
j=0

cj(
sk1−ρ

k + λ
)ν(kn−α)+α

k −n+j+1
k
ν(kn−α)+α

k −n


−kn

n−1∑
j=0

cj

(
sk1−ρ

k + λ
)n−j−1

(
sk1−ρ

k + λ
)ν(kn−α)

k
k
ν(kn−α)

k

= L
ρ;ψ
k,a+ {f(t)} (s) .

Due to the fact that Lρ;ψ
k,a+ is one-to-one infers that(

THD
α,ν,λ;ψ
k,a+ ye

)
(t) = f (t) .

So, ye(t) is a solution of equation (1.1). If we use (3.27) and (3.29), we get

L
ρ;ψ
k,a+ {y (t) − ye(t)} (s) = L

ρ;ψ
k,a+

{
Y1 (t) ∗ψ

e−λψa(t) (ψa (t))
α
k−1

kΓk (α)

}
(s) .

If we use again the fact Lρ;ψ
k,a+ is one-to-one, we get

y (t) − ye(t) =
1

kΓk (α)

[
Y1 (t) ∗ψ e−λψa(t) (ψa (t))

α
k−1
]

.

Taking the absolute value of both sides of the last equation and if we use (2.13) and (3.21),
it follows that

|y (t) − ye(t)| ⩽
1

kΓk (α)

∣∣∣∣∫t
a

Y1 (u) e
−λψu(t) (ψu (t))

α
k−1ψ

′
(u)du

∣∣∣∣
=

1
kΓk (α)

∫t
a

|Y1 (u)|
∣∣∣e−λψu(t) (ψu (t))αk−1ψ

′
(u)
∣∣∣du

⩽
ε

kΓk (α)

∫t
a

∣∣∣e−λψu(t) (ψu (t))αk−1ψ
′
(u)
∣∣∣du.
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If we use (3.1), we have

1
kΓk (α)

∫t
a

∣∣∣e−λψu(t) (ψu (t))αk−1ψ
′
(u)
∣∣∣du =

1
kΓk (α) λ

α
k

(
Γ
(α
k

)
− Γ

(α
k

, λψa (t)
))

.

Then we can obtain

|y (t) − ye(t)| ⩽
ε

kΓk (α) λ
α
k

(
Γ
(α
k

)
− Γ

(α
k

, λψa (t)
))

<
ε

kΓk (α) λ
α
k

(
Γ
(α
k

)
− Γ

(α
k

, λψa (T)
))

=
ε

kΓk (α) λ
α
k

φ(
α

k
, λψa (T)).

which completes the proof.

Remark 3.16. If T < ∞, then because of αk > 0 the term φ(αk , λψa (T)) is bounded.

Therefore, for the constant K =
φ(αk ,λψa(T))

kΓk(α)λ
α
k

, the fractional differential equation (1.1) is

Hyers–Ulam stable. Note that, (1.1) is not Hyers–Ulam stable at T = ∞.

Remark 3.17. If we take k = 1, λ = 0 and ν = 0 in THDα,ν,λ;ψ
k,a+ it reduces to the fractional

derivative Dα;ψ
a+ . Therefore the results obtained in Theorem 3.11 include the results of

Theorem 3.8 in [54] .

Theorem 3.18. Let α, k ∈ R+, 0 < T < ∞, η be a scaler, ψ (t) be an increasing and
positive function on (a,b] (−∞ ⩽ a < b <∞) and f (t) be a given real continuous function
on [0,∞) . If a function y : (0, T ] → C satisfies the following inequality∣∣∣(THDα,ν,λ;ψ

k,a+ y
)
(t) − ηy (t) − f (t)

∣∣∣ ⩽ ε (3.30)

with the initial conditions (1.3) for each t ∈ (0, T ] and some ε > 0, then there exists a solution
ye : (0, T ] → C of (1.2) such that

|y (t) − ye(t)| = ε

∞∑
m=0

∣∣ηk−α
k

∣∣m
Γ
(
αm+α
k

)
(kλm+1)

α
k

φ(
αm+α

k
, λψa (T)). (3.31)

Proof. Let
Y2 (t) =

(
THD

α,ν,λ;ψ
k,a+ y

)
(t) − ηy (t) − f (t) , (3.32)
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for t ∈ (0, T ] . Taking the (k,ψ)-GLT of (3.32) and if we use (3.16) we have

L
ρ;ψ
k,a+ {Y2 (t)} (s) = L

ρ;ψ
k,a+

{
THD

α,ν,λ;ψ
k,a+ y(t)

}
(s) − ηLρ;ψ

k,a+ {y (t)} (s) −L
ρ;ψ
k,a+ {f (t)} (s)

= kn

(sk1−ρ
k + λ

)n L
ρ;ψ
k,a+ {y (t)} (s)(

sk1−ρ
k + λ

)kn−α
k
k
kn−α
k

−

n−1∑
j=0

(
sk1−ρ

k + λ
)n−j−1 (

Ω
λ,j
1,ψ

(
T I

(1−ν)(kn−α),λ;ψ
k,a+

)
y
)
(a)(

sk1−ρ
k + λ

)ν(kn−α)
k

k
ν(kn−α)

k


−ηLρ;ψ

k,a+ {y (t)} (s) −L
ρ;ψ
k,a+ {f (t)} (s) . (3.33)

If we write β = α+ ν (kn−α) − k (n− j− 1) and use the initial conditions (1.3), we can
write

L
ρ;ψ
k,a+ {y (t)} (s) =

L
ρ;ψ
k,a+ {f (t)} (s)

k
α
k

((
sk1− ρ

k + λ
)α
k
− ηk−

α
k

) +

n−1∑
j=0

kn−
ν(kn−α)

k cj

(
sk1−ρ

k + λ
)α−β

k

k
α
k

((
sk1−ρ

k + λ
)α
k
− ηk−

α
k

)
+

L
ρ;ψ
k,a+ {Y2 (t)} (s)

k
α
k

((
sk1−ρ

k + λ
)α
k
− ηk−

α
k

) .

By using (2.14) , (3.10) and (3.12), we can write

L
ρ;ψ
k,a+ {y (t)} (s) = L

ρ;ψ
k,a+

{
f (t)

k
α
k

∗ψ ℧k,λ
α,α (ψa (t))

}
(s)

+L
ρ;ψ
k,a+


n−1∑
j=0

kn−
ν(kn−α)+α

k cj℧k,λ
α,β (ψa (t))

 (s)

+L
ρ;ψ
k,a+

{
Y2 (t)

k
α
k

∗ψ ℧k,λ
α,α (ψa (t))

}
(s) . (3.34)

Setting

ye(t) =
f (t)

k
α
k

∗ψ ℧k,λ
α,α (ψa (t)) +

n−1∑
j=0

kn−
ν(kn−α)+α

k cj℧k,λ
α,β (ψa (t)) . (3.35)

Taking the (k,ψ)−GLT both side of (3.35), one has

L
ρ;ψ
k,a+ {ye(t)} (s) = L

ρ;ψ
k,a+

{
f (t)

k
α
k

}
(s)Lρ;ψ

k,a+

{
℧k,λ
α,α (ψa (t))

}
(s)

+L
ρ;ψ
k,a+


n−1∑
j=0

kn−
ν(kn−α)+α

k cj℧k,λ
α,β (ψa (t))

 (s) (3.36)
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By using the (3.16) and (1.3), we get

L
ρ;ψ
k,a+

{
THD

α,ν,λ;ψ
k,a+ ye(t) − ηye(t)

}
(s) = L

ρ;ψ
k,a+

{
THD

α,ν,λ;ψ
k,a+ ye(t)

}
(s) − ηLρ;ψ

k,a+ {ye (t)} (s)

= kn

(sk1−ρ
k + λ

)n L
ρ;ψ
k,a+ {ye (t)} (s)(

sk1−ρ
k + λ

)kn−α
k
k
kn−α
k

−

n−1∑
j=0

(
sk1− ρ

k + λ
)n−j−1

cj(
sk1−ρ

k + λ
)ν(kn−α)

k
k
ν(kn−α)

k


−ηLρ;ψ

k,a+ {ye(t)} (s)

=

[(
sk1− ρ

k + λ
)α
k
k
α
k − η

]
L
ρ;ψ
k,a+ {ye(t)} (s)

−

n−1∑
j=0

kn−
ν(kn−α)

k

(
sk1− ρ

k + λ
)n−ν(kn−α)

k −j−1
cj.

If we use (3.36), (3.10) and (3.12) for β = α+ν (kn−α) − k (n− j− 1) on the right side
of last equation, we get

L
ρ;ψ
k,a+

{
THD

α,ν,λ;ψ
k,a+ ye(t) − ηye(t)

}
(s) = L

ρ;ψ
k,a+ {f (t)} (s) .

Due to the fact that Lρ;ψ
k,a+ is one-to-one infers that(

THD
α,ν,λ;ψ
k,a+ ye

)
(t) − ηye (t) = f (t) .

So, ye(t) is a solution of equation (1.2). By using (3.34) and (3.36), we have

L
ρ;ψ
k,a+ {y (t) − ye(t)} (s) = L

ρ;ψ
k,a+

{
Y2 (t)

k
α
k

∗ψ ℧k,λ
α,α (ψa (t))

}
(s) .

If we use again the fact that Lρ;ψ
k,a+ is one-to-one, we get

y (t) − ye(t) =
Y2 (t) ∗ψ ℧k,λ

α,α (ψa (t))

k
α
k

. (3.37)

If we use the generalized convolution definition given by (2.13) for ℧k,λ
α,α (ψa (t)) =

e−λψa(t) (ψa (t))
α
k−1 Eα

k ,αk

(
ηk−

α
k (ψa (t))

α
k

)
and take the absolute value of both sides

of (3.37), we get

|y (t) − ye(t)| =
1
k
α
k

∣∣∣∣∫t
a

Y2 (u) e
−λψu(t) (ψu (t))

α
k−1 Eα

k ,αk

(
ηk−

α
k (ψu (t))

α
k

)
ψ

′
(u)du

∣∣∣∣
⩽

1
k
α
k

∫t
a

|Y2 (u)|
∣∣∣e−λψu(t) (ψu (t))αk−1 Eα

k ,αk

(
ηk−

α
k (ψu (t))

α
k

)
ψ

′
(u)
∣∣∣du.
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Therefore, from (3.30), it follows that

|y (t) − ye(t)| ⩽
ε

k
α
k

∫t
a

∣∣∣∣∣∣e−λψu(t) (ψu (t))
α
k
−1

∞∑
m=0

(
ηk−

α
k (ψu (t))

α
k

)m
Γ
(
α
km+ α

k

) ψ
′
(u)

∣∣∣∣∣∣du
=

ε

k
α
k

∞∑
m=0

∣∣ηk−α
k

∣∣m
Γ
(
αm+α
k

) ∫t
a

∣∣∣∣e−λψu(t) (ψu (t))αkm+α
k
−1
ψ

′
(u)

∣∣∣∣du
For α→ α

km+ α
k in (3.1), we have∫t

a

∣∣∣e−λψu(t) (ψu (t))αkm+α
k−1ψ

′
(u)
∣∣∣du ⩽

1
λ
αm+α
k

(
Γ

(
αm+α

k

)
− Γ

(
αm+α

k
, λψa (t)

))
.

Then

|y (t) − ye(t)| ⩽ ε

∞∑
m=0

∣∣ηk−α
k

∣∣m
Γ
(
αm+α
k

)
(kλm+1)

α
k

(
Γ

(
αm+α

k

)
− Γ

(
αm+α

k
, λψa (t)

))

< ε

∞∑
m=0

∣∣ηk−α
k

∣∣m
Γ
(
αm+α
k

)
(kλm+1)

α
k

(
Γ

(
αm+α

k

)
− Γ

(
αm+α

k
, λψa (T)

))

= ε

∞∑
m=0

∣∣ηk−α
k

∣∣m
Γ
(
αm+α
k

)
(kλm+1)

α
k

φ(
αm+α

k
, λψa (T))

which completes the proof.

Remark 3.19. If T < ∞, then because of α, k ∈ R+, the term φ(αm+α
k , λψa (T)) is

bounded. Therefore, the fractional differential equation (1.2) is Hyers–Ulam stable for

the constant K =
∞∑
m=0

∣∣∣ηk−αk ∣∣∣m
Γ(αm+α

k )(kλm+1)
α
k
φ(αm+α

k , λψa (T)). Note that, (1.2) is not Hyers–

Ulam stable at T = ∞.
Remark 3.20. If we take k = 1, λ = 0 and ν = 0 in THDα,ν,λ;ψ

k,a+ it reduces to the fractional

derivative Dα;ψ
a+ . Therefore the results obtained in Theorem 3.12 include the results of

Theorem 3.10 in [54] .

Example 3.21. Consider the following initial value problem:

THD
1
2 ,ν,λ;ψ
k,a+ y(t) = f (t) , Ωλ,0

1,ψ

(
I
(1−ν)(k− 1

2);ψ
k,a+ y

)
(a) = 0, (3.38)

where α = 1
2 and f (t) = Γk(4)

Γk( 7
2)

(ψa (t))
7

2k−1 e−λψa(t) + 1
20 . For 1

20 < ε ⩽ 1, we show that

by using the (3.18) the function y1 (t) = e
−λψa(t) (ψa (t))

4
k−1 satisfies∣∣∣∣THD 1

2 ,ν,λ;ψ
k,a+ y1(t) − f (t)

∣∣∣∣ =

∣∣∣∣∣ Γk (4)Γk
(7

2

) (ψa (t)) 7
2k−1 e−λψa(t)

−
Γk (4)
Γk
(7

2

) (ψa (t)) 7
2k−1 e−λψa(t) −

1
20

∣∣∣∣∣
=

∣∣∣∣ 1
20

∣∣∣∣ < ε.
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Also, the initial value of y1 (t) is Ωλ,0
1,ψ

(
I
(1−ν)(k− 1

2);ψ
k,a+ y1

)
(a) = 0. On the other hand, if

we use the fact f (t) = Γk(4)
Γk( 7

2)
(ψa (t))

7
2k−1 e−λψa(t) + 1

20 and α = 1
2 , n = 1, c0 = 0 and

(2.13) in (3.28), we get

ye(t) =
1

kΓk
(1

2

) ((ψa (t)) 1
2k−1 e−λψa(t)) ∗ψ

(
Γk (4)
Γk
(7

2

) (ψa (t)) 7
2k−1 e−λψa(t) +

1
20

))

=
1

kΓk
(1

2

) ∫t
a

(ψa (u))
1

2k−1 e−λψa(u)

[
Γk (4)
Γk
(7

2

) (ψu (t)) 7
2k−1 e−λψu(t) +

1
20

]
ψ

′
(u)du

=
Γk (4) e−λψa(t)

Γk
(1

2

)
Γk
(7

2

) 1
k

∫t
a

(ψa (u))
1

2k−1 (ψu (t))
7

2k−1ψ
′
(u)du

+
1

20kΓk
(1

2

) ∫t
a

(ψa (u))
1

2k−1 e−λψa(u)ψ
′
(u)du.

If we use with change variable u = ψ−1 (ψ (t) − ξ (ψa (t))) for first integral and (3.1) for
second integral in last equation,we obtain

ye(t) = e
−λψa(t) (ψa (t))

4
k−1 +

1
20kΓk

(1
2

) 1

λ
1

2k

(
Γ

(
1

2k

)
− Γ

(
1

2k
, λψa (t)

))
Then

|y1(t) − ye(t)| =
∣∣∣e−λψa(t) (ψa (t)) 4

k−1

−

(
e−λψa(t) (ψa (t))

4
k−1 +

1
20kΓk

(1
2

) 1

λ
1

2k

(
Γ

(
1

2k

)
− Γ

(
1

2k
, λψa (t)

)))∣∣∣∣∣
=

∣∣∣∣∣ 1
20kΓk

(1
2

) 1

λ
1

2k

(
Γ

(
1

2k

)
− Γ

(
1

2k
, λψa (t)

))∣∣∣∣∣
<

ε

kΓk
(1

2

)
λ

1
2k

∣∣∣∣(Γ ( 1
2k

)
− Γ

(
1

2k
, λψa (t)

))∣∣∣∣
<

ε

kΓk
(1

2

)
λ

1
2k

∣∣∣∣(Γ ( 1
2k

)
− Γ

(
1

2k
, λψa (T)

))∣∣∣∣
=

ε

kΓk
(1

2

)
λ

1
2k
φ(

1
2k

, λψa (T)).

Therefore (3.38) satisfies Theorem 3.11 for K = 1

kΓk( 1
2)λ

1
2k
φ( 1

2k , λψa (T)) and ε = 1
20 . Thus

(3.38) is Hyers-Ulam stable.

Remark 3.22. If we take k = 1, λ = 0 and ν = 0 in THDα,ν,λ;ψ
k,a+ it reduces to the fractional

derivative Dα;ψ
a+ . Therefore the results obtained in Example 3.13 include the results of

Example 3.14 in [54] .
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Example 3.23. Consider the following initial value problem:

THD
1
2 ,ν,λ;ψ
k,a+ y(t) + 7y(t) = f (t) , Ωλ,0

1,ψ

(
I
(1−ν)(k− 1

2);ψ
k,a+ y

)
(a) = 0, (3.39)

where λ = −7, α = 1
2 and f (t) = Γk(4)

Γk( 7
2)

(ψa (t))
7

2k−1 e−λψa(t) + 7 (ψa (t))
4
k−1 e−λψa(t) +

1
20 . For 1

20 < ε ⩽ 1 we show that by using (3.18) the function y1 (t) = e
−λψa(t) (ψa (t))

4
k−1

satisfies∣∣∣∣THD 1
2 ,ν,λ;ψ
k,a+ y1(t) + 7y1(t) − f (t)

∣∣∣∣ =

∣∣∣∣∣ Γk (4)Γk
(7

2

)e−λψa(t) (ψa (t)) 7
2k−1 + 7e−λψa(t) (ψa (t))

4
k−1

−
Γk (4)
Γk
(7

2

)e−λψa(t) (ψa (t)) 7
2k−1 − 7e−λψa(t) (ψa (t))

4
k−1

−
1
20

∣∣∣∣ = ∣∣∣∣ 1
20

∣∣∣∣ < ε.
Also, the initial value of y1 (t) is Ωλ,0

1,ψ

(
I
(1−ν)(k− 1

2);ψ
k,a+ y1

)
(a) = 0. Because of α = 1

2 , n =

1, c0 = 0 if we using (2.13), f (t) = Γk(4)
Γk( 7

2)
(ψa (t))

7
2k−1 e−λψa(t)+7 (ψa (t))

4
k−1 e−λψa(t)+

1
20 in (3.35) and we have

ye(t) =
1

k
1

2k

(
Γk (4)
Γk
(7

2

)e−λψa(t) (ψa (t)) 7
2k−1 + 7e−λψa(t) (ψa (t))

4
k−1 +

1
20

)
∗ψ
(
e−λψa(t) (ψa (t))

1
2k−1 E 1

2k , 1
2k

(
(−7) k−

1
2k (ψa (t))

1
2k

))
=

Γk (4) e−λψa(t)

Γk
(7

2

)
k

1
2k

∫t
a

(ψa (u))
7

2k−1 (ψu (t))
1

2k−1 E 1
2k , 1

2k

(
(−7) k−

1
2k (ψu (t))

1
2k

)
ψ

′
(u)du

+
7e−λψa(t)

k
1

2k

∫t
a

(ψa (u))
4

2k−1 (ψu (t))
1

2k−1 E 1
2k , 1

2k

(
(−7) k−

1
2k (ψu (t))

1
2k

)
ψ

′
(u)du

+
1

20k
1

2k

∫t
a

e−λψu(t) (ψu (t))
1

2k−1 E 1
2k , 1

2k

(
(−7) k−

1
2k (ψu (t))

1
2k

)
ψ

′
(u)du.

If we use change variable u = ψ−1 (ψ (t) − ξ (ψa (t))) for first integral and second integral
and (3.1) for third integral in last equation, we have

ye(t) = e
−λψa(t) (ψa (t))

4
k−1 +

1

20k
1

2k

∞∑
m=0

(
−7k−

1
2k

)m
λ
m+1

2k Γ
(
m+1

2k

) (Γ (m+ 1
2k

)
− Γ

(
m+ 1

2k
, λψa (t)

))
.
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Then

|y1(t) − ye(t)| =
∣∣∣e−λψa(t) (ψa (t)) 4

k−1 − e−λψa(t) (ψa (t))
4
k−1

−
1

20k
1

2k

∞∑
m=0

(
−7k−

1
2k

)m
λ
m+1

2k Γ
(
m+1

2k

) (Γ (m+ 1
2k

)
− Γ

(
m+ 1

2k
, λψa (t)

))∣∣∣∣∣∣
=

1

20k
1

2k

∞∑
m=0

∣∣∣−7k−
1

2k

∣∣∣m
λ
m+1

2k Γ
(
m+1

2k

) (Γ (m+ 1
2k

)
− Γ

(
m+ 1

2k
, λψa (t)

))

<
ε

k
1

2k

∞∑
m=0

∣∣∣−7k−
1

2k

∣∣∣m
λ
m+1

2k Γ
(
m+1

2k

) (Γ (m+ 1
2k

)
− Γ

(
m+ 1

2k
, λψa (T)

))

=
ε

k
1

2k

∞∑
m=0

∣∣∣−7k−
1

2k

∣∣∣m
λ
m+1

2k Γ
(
m+1

2k

)φ(m+ 1
2k

, λψa (T))

Therefore equation (3.39) satisfies the conditions of Theorem 3.12 for 1
20 < ε ⩽ 1 and the

constant K = 1

k
1

2k

∞∑
m=0

∣∣∣∣−7k−
1

2k

∣∣∣∣m
λ
m+1

2k Γ(m+1
2k )

φ(m+1
2k , λψa (T)). Thus (3.39) is Hyers–Ulam stable.

Remark 3.24. If we take k = 1, λ = 0 and ν = 0 in THDα,ν,λ;ψ
k,a+ it reduces to the fractional

derivative Dα;ψ
a+ . Therefore the results obtained in Example 3.14 include the results of

Example 3.15 in [54] .

4. Conclusion

This study investigates the HUS of tempered (k,ψ )-HFDEs using the (k,ψ )-GLT
method, introduced as a generalization of Laplace-type operators. For this purpose, tem-
pered integral and derivative operators and their properties are examined. Furthermore,
the values of these operators under (k,ψ)-GLT are calculated. Specifically, we established
sufficient conditions for the HUS of these equations through this approach. Furthermore,
we proposed a new method for investigating the HUS of differential equations. We also
showed that this study serves as a generalization of certain existing works in the literature,
which we supported through illustrative examples. To the best of our knowledge, this is
the first study to employ the (k,ψ)-GLT in proving the HUS of tempered (k,ψ)-HFDEs.

5. Acknowledgement

The authors thank the referee for his careful reading of the paper and for the valuable-
suggestions which greatly improved this work.

References

[1] Leibniz GW (1695). Démonstration de ce que l’on a avancé dans une précédente dissertation, touchant le
nombre des fractions, et la manière de faire les différentielles des différentielles, Histoire de l’Académie
Royale des Sciences, 3, 226-227.



A. Mısır, et al. Tempered (k,ψ)-Hilfer Fractional Differential Equations 25

[2] Miller KS and Ross B (1993). "An introduction to the fractional calculus and fractional differential
equations", New York: Wiley. .

[3] Podlubny I (1999). "Fractional differential equations", San Diego, CA: Academic Press.
[4] Kilbas AA, Srivastava HM and Trujillo JJ (2006). "Theory and applications of fractional differential

equations", (Vol. 204). Amsterdam: Elsevier Science B.V. (North-Holland Mathematics Studies),
[5] Samko SG, Kilbas AA and Marichev OI (1993). "Fractional integrals and derivatives: Theory and appli-

cations", Amsterdam: Gordon and Breach Science Publishers.
[6] Dorrego GA (2016). Generalized Riemann–Liouville fractional operators associated with a generalization

of the Prabhakar integral operator, Progress in Fractional Differentiation and Applications, 2(2), 131-
140, doi:10.18576/pfda/020206.

[7] Atangana A and Baleanu D (2016). New fractional derivatives with nonlocal and non-singular ker-
nel: Theory and application to heat transfer model, Thermal Science, 2(2), 763-769, doi:10.2298/
TSCI160111018A.

[8] Atangana A (2018). "Fractional operators with constant and variable order with application to geo-
hydrology", Boston, MA: Academic Press.

[9] Li C, Chen YQ and Kurths J (2013). Fractional calculus and its applications, Philosophical Transactions
of the Royal Society A, 371, 20130037, doi:10.1098/rsta.2013.0037.

[10] Oliveira EC and Sousa JVC (2018). On the ψ−Hilfer fractional derivative, Communications in Nonlinear
Science and Numerical Simulation, 60, 72-91, doi.org/10.1016/j.cnsns.2018.01.005.

[11] Kucche KD and Mali AD (2021). On the nonlinear (k,ψ)-Hilfer fractional differential equations, Chaos,
Solutions and Fractals, 152, Article ID:111335.

[12] Kucche KD, Mali AD and Sousa JVC (2019). On the nonlinear ψ-Hilfer fractional differential equations,
Computational and Applied Mathematics, 38, 73, doi.org/10.1007/s40314-019-0833-5.

[13] Mali AD and Kucche KD (2020). Nonlocal boundary value problem for generalized Hilfer implicit
fractional diferential equations, Mathematical Methods in the Applied Sciences, 43(15), 8608-8631,
doi:10.48550/arXiv.2001.08479.

[14] Afshari H and Karapınar E (2020). A discussion on the existence of positive solutions of the boundary value
problems via ψ-Hilfer fractional derivative on b-metric spaces, Advances in Difference Equations, 2020,
616, doi.org/10.1186/s13662-020-03076-z.

[15] Almalahi MA, Abdo MS and Panchal SK (2020). On the theory of fractional terminal value problem with
ψ-Hilfer fractional derivative, AIMS Mathematics, 5(5) , 4889 4908, doi:10.3934/math.2020312.

[16] Wahashy HA, Abdo MS, Saeed AM and Panchal SK (2020). Singular fractional differential equations with-
Caputo operator and Modi fied Picard’s Iterative Method, Applied Mathematics E-Notes, 20, 215-229.

[17] Almalahi MA, Abdo MS and Panchal SK (2020). ψ-Hilfer fractional functional differential equation by
Picard operator method, Journal of Applied Nonlinear Dynamics, 9(4) 685-702, doi:10.5890/JAND.
2020.12.011.

[18] Shatanawi W, outiara A, Abdo MS, Jeelani Mdi B and Abodayeh K (2021). Nonlocal and multiple-point
fractional boundary value problem in the frame of a generalized Hilfer derivative, Advances in Difference
Equations, 2021:294, doi.org/10.1186/s13662-021-03450-5.

[19] Diaz R and Pariguan E (2007) On hypergeometric functions and Pochhammer k-symbol, Divulgaciones
Matematicas, 15(2), 179-192.

[20] Salim A, Lazreg JE and Benchohra M (2024). On Tempered (k,ψ)-Hilfer Fractional Boundary Value Prob-
lems, American Journal of Mathematics, 3(1), 1, doi.org/10.28919/cpr-pajm/3-1.

[21] Hyers DH (1941). On the stability of the linear functional equation, Proceedings of the National Academy
of Sciences of the United States of America, 27(4), 222-224.

[22] Rassias TM (1978). On the stability of the linear mapping in Banach spaces, Proceedings of the American
Mathematical Society, 72(2), 297-300, doi.org/10.1090/S0002-9939-1978-0507327-1.

[23] Jung SM (2011). "Hyers-Ulam-Rassias stability of functional equations in nonlinear analysis", Springer.
[24] Oliveira EC and Sousa JVC (2020). A new approach for fractional differential equations using (k,ψ)-Hilfer

Form, Mathematical Methods in the Applied Sciences, 3(16), 9391-9408, doi.org/10.1016/j.chaos.
2021.111335.

[25] Sousa JVC, Kucche KD and Oliveira EC (2019). Stability of ψ-Hilfer impulsive fractional differential
equations, Applied Mathematics Letters, 88,73-80, doi.org/10.1016/j.aml.2018.08.013.

[26] Abdo MS, Thabet STM and Ahmad B (2020). The existence and Ulam–Hyers stability results for ψ-Hilfer
fractional integrodifferential equations, Journal of Pseudo-Differential Operators and Applications, 11(4),
1757-1780, doi.org/10.1007/s11868-020-00355-x.

doi:10.18576/pfda/020206
doi:10.2298/TSCI160111018A
doi:10.2298/TSCI160111018A
doi: 10.1098/rsta.2013.0037
doi.org/10.1016/j.cnsns.2018.01.005
doi.org/10.1007/s40314-019-0833-5
doi: 10.48550/arXiv.2001.08479
doi.org/10.1186/s13662-020-03076-z
doi: 10.3934/math.2020312
doi:10.5890/JAND.2020.12.011
doi:10.5890/JAND.2020.12.011
doi.org/10.1186/s13662-021-03450-5
doi.org/10.28919/cpr-pajm/3-1
doi.org/10.1090/S0002-9939-1978-0507327-1
doi.org/10.1016/j.chaos.2021.111335
doi.org/10.1016/j.chaos.2021.111335
doi.org/10.1016/j.aml.2018.08.013
doi.org/10.1007/s11868-020-00355-x.


A. Mısır, et al. Tempered (k,ψ)-Hilfer Fractional Differential Equations 26

[27] Zeeshan A, Akbar Z and Kamal S (2018). Ulam stability to a toppled systems of nonlinear implicit
fractional order boundary value problem, Boundary Value Problems, 2018, 175, doi.org/10.1186/
s13661-018-1096-6.

[28] Sousa JVC and Oliveira EC (2018). Ulam-Hyers stability of a nonlinear fractional Volterra integro-
differential equation, Applied Mathematics Letters, 81, 50-56, doi.org/10.1016/j.aml.2018.01.016.

[29] Oliveira EC and Sousa JVC (2018). Ulam-Hyers-Rassias stability for a class of fractional integro-
differential equations, Computational and Applied Mathematics, 37(1), 1-14, doi.org/10.1007/
s00025-018-0872-z.
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