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Abstract

We study the Hyers-Ulam stability of tempered (k,)-Hilfer fractional differential equations using the
(k,)-generalized Laplace transform. This transform plays a central role in deriving and extending stabil-
ity results, underscoring its effectiveness in the analysis of tempered fractional operators. The theoretical
contributions are further supported by illustrative examples that confirm the validity and applicability of the
results.
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1. Introduction

In mathematical analysis, differentiation and integration are typically considered in the
context of integer-order operations. However, when these operations are generalized to
fractional, irrational, or complex orders, the resulting field is known as fractional calculus.
The historical development of fractional calculus can be traced as far back as the 17th
century. In 1695, Leibniz questioned the meaning of derivatives of non-integer order in his
correspondence with L’Hopital. This idea was later developed through the contributions
of eminent mathematicians such as Euler, Fourier, Liouville, and Riemann. For detailed
information on these and the other developments, see, for example [1, 2, 4, 3, 5, 6] and
references therein.
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Research on fractional differential equations (FDEs) has significantly expanded with
the development of various definitions of fractional derivatives, leading to a rich and
comprehensive analytical framework. Several types of fractional derivatives have been
proposed, including those of Riemann-Liouville, Caputo, Hadamard, Hilfer, Griinwald-
Letnikov, Riesz, Katugampola, Caputo-Fabrizio, and Atangana-Baleanu-Caputo. These
have found extensive applications in modeling problems in physics and engineering [3, 4,
5, 6,7, 8, 9]. However, as most of these definitions do not fully coincide with each other,
there remains a need for more generalized formulations of fractional derivatives.

In this direction, Sousa and Oliveira [10] introduced the 1-Hilfer fractional derivative
(V-HFD), which is defined with respect to another function and has been successfully
applied in the qualitative analysis of both linear and nonlinear FDEs see for example [11,
12, 13, 14]. The existence and uniqueness of some problems formulated using the -
Hilfer fractional derivative defined by Sousa and Oliveira have been analyzed in detail
by various researchers. For example, Almalahi at al. [15] analyzed the existence and
uniqueness of a new class of terminal type boundary value problems for 1p-Hilfer fractional
differential equations using the Banach contraction principle and the Krasnosleskii fixed-
point theorem. Wahash at al. [16] using the Picard iterative method, investigated the
existence and uniqueness of a class of Cauchy problems for differential equations involving
Caputo fractional derivatives with respect to another function. Similarly, Almalahi at al.
[17] investigated existence and uniqueness results for fractional functional di®erential
equations with boundary conditions and nite lags containing Hilfer-type derivatives, and
Shatanawi at al. [18] conducted an existence and uniqueness investigation using the
Krasnosleskii xed-point theorem for fractional operators with a special model kernel.

In 2007, Diaz and Pariguan [19] proposed the definitions of the k-gamma and k-beta
functions such as

o0

1

Zk ]_ w v

M (w) = Jzu_le_k dz, Bk (u,v) = X Jzk_l (1—2z)% 'dz,Reu> 0,Rev > 0,k >0,
0 0

which is the generalization of the Euler gamma and Euler beta functions I' (-) and 3 (-, -),

respectively and satisfies the following properties:

a) limP (u) = T(w), Fe(k) = 1, Fe(u+k) = ulic(w), F(w) = kE7T(}) and

—)
MNu+1)=u!forueN,

b) lim B (u,v) = B (u,v), Bic (u,v) = ey and Bic (w,v) = B (¥, 3)

Although many fractional operators have since been defined using these functions, a
comprehensive operator encompassing all of them has long been lacking.

In response, Kucche and Mali [11] proposed the generalized (k,\)-Hilfer fractional
derivative ((k,\{)-HFD), and later, Salim et al. [20] further extended it to define the
tempered (k,{)-HFD. These advancements reflect the ongoing evolution and broadening
of fractional calculus theory.

Within the framework of FDEs, Hyers-Ulam stability occupies a special place. In 1940,
Stanislaw Ulam questioned the proximity of approximate solutions of functional equations
to exact solutions, and in 1941, Donald Hyers provided an answer for linear functional
equations [21]. Later, in 1978, Themistocles Rassias generalized this result to include
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nonlinear equations. The concept, now known as Hyers-Ulam-Rassias stability, has also
been employed in the analysis of FDEs [22, 23, 24, 25, 26, 27, 28, 29, 30].

While classical Laplace transforms were traditionally used in stability analyses of such
FDEs [31, 32, 33, 34, 35, 36, 37, 38, 39] , the increasing variety of generalized fractional
differential and integral operators over time has rendered the classical Laplace transform
insufficient for investigating the Hyers-Ulam stability of these equations.

The Ulam-type stability of generalized fractional differential equations (GFDEs) has
been studied using methods such as successive approximations [40, 24, 41], fixed point
theorems [40, 24, 11, 12, 14, 42, 43, 30], and Gronwall-type inequalities [44, 45]. Ad-
ditionally, the p-Laplace transform, introduced by Abdeljawad [46] and later extended by
Jarad and collaborators [47, 48], has led to new results concerning the solution of GFDEs
[49, 50, 51].

More recently, Basci et al. [52] proposed the (k,1)-Generalized Laplace Transform
((k,¥)-GLT), which provides a broad generalization of the classical Laplace transform and
p-Laplace transform. Misir et al. [53], showed that this transform is not only an exten-
sion of the p-Laplace transform but also a generalization of many Laplace-type transforms
introduced in the literature and has a significant advantage in obtaining solutions of frac-
tional differential equations. This new transform allows for a more holistic and flexible
analytical approach to the solutions of various FDEs. Moreover, Misir et al. [54] demon-
strated the Hyers-Ulam stability (HUS) of FDEs involving the {-Riemann-Liouville frac-
tional derivative by using the (k,\))-GLT. However, studies on this transformation remain
relatively limited in number.

For this reason we establish in this paper Hyers-Ulam stability results to the initial
value problem of the following tempered (k,\{)- Hilfer fractional differential equations
((k,\)-HFDEs) of the forms

(THDE,’;JZWU> (t)=~(t), (1.1)
(THDEMY) (1) —my (1) = (1), 1.2

with the initial conditions
o (MY ) (@) = e, m=0,1,2,,m -1 (1.3)

by using the (k,\)-GLT, where 0 < T < +o0,v € [0,1],7m, ¢y are scalarsinC,n—1 < ¥ <

nAeR, fe C(0,T)xC), P € C"[a,b] such that P’ (t) > 0 on [a, b] and THDE‘/’Zip

is the tempered (k,)-HFD of order « > 0. The notation Qﬁ':l} (I{z‘lf y> ,Y > 0 will be

presented in the next section.

The primary objective of this paper is to investigate the Hyers-Ulam stability (HUS) for
Hilfer fractional differential equations (HFDEs) (1.1) and (1.2) when « > 0, utilizing the
(k,)-GLT.

The structure of this article is as follows: Section 2, starts by fundamental definitions
and properties are presented, along with background information regarding the tempered
(k,)-HFDs and the (k,1)-GLT. In the Section 3, using the lemmas and theorems we have
established, the stability of problems (1.1) and (1.2) with the initial condition (1.3) is
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investigated through the (k,)-GLT, and the obtained analytical solutions are supported by
relevant examples. Finally, the conclusion section highlights the advantages of analyzing
the HUS of tempered (k,1)-HFDEs by means of the (k,1{)-GLT.

2. Preliminaries and basic notations

In this section, we will introduce some basic definitions, notations, lemmas, and the-
orems that we will use throughout the paper. To simply the notation and the prove of

a1 Aam (k4 n ml _ ( x a\"
some results, we will introduce the Q" = (T'(t) T T )\> and gy ,, = (T(t) dt) g for

k>0,A€eR neNandy € C"[a,b] such that ' (t) > 0 on [a, b]. Also, let’s show ,
B o4 &
by () = ()= () and T} (Py (x) = e M) 9y (x)F T Eg p (nkF (y (0)F)

for « > 0, > 0 and A € R. Where n is a given constant.

Definition 2.1. [52] Let € C™ [a, b] such that ' (t) > 0 on [a,b]. Then forn € N
AC} [a,b] = {g: (a,b] = Rand "y " € ACIa,bl}.

Definition 2.2. [52] Let I = [a, b] (0 < a < b < oo) be a finite interval. Also, let1 : I — R
and ' (t) > 0forallt € I. Then for 0 < o < 1, the space Co;p (I, R) of weighted functions
g defined on I as following:

Cop [a,b] ={g: (a,b] = Rand (Y (-) = (a))?g() € Cla,bl}

and
oy labl = {g .9, € Cla,b] and g} € Coy [a,b]} neN,

where Co,y, (I, R) = C[a, b] and C&w [a,b] = C"[a,b].

Definition 2.3. [20] (k-generalized \-fractional integral) Let g € L! [a, b] and [a, b] be a
finite or infinite interval on the real axis IR, { (t) > 0 be an increasing function on (a, b]
and 1|)' (t) > 0 be continuous on (a,b), k > 0 and « > 0. Then the generalized k-fractional
integral operators of a function g of order « are defined by

t
9t = kr:(“} J (o ()51 (W) g (u) du 2.1)
and )
Ioc;ﬂ,) o 1 a1
Y000 = o | (0 D g ) dw 22)

Theorem 2.4. [11] Let « > 0, > 0 and k > 0. Then we have the following semigroup
property given by

; A ; ; ;
I](:,:ll)—l-IE,a-tpg(t) = I](:,J(rlg,-wg(t) = IE’;b+Ig’;b+g(t)

and
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Definition 2.5. [11] Letk,x >0,n—1 < ¥ <nand v € [0,1]. Also, let{ € C™[a,b],
(neN) Y (t) > 0on (ab) and g € C"[a,b]. Then the (k,{)-HFD of function g with
respect to another function 1V on [a, b] of order « is defined by

v; o [k AN ) (ke
MDY g(t) = e (q/ (Udlt) A5 2.3)

In particular, if we take v = 0 in (2.3) (k,V)-HFD reduces to (k,\{)-Riemann Liouville
fractional derivative operator and we can write as below:

Kk d\"t
DY, 96) = 2 (0™ g () () d 2.4)

a

Theorem 2.6. [11] Let o, k € R™ and let f € R such that % > —1. Then

M (B+%) po

DR (e (0)F) = 1 (o (1) 7" 2.5)

(B+k—a)
Definition 2.7. [20] (The (k,)-tempered fractional integral) Let g € L! [a,b] and [a, b]
be a finite or infinite interval on the real axis R, 1 (t) > 0 be an increasing function on
(a, b] and be continuous on (a,b), A € R, k > 0 and « > 0. The (k,\)-tempered fractional
integral operators of a function g of order « and index A are defined by

) = e MO (g e )
t

1 o

- J (o (1) E T ey (1) g (w) du 2.6)

and

TEYg(t) = MR (g e M)

b

1 1 oAb ()

_ 2 . 2.

o | e ) e () g ) @7
t

where T (.) is k-gamma function. If we take k = 1 in the (k,\{)-tempered fractional

integral TI]‘:;‘E’ reduces to the \-tempered fractional integral TI]‘L‘;E’  in [20].

Theorem 2.8. [20] Let « > 0, f > 0 and k > 0. Then we have the following semigroup
property given by

TN PTB3A; T rx+B,A; T 1BAVT o A;
Rt el ot =T B () =T IR TR (1)

and
AT BA; A; AT rouA;
TIEPTIR g (t) =T X P M g(t) =T IR I o™ g(1).



A. Misir, et al. Tempered (k,1)-Hilfer Fractional Differential Equations 6

Definition 2.9. [20] (The tempered (k,{) —HFD) Letn—1 < & <nwithn € N,A € R,
k > 0, an interval such that —co < a < b < o0 and g, € C™ ([a, b],R) two functions
such that \ increasing and ' (t) # 0, for all t € [a,b]. Then the tempered (k,\)-HFDs
(left-side and right-side) "MD"} Jz‘ () and ™MDy AW () of a function g of order « and
index A are type 0 < v < 1, are defined by

THDRY AP (1)

v(k VA 1—v) (kn—oa),A;

T v (kn—o) A 1 d n (T1(1=v)(kn—o) A
( Lay <1|) (t) dt ) <k < a+ 9))) ®)

k,a+
e Ab(t (HDocvll) (9 (t) Mb(t ))) (2.8)
and
THDEY A g (1) = (TQ,%““W% T (fm)“( T "‘”“’g)))(t)
- (R g e ()
= it (M D;ggj( e M), (2.9)

If we take k = 1 in the tempered (k,\)-HFD THD{;‘,’;’;Z‘”" (.) reduces to the tempered
P-HFD THD YA () in [20].

Definition 2.10. [52] Let g,V : [a,00) — IR be real valued functions such that \ is
continuous and ' (t) > 0 on (a,b). Also, let p, k > 0. Then, the (k,)-GLT of g is defined
by the improper integral

L% (g (1)} (s) = Je—swa“)“g(t)w (1) dt. 2.10)

provided that the integral in (2.10) exists, i.e., that the integral is convergent.

Remark 2.11. If we take P (t) = t, k =panda =0orYP(t) =t, k=1and a =0 in
(2.10), we get the classical Laplace transform. If we take k = pand a =0 or k = 1 and
a = 0in (2.10), we get the £,{g (t)}(s) generalized Laplace transform given in [48]. If
we take 1\ (t) = %,k: pand a=0or{(t) = %,k: 1 and a = 01in (2.10), we get the
p-generalized Laplace transform given in [51, 47].

Theorem 2.12. [52] Let g, € C [a, o) be real valued functions such that \ is continuous
and ' (t) > 0on [a,b). Also, let p,k > 0 and the (k,\)-GLT of g exists. Then

et o = e fo (v (G rv@) ) bo. e

Note that L£{g (t)}(s) is the classical Laplace transform of g (t).
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Definition 2.13. [52] A function g defined on [0, c0) taking values in R is said to be
of P-exponential order if one can find positive constants M, ¢, T such that the inequality
lg (t)] < Me<¥(t) holds for all t > T.

Theorem 2.14. [52] If g : [a,00) — R is a piecewise continuous function and is -
exponential order, then its (k,\)-GLT exists for s > c.

Theorem 2.15. [52] If the (k,)-GLT of g1 : [a,00) — R exists for s > dy, and the (k,)-
GLT of gz :[a,00) — R exists for s > d,. Then for any constants ¢q and c;, the (k,\)-GLT of
c191 + c2gp exist, then

L fergr () +c292 (D} (s) = 1LY {g1 (D} (s) +c2LP¥ {g2 (D} (s)  (2.12)
for s > max{dy, d,}.

Definition 2.16. [48] Consider two functions g and h, both of exponential order and
piecewise continuous on any interval [a, T]. Their generalized convolution is defined by

t
(946 1) ()= [ g ) (07 (W (6 (@) ¥ () (2.13)

The following lemma gives that g and h are commutative.

Lemma 2.17. [48] Consider two functions g and h, both of exponential order and piecewise
continuous on any interval [a, T]. Then
g * h=h *y g

Theorem 2.18. [52] Consider two functions g and h, both of exponential order and piecewise
continuous on any interval [a, T]. Then

P8 {grg h}(s) = 0¥, (9} () LY, (h}(s) (2.14)

Theorem 2.19. [54] A function g (t) € Cy, [a, T] and of \-exponential order such that gH)

is a piecewise continuous over every finite interval [a, T]. Then the (k,\)-GLT of gH) exist
and

o Lol (0} (5) = sk ELE (g (1)} (5) ~ g (). 2.15)

Definition 2.20. [55] Mittag-Leffler function of one parameter E(t) and two parameter
Es (1) are defined as

= t! t!

0 1=0

respectively. Where Re& > 0, Ren > 0 and t € C. It is easy to show that E;(t) = E11(t) =

et.
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In the 19th century Prym [56] studied the theory of the incomplete gamma function
for the case u = 1. A hypergeometric convergent function, which is a generalized form of
the incomplete gamma functions, was systematically studied by Tricomi in 1950 [57].

Definition 2.21. The incomplete gamma functions ¢(u,v) and I'(u,v) are defined by

v
e(u,v) = Jezzuldz, Re(u)>0,v>=0 2.17)

0

and -
MNu,v) = Je_zz“_ldz, Re(u) >0, v>=0. (2.18)

v

These two functions satisfy the identity ¢(w,v) + I'(u,v) = I'(u), where I'(u) denotes the
classical gamma function.

Various properties and behaviors of the incomplete gamma function are collected, for
example, in [56, 57, 58], where we mention only strongly relevant papers.
3. Main Results

The subsequent theorems are devoted to proving the HUS of equations (1.1) and (1.2),
subject to initial conditions (1.3), using the (k,)-GLT.

Lemma 3.1. Let [a, b] be a finite or infinite interval on the real axis R, 1 (t) > 0 be an
increasing function on (a, b] and be continuous on (a,b), A > 0, k > 0 and « > 0. Then

!

t t
J (Yo () E T e MOy () du = j(wa (W) £ e ety (1) du

- L) T ()
1

X
= Ai%(p(il)\q)a (t))/ (3.1

where I’ (%,7\11)(1 (t)) and @ (3, Mg (t)) are incomplete gamma functions.

Proof. Following integral

t
J (W ()£~ e Mty (1) du

with change variable & = A, (1), and following integral

!/

t
J(wa () E T e Malily (1) du
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with change variable & = M, (1), we can obtain

(Wq (W) e Mbaly (1) du

0 —

t
j (Yo () E T e MOy () du =

A (t)
J e terlgs, (3.2)
0

1
A%

If we use gamma function and incomplete gamma function definition

00 A (t) 00
r(y) = Jeifﬁlda: J e fetlag + J e feilag
0 0 )\q’a(t)

_ e teE e 4T (¥ 00 (1)),

o

Then we can write

Apa(t)

—egflgg =1 () (2 — o

e et lde =T (7)) =T (5 2a (1) = @[3, Mpa (0). (33)
0

If we use (3.3) in (3.2), we can obtain

X I

t t
[ nE ey @y au = [ pe )F e MY W) du

Q) ()
0% M (1),
O

Lemma 3.2. A function g (t) € Cy, [a, T] and of \p—exponential order such that Qi‘&) isa

piecewise continuous over every finite interval [a, T]. Then the (k,\)-GLT of Qi‘i exists and
et {od (g} (9) = (sKE+2) 400 (g} (9)—g(a). (3.4

Proof. If we use (2.10), we can write

U

e {od (g} (s) = Jeswa(”kl‘ggﬁ, (g ()W (¢ at. 3.5)
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If use Q{‘i (g(t)) = (q/l(t) % + A) g (t) in (3.5), we have

st (ol g} is) =

+A J e*swt)kl’%g ()Y (t)dt. (3.6)

b, M ()} (9) = (sK17F +2) L2, {g (B} s)— g ().

Now we give generalize the Lemma 3.2.

Corollary 3.3. Let g (t) € CL‘*l la, T] such that Qi‘ﬂp (j=0,1,..,n—1) are P-exponential
order. Also, let Q?Bp be a piecewise continuous over every finite interval [a, T]. Then the
(k,)-GLT of QN} exists and

et fodien}s) = (skEa) LPY (g () (s)
n_l o n—j—1 .
=Y (s Fen) ol (gl (3.7)
j=0
Proof. The proof of the theorem is done by mathematical induction. O

Lemma 3.4. Let € C [a, 00) be real valued functions such that\ is continuous and ' (t) >
Oon [a,b).Also, let k >0, A € R. Then for s > 0 and Ref3 > —1

rp+1) o T((B+1)k)
B+l

(skP% +)\>B+1 - (skP% +>\) K6 Ge

8 e el @ (1)} (s) =
Proof. If we use (k,)-GLT definition, we can write

k,a+

e, e o (008} (9) = [ € 0 EA O g )P o (1 0t

with change variable (sklf% + 7\) Pq (t) =u, we have

1

571 | © uPdu.
(skl_% + A)

g et (g (1)F ) (5) =

o——3
|
e
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If we use gamma function definition, we have
re+1y  h(B+1k)

L O ()

kB

Remark 3.5. If we take A = 0 in Lemma 3.4, we can obtain
r 1 I 1)k
(B+1) ((B+Dk) s>0,Rep>—-1 (3.9

200 {(a ()P} (5) = (s0-2)"7 " (9t) s

k

Lemma 3.6. Let Rex > 0, Red > 0 and —nk ¥ | <1.Then
(sk17 +>\) K
x5
(sk1*% + A) ¥
(3.10)

e (U053 e )} (0) = (sk-E+2) F okt

Proof. If we use (2.16), we can write

o] 7% j aj+8
cgt, {0 a0 b s = 3 U S0ap, Lol g (0) ) (5.

k,a+ 45 k,a+
5 ()
If we use (3.8), for p = %ﬂs — 1, we have
j
b [r5kA 1 S k&
AT Wa ) (5) = ————= Y | —F——
(s +2)" 5= (s E+2)
chfé
<Sk1*% —H\)
(skl_? + 7\) ¥ —nk— %
]
Remark 3.7. If we take A = 0 in Lemma 3.5, we get
x—95
P\ k
. S [od -3 Sklii
LYo, {(wa ()5 Ege (nk’? (Wa (t))k)} (s) = ( “) : (3.11)
(sk1*%> N —nk*%
Remark 3.8. If we take « = 6 in Lemma 3.5, we get
pb frikA _ 1
Lk,a+ {Uo(,o( (q)a (t))} (S) - % . (3-12)
(s E+2) " —mic
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Remark 3.9. If we take A = 0 and o« = 4 in Lemma 3.5, we get

e {0 @)F T Eg g (nkF (W (1)F) ] (5) = e (313)

k

Lemma 3.10. Let g (t) be a piecewise continuous over every finite interval [a, T] and -
exponential order. Also, let « > 0 and P’ (t) > 0. Then

£8P g (1)} (s)

b TEvbevf (s) = . (3.14)
(sklf% + A) F
Proof. If we use (2.6), we have
1 t
TRV 9(0) = s | (G (0) MO () g 1) du
with a change variables T = {1 (P, (t) +1 (a)), we get
1 t
TIEg(t) = Tt j(wa ()& e Me(Tg (Y (e (1) + P (@) W (1) dT. (3.15)

If we take (k,{)-GLT both side of (3.15) and use (2.13), (2.14), we have

) . . 1
A Ty _ W
£l‘z,a+ { Il(f,ant g(t)} (S) - L]g,aJr {krk (O()

X J(wa (1) e Mal®g (W1 (P (1) + ¥ (@) ' (1) dr} (s)
1

= (e { e )T e () £ (g (1) (5).

If we use (3.8) in last equation, because of ¥ —1 > —1, we can obtain,

b [TraAw _ 1 N (o) o
R R T (skl—{i+}\>o‘ék§—1Lk’a+{g(t)}(S)
AP (g )(s)
(s E+2) "kt

O]

Lemma 3.11. Let « > O and g € AC& [a,b] forany b > a, ¥ € Cg‘;u, la, b] such that

P (t) > 0 and Qﬁ:{b (Ig;l)(knfa)fkj’m’ g) ,j =0,1,..,n—1 be of P-exponential order.
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Then

. . no LPY {g(t)}(s)
£12:g)+ {THDlic,lai\,lpg (t)} (s) = k" (5](1_% +)\) kat kn—a

(skl—% + ?\) ke

n—j—1

n-1 (skk% + 7\)

V(k17“] v(kn—a)
j=0 (skl_% +?\) S

<0, (T %) (a)]. (3.16)

Proof. If we use the (k,\)-GLT defined by (2.10), we obtain

cgd oM} (s)

o Jrevikn—ane (1 d " T (1) (kn—o) Anp
- Ll‘:(’,,(1+{ Ik,(hTLL N <lb/ (t)a_{— > (kn( Ik,a+ e )) g(t)}(s)

— o, {Qlﬁj—“)'x"‘”gﬁ; (k“ (TIS;I)(k“_“)’M’)) g(t)} (s). (3.17)
If we use (3.7) and (3.14) in (3.17), we have
. | e oy (ke (TR T ) 90§ (s)
ot {Moga e} (s) = il DED)

v(kn—«)

(sk“%—i-)\) A -

()" g2, o ()0

v(kn—«)

(st en)

n—1 n—j—1 . _ _ .
-t oa)" 7 (o (T e

v(kn—«)

(sben) F
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n
K (skk% + 7\)
v(kn—«)

(skl—%+7\> oy
L% {g ()} (s)

v(kn—«)

X A=vlln—o) ko)
(st en) e
n-1 o, n—j-1, 5 1=v)lkn—alA;
T (st en) (@) (e (TR ) o) (@)
=
_ v(kn—«o)

v(kn—«)
k

skI=k4+A) © k
( )

LY {g ()} (s)
(skI=F+2) T e
1 (skP% +7\> no (Qi‘fb (Tllgafl)(knfa)’kw> g) (a)

=0 <sk1_%+7\) R S

= k| (ski7E )"

Lemma 3.12. Let o,k € R*, B € R and % > 0. Then

. _ I B
D (M) (g (1) FT) = L et g () ag)

Proof. If we use tempered (k,1)-HFD definition in (2.8) for g (t) = e ¥a(t) (1 (t))%*1 ,
we can write

L 5 B . B_
THD &V AWD (e Abalt) (g (1) 1) — e V(Y (HDE‘JE’ (e)‘q’(a) (ba (1))* 1))

k,a+
v B_
= e el (MDEb ([ (1))571)) (3.19)
If we use (2.5), we can write,

Vi ey N(B) Boa_g
MDY (Wa (1) )—m(wa(tn . (3.20)

If we use (3.20) in (3.19), we can obtain
THRxv,AW —Abq(t) Eil — M —Abq(t) Mfl
DERY (M) (a ()5 ) = 5 e (P (£) 5

O]

Definition 3.13. We say that equation (1.1) possesses the HUS with initial conditions
(1.3) if there exists a positive constant K > 0 such that, for any given ¢ > 0 and a function

y satisfying ‘(THD{?”Zi‘;wy> (t)—f (t)’ < ¢, there exists a solution y. of the differential

equation (1.1) such that [y (t) —ye (t)] < eK.
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Definition 3.14. We say that equation (1.2) possesses the HUS with initial conditions

(1.3) if there exists a positive constant K > 0 such that, for any given ¢ > 0 and a
function y satisfying ‘ (THD%”Zi"wy) (t)—Ay (t)—f (t)‘ < ¢, there exists a solution y, of
the differential equation (1.2) such that [y (t) —ye (t)] < eK.

Theorem 3.15. Let o, k € R", 0 < T < oo, V (t) be an increasing and positive function on
(a,b], (—o0o < a < b < ). Ifa function y : (0, T] — C satisfies the inequality

‘(THD]‘:Zi\;wy) (t) —f(t)‘ <e 3.21)

with the initial conditions (1.3) for each t € (0, T] and some ¢ > 0, then there exists a solution
Ye : (0, T] — C of the differential equation (1.1) such that

€ o
y (t) —ye (1) < W@(Eﬂ\ﬂ)a (T)). (3.22)

Proof. Let
Yi(t) = (THD,‘Q‘;Zf;‘Py) (t) — (1) (3.23)

for t € (0, T]. Taking the (k,1)-GLT both side of (3.23) and if we use (3.16) we have
et vis) = Pl { (DRI ) (0 ()= LPYL I (0 (s)

L {y (£)}(s)

(Skl_%—i—?\) k k™%

n—j—1 . _ o X
—1 (skP% +?\> (Qi‘ﬂb (Tlgal)(kn “)’M‘b) y) (a)

7

- : v(kn—«

— K (skl—%w\)n

)

=0 (Skl—% " A) e
—LPY {f (D} (s). (3.24)

If we rewrite (3.24) and use the initial conditions (1.3), we obtain
n—j—1
. ks e e (kTR
L]Fi:;b—k {U (t)} (S) = kat % + k'n ( V(kn—cx)?—zx
(skl—% +?\) Kk =0 (Skl—% +}\) R
L% 1y (0} (s
E 0 ()19 3.95)
k

(sk“% + ?\) K

By (3.8) for p = £ —1and p = V(kn;]f‘”“ —n+j(j=0,1,2,..,n—1) respectively, we
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have
. .o
! £ Le el g (1)) K1 (s)
% - kT (e ’
(s E ) Fick K
; v(kn—ojta L
1 Lit‘b{e‘”ﬂ[‘)(wa(t)) F ““}(s)
vikn—a)+x . = (kn—o)+ .
(sa-faa) ™ F ey (e i)

(3.26)
If we use (3.26) in (3.25), we get

Ll‘i& {f(t)}(s )L{igﬁr {efhba(t) (Pa (t))%*l} (s)
kI (06)
v(kn—o)+a

nt oL, {e et (o (1)7TFT (g

LUV fy (W) (s) =

_l’_

=0 rk (\/ (kn— oc+oc+]_n+l> k)
b 03 (s) £88, {e et (g (0)F 7} (5)
i ka o . (3.27)
Setting
e M) (g (1)) o O (g (1)
e(t) = f(t . (3.28)
) krk( ) " 20 ((M—i—] n+1>k>

Taking the (k,1V)-GLT both side of (3.28) and if we use (2.14), (3.26), one get

_)\w -1
£ tye (B)(s) = Li‘i;{ b (1) )}( ) 622 (1) (s

. . v(kn—a)+o | .
e LY, {e e (o (1) )

+j:0 rk((%—%j—n—i—l)k)
LYY ()} (s)
(s £ +2) F i
n—1 c:
+ - (3.29)
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By (1.3), (3.16), and (3.29), we get

n P
Loy {THDﬁ’V’A;"’ye(t)}(s) - K" <skl—% —H\) Cigar We () (s)

k,a+ ,a+

kn—oa

(sk1*%+7\) Foee

n—j—1
—1 Cj (sklf% —H\)

MLLSS v(kn—o«)
j=0 (sk1*% +—A) ok
1 L (D)} (s)

Due to the fact that L]‘iff . is one-to-one infers that

(MDA ye) (0 = F ().
So, ye(t) is a solution of equation (1.1). If we use (3.27) and (3.29), we get

e Mbalt) (o (1)) (s)
kI () *

Ly (1) —ye(t) (s) = LYY, {Yl (t) *y

: pb
If we use again the fact Lk,a . 1s one-to-one, we get

Y (t) _ye(t) = kr:w [Yl (t) * e_Mba(t) (Wa (t))%—l} .

Taking the absolute value of both sides of the last equation and if we use (2.13) and (3.21),
it follows that

L b (1) £y

WO -ue0] <l || e () ) au
_ ot A (t) g1y

o | M () )]

a
t

I

e My (1)) F Ny

kr:(oc) J o () du.
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If we use (3.1), we have

e e o o= g (0 (2) ()

Then we can obtain

YOyl < o (; In: (r(%)-r(Trwa))
= ke (fx)?\? (r (%) (%’W“( )))
= W‘P(z Mg (T)).
which completes the proof. O

Remark 3.16. If T < oo, then because of ¥ > 0 the term ¢(3, A4 (T)) is bounded.
M, the fractional differential equation (1.1) is
KM (a)A %

Hyers-Ulam stable. Note that, (1.1) is not Hyers—Ulam stable at T = oo.

Remark 3.17. If wetakek =1, A=0and v =01in THD]‘Z :1’ jz‘ Vit reduces to the fractional

derivative D&, Therefore the results obtained in Theorem 3.11 include the results of
Theorem 3.8 in [54] .

Therefore, for the constant K =

Theorem 3.18. Let o, k € R™, 0 < T < oo, n be a scaler, \ (t) be an increasing and
positive function on (a,b] (—oo < a < b < o) and f (t) be a given real continuous function
on [0, 00) . If a function y : (0, T| — C satisfies the following inequality

‘(THD“ZN)U)( )—my (1) —f(t)| <e (3.30)

with the initial conditions (1.3) for each t € (0, T] and some ¢ > 0, then there exists a solution
Ye : (0, T] = C of (1.2) such that

Z ‘nk am—+ «

el = Abg (T)). 3.31
y(t) —y (emray k}\mﬂ)?@( Va (T)) (3.31)

t)=¢
m=0

Proof. Let
Y2 (8) = (D) () —my (0 (1), (3.32)
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for t € (0, T]. Taking the (k,\)-GLT of (3.32) and if we use (3.16) we have

e Ma(ths) = L {TUDEYMYY (0] (5) LY, fy (1) (s) — LYY, {F (1) (s)

LYYy (1)) (s)

kn—o

(sk1’E+7\) Foee

n—j—1
n-1 (skl—% +>\> (Qi‘gp (lelaj (kn—c0), “") y) (a)
*Z i)
j=0 k -

(skl—% +>\) "
LYy (D)} (s) — LYY {F (D)} (s). (3.33)

If we write = «+ v (kn— ) —k (n—j — 1) and use the initial conditions (1.3), we can
write

mn
— K (sk1*%+>\)

[ay

a—p
e n— kﬂfv(k?:‘x) . k177—|-7\ Tk
LYY fy(t)(s) = Lias i (DI (s) N o (s )

Kt (( KoE4n)” —nk—> =0 K* <(sk1—ﬁ +7\>f —nk—%)

LYy (1)) (s)

+ - .
K& ((skl—k )" —nk—"k‘>

By using (2.14), (3.10) and (3.12), we can write

HMTCHORE Lfit.‘;{f]ff) U“(wa())}()

11)
a3
j
t)

Y2
+Lk a+ { k

3

M)

e ;U (a (t ))}( )

me|l o <

sy O (Va (t))} (s). (3.34)

Setting

;UK (Wa (1)) (3.35)

f(t) KA n_l niv(kn—oc)
Ue(t) = K *P U“’/“ ($ba (t))‘i‘;)k k

Taking the (k, 1) —GLT both side of (3.35), one has

LYY {ye(t)}(s) = Li‘L{l?}( ) LY {UEA (o (1)} (s)

ka+{ank“k“ “GUNA (a (t ))}() (3.36)
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By using the (3.16) and (1.3), we get
b TRy ) —mye) (5) = £PP, {TTDRAMye(0 ] (5) —meY, fye (U} (s)
LY {ye ()} (s)

- n 1-2 n
k sk 7k +A S —
(sklf% + )\) Foee

n—j—1
1 (Sk1_£ + 7\) Cj

v(kn—«)

=0 (sk-t4r) Tk

v(kn—a)

LYY {ye()} (s)
[(skl—i o) F —n] L0 {ye()}H(s)

v(kn—o«) 7]~71

v(kn—«) n—
— Z k" a: (sklf% —i—?\) c Cj.

If we use (3.36), (3.10) and (3.12) for f = a+ v (kn — &) —k (n —j — 1) on the right side

of last equation, we get
o MDYy () —mye ()} () = £P0, {F (03 (s).

k,a+ k,a+

Due to the fact that L]‘fﬁ’ . is one-to-one infers that

(MDY M ye) (6) e (1) = £(1).

So, y(t) is a solution of equation (1.2). By using (3.34) and (3.36), we have
Yy (t
{2 o e} o)

L7 () —ye(t)}H(s) = £70, § =

If we use again the fact that L{iﬁl’ , is one-to-one, we get
Ys () %y, UKA t
2 (t) *y O (Wa )). (3.37)

&

Yy (t) —yelt) = e

If we use the generalized convolution definition given by (2.13) for 6‘&7& (Ve (1) =
e M) (y (1)) Eo o (nk*% (Wa (t))%> and take the absolute value of both sides

of (3.37), we get

1|)/ (u) du’

=R
N——

[uy

Epp (nk¥ (Wu (1)
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Therefore, from (3.30), it follows that

_ 0 I NS oy d
e 3 e L Y ey v |
B c o ‘nkif m CAvut) FmegE-1 ‘
= 5 2 ey |, e a0 e

For o — m+ ¥ in (3.1), we have

t
J e Mt (g (1) EMETy,

Then

> k™
YO —vel] < €Y m‘f(x 1a<r(°‘m+°‘>—r<°‘mk+°‘,xwa(t)>)
m:Or( X (kAm+1) %

= ‘nk_*‘ oam + « am + «
< ¢ Z (ocm+oc k7\m+1 < >_r( k }\ll)a( )>>

m=0 r
> Nk om + o
= e) m‘w ‘ = @(——— Aba (1))
m=0 I (7) (kAmH) ¥
which completes the proof. O]

Remark 3.19. If T < oo, then because of o, k € R™, the term cp(%“‘,?\ﬂ)a (T)) is

bounded. Therefore, the fractional differential equation (1.2) is Hyers—Ulam stable for

o k™ k

the constant K = )~ ‘n -
m=0 F( (xm+<x)(k)\m+1) k

Ulam stable at T = oo.

Remark 3.20. If wetake k=1, A=0and v =0 in THD{:Z;Z""L’ it reduces to the fractional
derivative D&, Therefore the results obtained in Theorem 3.12 include the results of

Theorem 3.10 in [54] .

Example 3.21. Consider the following initial value problem:

SV (1—v)(k—=13);
THDf< o Yy =f(1), My, (1 VI 2“’y> (a) =0, (3.38)

@(%mEE M (T)). Note that, (1.2) is not Hyers-

k,a+

where o = 1 and f (t) = ;:((;;)) (ba (1)) %L e Avalt) s. For & < ¢ < 1, we show that

by using the (3.18) the function y; (t) = e APV (P (t ) satisfies

DL (e~ e = ;‘:éf; (b ()% T e MVal)
2
_h ) 21 Apa(t) _ 1
rk (%) (Ur’a (t)) e 20
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(1—v)(k—13);

Also, the initial value of y; (t) is Q{"’S) (Ik,a i )’wm) (a) = 0. On the other hand, if

we use the fact F(t) = {5} (ba ()% e Melt) 4 L and o« = §,m = 1, ¢ = 0 and
(2.13) in (3.28), we get
yelt) = krkl(;) ((wa (1) e M), (rr: g)) (o (£) 5T e be(t) 4 210>>
- krkl(%) || tpa tupietervate [;‘: é)) ()% e M0 Ly (1) du
= r‘;:‘l(;_r:g)ﬂ ] e (T e 0 () 0

If we use with change variable u = (! ({ (t) — & ({4 (t))) for first integral and (3.1) for
second integral in last equation,we obtain

e Mba() $-1 LI < (1> _ (1 >)

Then

Y1) = eV = [e (g (1)

€ 1 1
< N —|-—r AP (t
i ()= (v w)
€ 1 1
< ' —|-—T AP (T
i ()~ (g m))
€ 1
= o570, Mba (T))
K (DA% 2
Therefore (3.38) satisfies Theorem 3.11 for K = %(p(ﬁ,?\lba (T))and ¢ = 21—0. Thus

KNc()a%
(3.38) is Hyers-Ulam stable.

Remark 3.22. If we takek =1, A=0and v =0 in THD]‘:”Z;Z""" it reduces to the fractional

derivative Dfl‘ﬂ) . Therefore the results obtained in Example 3.13 include the results of
Example 3.14 in [54] .
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Example 3.23. Consider the following initial value problem:
Ly 1—v)(k—1);
THD Yy () + 7y (1) = £ (1), Q) (Ii,al)( 2%) (a) =0, (3.39)

where A = -7, & = % and f(t) = lf:((ff)) (Pa (ﬂ)ﬁfl e Mal(t) o 7 (Pa (t))%fl e Mbalt) 4
2

5. For 5 < & < 1 we show that by using (3.18) the function y; (t) = e AVt (14 (t))k !
satisfies

D ) 70 10| = [P g 76 g (00
2
_rk (4) —Apa(t) % 1 A (t) %71
Mo (%)e (Wa (1) 7e (Wq (1)
1 |1
_% ’20 < E

Also, the initial value of y; (t) is Qi"fl)) <Ik,a+ );¢y1> (a) = 0. Because of o« = 3, n =

1, o = 01f we using (2.13), f (1) = £57} (0 ()51 eMalt) 17 (g (1)) 6T e Malt) 1
2

21—0 in (3.35) and we have

velt) = — (Dl erat) (1) F 476 M) (g (1)) E T 4 -
k2 \ Tk (3)
wp (7 a )FTEY 4 (7K (a (1))
M (4) e Mbalt) [t

- Z-1 =—1 (=7 = X
- RO | et eF ey (7 @) )

—Aa(t) (t . . ) N
AT | e ) () ey (70K (b () () du

kax a 272K

1 t “AWPu(t) 1 _q _ 1 1 ’
oo | e g () ey (716 (i (0)F) 4 ()
20kzx Ja 2k’2k

If we use change variable u =\~ ( (t) — & ({4 (t))) for first integral and second integral
and (3.1) for third integral in last equation, we have

b (t 4 1 o (_7k_2k m+1 m+1
ve(®) =e Ml (e () D S (r(75)—r (T avat) )
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Then
(1) —ye(t)] = ‘eﬂwa(t) (e

(
o (7 k)
i S () ()

7k 2|
1 i ‘_ o <<m+1> <m+l
20k 2% mZ_O AT (%—{1) 2k 2k “

m
o |7k~
€ ’ m+1 m+1
SR S i r()-r(,mp m))
pE %xﬁ(“m( 2% 2ic e
’ 7k—%|
£ — - m+1
= — — @ ADg (T))
ok 2 () 2 M

Therefore equation (3.39) satisfies the conditions of Theorem 3.12 for 21—0 < ¢ <1 and the

m

constant K = -1 > L @(H, Mg (T)). Thus (3.39) is Hyers-Ulam stable.

Remark 3.24. If wetakek =1, A=0and v =0in THD%’(Z;Z‘;‘I’ it reduces to the fractional

derivative fo}rb . Therefore the results obtained in Example 3.14 include the results of
Example 3.15 in [54] .

4. Conclusion

This study investigates the HUS of tempered (k,\ )-HFDEs using the (k,1 )-GLT
method, introduced as a generalization of Laplace-type operators. For this purpose, tem-
pered integral and derivative operators and their properties are examined. Furthermore,
the values of these operators under (k,{)-GLT are calculated. Specifically, we established
sufficient conditions for the HUS of these equations through this approach. Furthermore,
we proposed a new method for investigating the HUS of differential equations. We also
showed that this study serves as a generalization of certain existing works in the literature,
which we supported through illustrative examples. To the best of our knowledge, this is
the first study to employ the (k,\)-GLT in proving the HUS of tempered (k, {))-HFDEs.

5. Acknowledgement

The authors thank the referee for his careful reading of the paper and for the valuable-
suggestions which greatly improved this work.

References

[1] Leibniz GW (1695). Démonstration de ce que U'on a avancé dans une précédente dissertation, touchant le
nombre des fractions, et la maniére de faire les différentielles des différentielles, Histoire de '’Académie
Royale des Sciences, 3, 226-227.



A. Misir, et al. Tempered (k,1)-Hilfer Fractional Differential Equations 25

(2]

[3]
[4]

[5]
(el

(71

(8]
[91
[10]
[11]
[12]

[13]

[14]

[15]
[16]

[17]

[18]

[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]

Miller KS and Ross B (1993). "An introduction to the fractional calculus and fractional differential
equations", New York: Wiley. .

Podlubny I (1999). "Fractional differential equations", San Diego, CA: Academic Press.

Kilbas AA, Srivastava HM and Trujillo JJ (2006). "Theory and applications of fractional differential
equations", (Vol. 204). Amsterdam: Elsevier Science B.V. (North-Holland Mathematics Studies),
Samko SG, Kilbas AA and Marichev OI (1993). "Fractional integrals and derivatives: Theory and appli-
cations", Amsterdam: Gordon and Breach Science Publishers.

Dorrego GA (2016). Generalized Riemann-Liouville fractional operators associated with a generalization
of the Prabhakar integral operator, Progress in Fractional Differentiation and Applications, 2(2), 131-
140, doi:10.18576/pfda/020206.

Atangana A and Baleanu D (2016). New fractional derivatives with nonlocal and non-singular ker-
nel: Theory and application to heat transfer model, Thermal Science, 2(2), 763-769, doi:10.2298/
TSCI160111018A.

Atangana A (2018). "Fractional operators with constant and variable order with application to geo-
hydrology", Boston, MA: Academic Press.

Li C, Chen YQ and Kurths J (2013). Fractional calculus and its applications, Philosophical Transactions
of the Royal Society A, 371, 20130037, doi:10.1098/rsta.2013.0037.

Oliveira EC and Sousa JVC (2018). On the \p—Hilfer fractional derivative, Communications in Nonlinear
Science and Numerical Simulation, 60, 72-91, doi.org/10.1016/j.cnsns.2018.01.005.

Kucche KD and Mali AD (2021). On the nonlinear (k,\p)-Hilfer fractional differential equations, Chaos,
Solutions and Fractals, 152, Article ID:111335.

Kucche KD, Mali AD and Sousa JVC (2019). On the nonlinear \p-Hilfer fractional differential equations,
Computational and Applied Mathematics, 38, 73, doi.org/10.1007/s40314-019-0833-5.

Mali AD and Kucche KD (2020). Nonlocal boundary value problem for generalized Hilfer implicit
fractional diferential equations, Mathematical Methods in the Applied Sciences, 43(15), 8608-8631,
doi:10.48550/arXiv.2001.08479.

Afshari H and Karapinar E (2020). A discussion on the existence of positive solutions of the boundary value
problems via \p-Hilfer fractional derivative on b-metric spaces, Advances in Difference Equations, 2020,
616, doi.org/10.1186/s13662-020-03076-z.

Almalahi MA, Abdo MS and Panchal SK (2020). On the theory of fractional terminal value problem with
-Hilfer fractional derivative, AIMS Mathematics, 5(5) , 4889 4908, doi:10.3934/math.2020312.
Wahashy HA, Abdo MS, Saeed AM and Panchal SK (2020). Singular fractional differential equations with-
Caputo operator and Modi fied Picard’s Iterative Method, Applied Mathematics E-Notes, 20, 215-229.
Almalahi MA, Abdo MS and Panchal SK (2020). \-Hilfer fractional functional differential equation by
Picard operator method, Journal of Applied Nonlinear Dynamics, 9(4) 685-702, doi:10.5890/JAND.
2020.12.011.

Shatanawi W, outiara A, Abdo MS, Jeelani Mdi B and Abodayeh K (2021). Nonlocal and multiple-point
fractional boundary value problem in the frame of a generalized Hilfer derivative, Advances in Difference
Equations, 2021:294, doi.org/10.1186/s13662-021-03450-5.

Diaz R and Pariguan E (2007) On hypergeometric functions and Pochhammer k-symbol, Divulgaciones
Matematicas, 15(2), 179-192.

Salim A, Lazreg JE and Benchohra M (2024). On Tempered (k,\p)-Hilfer Fractional Boundary Value Prob-
lems, American Journal of Mathematics, 3(1), 1, doi.org/10.28919/cpr-pajm/3-1.

Hyers DH (1941). On the stability of the linear functional equation, Proceedings of the National Academy
of Sciences of the United States of America, 27(4), 222-224.

Rassias TM (1978). On the stability of the linear mapping in Banach spaces, Proceedings of the American
Mathematical Society, 72(2), 297-300, doi.org/10.1090/S0002-9939-1978-0507327-1.

Jung SM (2011). "Hyers-Ulam-Rassias stability of functional equations in nonlinear analysis", Springer.
Oliveira EC and Sousa JVC (2020). A new approach for fractional differential equations using (k, \)-Hilfer
Form, Mathematical Methods in the Applied Sciences, 3(16), 9391-9408, doi.org/10.1016/j.chaos.
2021.111335.

Sousa JVC, Kucche KD and Oliveira EC (2019). Stability of \-Hilfer impulsive fractional differential
equations, Applied Mathematics Letters, 88,73-80, doi.org/10.1016/j.am1.2018.08.013.

Abdo MS, Thabet STM and Ahmad B (2020). The existence and Ulam-Hyers stability results for \p-Hilfer
fractional integrodifferential equations, Journal of Pseudo-Differential Operators and Applications, 11(4),
1757-1780, doi.org/10.1007/s11868-020-00355-x.


doi:10.18576/pfda/020206
doi:10.2298/TSCI160111018A
doi:10.2298/TSCI160111018A
doi: 10.1098/rsta.2013.0037
doi.org/10.1016/j.cnsns.2018.01.005
doi.org/10.1007/s40314-019-0833-5
doi: 10.48550/arXiv.2001.08479
doi.org/10.1186/s13662-020-03076-z
doi: 10.3934/math.2020312
doi:10.5890/JAND.2020.12.011
doi:10.5890/JAND.2020.12.011
doi.org/10.1186/s13662-021-03450-5
doi.org/10.28919/cpr-pajm/3-1
doi.org/10.1090/S0002-9939-1978-0507327-1
doi.org/10.1016/j.chaos.2021.111335
doi.org/10.1016/j.chaos.2021.111335
doi.org/10.1016/j.aml.2018.08.013
doi.org/10.1007/s11868-020-00355-x.

A. Misir, et al. Tempered (k,1)-Hilfer Fractional Differential Equations 26

[27]

[28]

[29]

[30]

[31]

[32]
[33]
[34]
[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]
[44]

[45]

[46]
[47]
[48]

[49]

Zeeshan A, Akbar Z and Kamal S (2018). Ulam stability to a toppled systems of nonlinear implicit
fractional order boundary value problem, Boundary Value Problems, 2018, 175, doi.org/10.1186/
513661-018-1096-6.

Sousa JVC and Oliveira EC (2018). Ulam-Hyers stability of a nonlinear fractional Volterra integro-
differential equation, Applied Mathematics Letters, 81, 50-56, doi.org/10.1016/j.aml.2018.01.016.

Oliveira EC and Sousa JVC (2018). Ulam-Hyers-Rassias stability for a class of fractional integro-
differential equations, Computational and Applied Mathematics, 37(1), 1-14, doi.org/10.1007/
s00025-018-0872-z.

BasciY, Misir A andv Ogrekci S (2020). On the stability problem of differential equations in the sense of
Ulam, Results in Mathematics, 75(6), 1-13, doi.org/10.1007/s00025-019-1132-6.

Rezaei H, Jung S and Rassias TM (2013). Laplace transform and Hyers—Ulam stability of linear differential
equations, Journal of Mathematical Analysis and Applications, 403(1), 244-251, doi.org/10.1016/j.
jmaa.2013.02.034.

Algifiary QH and Jung SM (2014). Laplace transform and generalized Hyers-Ulam stability of linear
differential equations, Electronic Journal of Differential Equations, 2014(80), 1-11.

Wang C and Xu TZ (2015). Hyers-Ulam stability of fractional linear differential equations involving Caputo
fractional derivatives, Applications of Mathematics, 60(4), 383-393.

Wang C and Xu TZ (2015). Hyers-Ulam stability of a class offractional linear differential equations, Kodai
Mathematical Journal, 38(3), 510-520.

Wang JR and Li X (2016). A uniform method to Ulam—Hyers stability for some linear fractional equations,
Mediterranean Journal of Mathematics, 13, 625-635, doi:10.1007/s00009-015-0523-5.

Shen Y and Chen W (2017). Laplace transform method for the Ulam stability of linear fractional
differential equations with constant coefficients, Mediterranean Journal of Mathematics, 14(1), 25,
d0i:10.1007/s00009-016-0835-01660-5446/17/010001-17.

Liu K, Feckan M, O’Regan D and Wang JR (2019). Hyers-Ulam stability and existence of solutions for
differential equations with Caputo-Fabrizio fractional derivative, Mathematics, 7(4), 333, doi.org/10.
3390/math7040333.

BasciY, Ogrekci S and Musir A (2019). On Hyers-Ulam stability for fractional differential equations includ-
ing the new Caputo-Fabrizio fractional derivative, Mediterranean Journal of Mathematics, 16(1), 131,
doi.org/10.1007/s00009-019-1407-x1660-5446/19/050001-14.

Sayyari Y, Dehghanian M and Park C (2023). Some stabilities of system of differential equations using
Laplace transform, Journal of Applied Mathematics and Computing, 69, 3113-3129, doi.org/10.1007/
512190-023-01872-w.

Kucche KD and Kharade JP (2020). Global existence and Ulam-Hyers stability of \b-Hilfer fractional differ-
ential equation, Kyungpook Mathematical Journal, 60(3), 647-671, doi.org/10.5666/KMJ.2020.60.
3.647.

Huang J and Li Y (2016). Hyers-Ulam stability of delay differential equations of first order, Mathematische
Nachrichten, 289(1), 60-66, doi.org/10.1002/mana.201400298.

Sitho S, Ntouyas SK, Samadi A and Tariboon J (2021). Boundary value problems for \-Hilfer type se-
quential fractional differential equations and inclusions with integral multi-point boundary conditions,
Mathematics, 9(9), 1001, doi.org/10.3390/math9091001.

Tariboon J, Samadi A and Ntouyas SK (2022). Multi-point boundary value problems for (k, ¢)-Hilfer
fractional differential equations and inclusions, Axioms, 11(3), 110, doi.org/10.3390/axioms11030110.
Sousa JVC and Oliveira EC (2018). On the \-Hilfer fractional derivative, Communications in Nonlinear
Science and Numerical Simulation, 60(1), 72-91.

Liu K, Wang JR and O’Regan D(2019). Ulam-Hyers-Mittag-Leffler stability for \p-Hilfer fractional-
order delay differential equations, Advances in Difference Equations, 2019, 50, doi.org/10.1186/
513662-019-1997-4.

Abdeljawad T (2013). On conformable fractional calculus, Journal of Computational and Applied Math-
ematics, 279, 57-66, doi.org/10.1016/j.cam.2014.10.016.

Jarad F and Abdeljawad T (2018). Modified Laplace transform for certain generalized fractional operators,
Results in Nonlinear Analysis, 1(2), 88-98.

Jarad F and Abdeljawad T (2020). Generalized fractional derivatives and Laplace transform, Discrete and
Continuous Dynamical Systems Series S, 13(3), 709-722, doi:10.3934/dcdss.2020039.

Liu K, Feckan M and Wang J (2020). Hyers-Ulam Stability and Existence of Solutions to the Generalized
Liouville-Caputo Fractional Differential Equations, Symmetry, 12(6), 955, doi:10.3390/sym12060955.


doi.org/10.1186/s13661-018-1096-6
doi.org/10.1186/s13661-018-1096-6
doi.org/10.1016/j.aml.2018.01.016
doi.org/10.1007/s00025-018-0872-z
doi.org/10.1007/s00025-018-0872-z
doi.org/10.1007/s00025-019-1132-6
doi.org/10.1016/j.jmaa.2013.02.034
doi.org/10.1016/j.jmaa.2013.02.034
doi:10.1007/s00009-015-0523-5
doi:10.1007/s00009-016-0835-01660-5446/17/010001-17
doi.org/10.3390/math7040333
doi.org/10.3390/math7040333
doi.org/10.1007/s00009-019-1407-x1660-5446/19/050001-14.
doi.org/10.1007/s12190-023-01872-w
doi.org/10.1007/s12190-023-01872-w
doi.org/10.5666/KMJ.2020.60.3.647
doi.org/10.5666/KMJ.2020.60.3.647
doi.org/10.1002/mana.201400298
doi.org/10.3390/math9091001
doi.org/10.3390/axioms11030110
doi.org/10.1186/s13662-019-1997-4
doi.org/10.1186/s13662-019-1997-4
doi.org/10.1016/j.cam.2014.10.016
doi: 10.3934/dcdss.2020039
doi:10.3390/sym12060955

A. Mistr, et al. Tempered (k,)-Hilfer Fractional Differential Equations 27

[50]

[51]

[52]

[53]

[54]

[55]
[56]
[57]

[58]

Wang C (2021). Hyers-Ulam—Rassias stability of the generalized fractional systems and the p-Laplace trans-
form method, Mediterranean Journal of Mathematics, 18, 4, doi:10.1007/s00009-021-01751-3.
Zada A, Shaleena S and Ahmad M (2022). Analysis of solutions of the integro-differential equations with
generalized Liouville-Caputo fractional derivative by p-Laplace transform, International Journal of Applied
and Computational Mathematics, 8, 3, doi:10.1007/s40819-022-01275-8.

BasciY, Misir A ans Ogrekei S (2023). Generalized derivatives and Laplace transform in (k,\p)-Hilfer Form,
Mathematical Methods in the Applied Sciences, 46(9), 10400-10420, doi.org/10.1002/mma.9129.
AMisir A, BascalY and Cengizhan E (2025). On the (k,\)-generalized Laplace transforms and their appli-
cations to fractional differential equations, Communications in Advanced Mathematical Sciences, 8(4),
210-224, https://doi.org/10.33434/cams.1739206.

Misir A, Cengizhan E and BasciY (2024). Ulam type stability of \p-Riemann-Liouville fractional differential
equations using (k,\)-generalized Laplace transform, Journal of Nonlinear Sciences and Applications,
17(2), 100-114.

Kalvandi V, Eghbali N and Rassias JM (2019). Mittag-Leffler-Hyers-Ulam stability of fractional differential
equations of second order, J. Math. Extension, 13(1), 29-43.

Prym FE (1877). Zur Theorie der Gamma-Funktion, Journal fiir die Reine und Angewandte Mathematik,
82, 165-172.

Tricomi FG (1950). Sulla funzione gamma incomplete, Annali di Matematica, 31(1), 263-279, doi:
10.1007/BF02428264.

IPinelis I (2020). Exact lower and upper bounds on the incomplete gamma function, Mathematical In-
equalities and Applications, 23(4), 1261-1278, doi.org/10.7153/mia-2020-23-95.


doi:10.1007/s00009-021-01751-3
doi:10.1007/s40819-022-01275-8
doi.org/10.1002/mma.9129
https://doi.org/10.33434/cams.1739206
doi:10.1007/BF02428264
doi:10.1007/BF02428264
doi.org/10.7153/mia-2020-23-95

	1 Introduction
	2 Preliminaries and basic notations
	3 Main Results
	4 Conclusion
	5 Acknowledgement

