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Abstract

Fractional-order models effectively capture memory and hereditary effects in neural and nonlinear dy-
namical systems. Memristors are ideal components for modeling synaptic connections due to their ability
to emulate plasticity and memory effects. Discrete models of memristor-coupled neurons simplify computa-
tions and enable efficient analysis of large-scale networks. Despite their potential, discrete fractional-order
memristor-coupled models have been less explored. To address this, we propose two novel discrete fractional-
order neural systems. The first system is a two-neuron motif coupled via dual memristors, while the second
extends this configuration to a ring-shaped network of similar subnetworks. A new theorem on the stabil-
ity of discrete fractional-order systems is established, defining stability regions for both models. Numerical
simulations illustrate the theoretical results and investigate how the fractional order, asymmetric memristive
coupling, and other model and network parameters jointly influence the dynamics and stability of discrete-
time neurons.

Keywords: Discrete fractional calculus, Fractional order neural networks, Memristor-coupled neurons,
Stability analysis, Ring neural network

1. Introduction

Artificial neural networks (ANNs) and mathematical models are widely used to simu-
late the brain’s complex activities, providing deeper insights into neural mechanisms [1].
Neurons do not function in isolation; their interactions are crucial for neural process-
ing. Modeling these neuronal connections using physical devices is pivotal in network
modeling. Due to their nonlinear behavior, nanoscale dimensions, and memory features,
memristors are considered artificial synapses and are widely used in chaotic circuits and
neural networks [2, 3]. Coupling discrete dual memristors instead of individual ones in
neural maps allows for better exploration of complex neuronal behaviors [4].

Neuronal models are typically categorized into continuous-time models and discrete-
time models [5]. While continuous neural models have been extensively studied, discrete
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models can more effectively simulate random and paroxysmal intracellular ion dynamics.
Discrete-time models are significant for their computational advantages and suitability
for digital hardware implementations, aligning well with the integration of memristors
as artificial synapses. Several neuron models are formulated as discrete-time dynamical
systems, including the Izhikevich, Rulkov, Courbage-Nekorkin-Vdovin, and Chialvo mod-
els [25, 7, 8].

Many well-known models describing neuronal dynamics are based on ordinary differ-
ential equations, such as the Morris-Lecar and FitzHugh-Nagumo models [9, 10]. How-
ever, classical integer-order models may fail to fully capture memory and hereditary effects
observed in real biological systems. Fractional differential equations and differences have
therefore attracted significant attention due to their inherent nonlocal properties, which
allow them to reflect the history of a process more accurately. Moreover, fractional cal-
culus has opened new avenues in diverse fields, including biology, ecology, electric power
systems, and neural networks [11, 12, 13, 14, 15, 16]. The existence and uniqueness of
solutions for fractional-order systems under various boundary conditions have been well
studied, including W-fractional hybrid systems with periodic [17], implicit fractional dif-
ferential equations with anti-periodic [18], and nonlinear fractional integro-differential
equations [19].

Recent advances, including fractional quantum calculus [20], control-theoretic ap-
proaches for fractional-order systems [21], and stability analysis of discrete fractional
neural networks [22], have further enriched the mathematical framework for analyzing
nonlinear dynamics and stability. In discrete-time settings, the nabla fractional difference
offers advantages over the delta operator by avoiding domain-shift issues and enabling
richer dynamical behaviors [6]. Incorporating fractional-order dynamics into memristor-
coupled neural models therefore enables effective modeling of long-term memory effects,
complex firing patterns, and non-Markovian neuronal behavior [26, 27].

Despite these advancements, existing discrete memristive neural networks mostly fo-
cus on single-memristor coupling or simplified linear interactions, which fail to capture
the full spectrum of biological neuronal dynamics [3]. Coupling neurons via dual mem-
ristors can generate complex behaviors like extreme transient dynamics, better reflecting
real neuronal operations [9]. However, incorporating fractional-order discrete calculus,
particularly with the nabla operator, into such dual memristor-coupled networks remains
underexplored, Table 1.

To address this gap, we propose a novel fractional-order discrete memristor-coupled
neural network. We construct a Fractional Discrete Memristor-Coupled Rulkov Neuron
(FDMCRN) map by coupling two Rulkov neurons via dual flux-controlled memristors, em-
ploying the Caputo nabla fractional difference to model the fractional dynamics. We subse-
quently expand the model into a ring network configuration of FDMCRN maps, providing
theoretical foundations for stability analysis of the ring structure, crucial for understand-
ing long-term neural network behavior. Finally, we numerically investigate the stability
criteria for both systems and evaluate how initial conditions influence the dynamics of the
FDMCRN model.
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Table 1: Comparison of recent discrete fractional-order neuron models with memristive
coupling and stability analysis (2021-2025)

Reference (Year) Fractional Operator Neuron Model | Memristor Synapse Topology Stability Analysis
Almatroud (2021) [24] Caputo Delta Generic Neuron X Small Network Numerical

Lu et al. (2022) [29] Caputo Delta Rulkov Single Memristor Single Neuron Numerical
Hiouala et al. (2022) [23] Caputo Nabla Generic Neuron X Network Analytical + Numerical
Vivekanandhan et al. (2023) [5] Caputo Delta Rulkov X Single Neuron | Analytical + Numerical
Ghasemi et al. (2024) [22] Caputo Delta Rulkov Single Memristor Two Neuron Analytical + Numerical
This Work Caputo Nabla Fractional Rulkov Dual Memristor Ring Network | Analytical + Numerical

2. Materials and Methods

The following definitions introduce the necessary fractional operators used throughout
this work.

Remark 2.1. In this article, we consistently work within the framework of a discrete time
scale, Ny = {b,b+1,b+2,...}, where b € R is fixed. For any function f : N, — R,
the backward difference, also known as the nabla operator, is defined as follows, Vf(n) =
f(n) —f(n—1) forn € Np.;.

Definition 2.2. [31] For any real numbers Tt and n, the 7 rising function is defined by

MNn+1)
I'n)

Definition 2.3. [30] (Nabla fractional sum) Suppose f : Ny — R and « € (0,1) be
provided, The nabla fractional sum of order « for the function f is expressed as follows

n?: ,TLER\{...,—Z,—].,O},O?:O, (21)

“fn) = 3 o« 2.2
v F—Z , (2.2)
s=1

where p(s) =s—1, n € INy.

Definition 2.4. [31] Let f : Ng — R and « € (0, 1), the Caputo-type fractional nabla
difference of order « for f is

n

V(M) == (V1" ¥Vf)(n) = Z n—s+1)"%(Vf)(s), (2.3)

for o = 0 we get Vif(n) =f(n) and n € Nj.

2.1. Mathematical representations

FDMCRN Framework. Using the definition (2.2) and based on the mathematical
expression of the discrete-time memristor [28, 29], the difference equation of the Rulkov
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neuron map can be derived the following form

§V X1 ni1 = Thay TYLn T Kken(Xn —X2n) = X1,
SV*Y1ni1 = —T](Xl n—0)+KkQ2n(Yin —Yz,n),
6 Vi1 = i HY2n —kein(in —Xom
gv(XUZ,TL—O—l =" (XZ,n - U) - k(PZ,n (yl,n _UZ,n)/
OCV“(Pl,nH =Xin —X2,n,

SV @ani1 =Y1n —Yon,

) =X, 2.4)

where n denotes the iterations and k is the coupling strength between the pair of neurons.
The variables x; », X2 n represent the neurons’ membrane potentials influenced by a non-
linear map parameter a. The recovery variables yj n, Yo are influenced by parameters
0 <1 < 1 and o, which is an external DC to neurons. Additionally, @1, and @2, denote
the fluxes of the two neurons at iteration n. The schematic connection pattern of the
FDMCRN, consisting of two neurons with two coupling memristors, is depicted in Fig. 1.

Memrlstorl

Memrlstorz

Figure 1: Schematic diagram of the FDMCRN model model showing two neurons coupled
via dual memristors.

FDMCRN Framework With Ring Configuration. We extend the FDMCRN model (2.4)
from two neurons to N units by implementing a ring-network structure, as depicted in
Fig. 2. In this configuration, the N units are coupled, and the membrane potentials x1;
evolve according to the following equations:

itP

SVini1 = ﬁ FY1in + k@1in (X1im — X2un) — Xiin + 2n X ) (x15 —x11),
j=i—

SV Y1in+1 = —MNX1in — 0) + k@2in (Y1in — Y2in ),

6 Vi%2in+1 = g T Y2in — K@1in (X1 —X2in) = X2in,

SV Y2int1 = —N(x2in — 0) —k@2in (Y1in — Y2in),

SV*Q1in+1 = X1in — X2in,

§V@2int1 = Yiim — Y2in-

(2.5)
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where i = 1 to N and the state variables of the i™ unit are represented as (x1i, Y11, X2, Yi,
©1i, ©2i). The memristor synapses couple symmetrically to the 2P nearest neighbors,
every unit engages with P neighboring units to its left and right. Here, P denotes the set
of indices corresponding to the neighbors of the i unit and D represents the connection
strength between the N units.

Memristor2-1

)

Memristor2-1 Memristor2-i Memristor2-1

Figure 2: Schematic of the i-th unit in the ring network comprising the FDMCRN model

2.2. Analysis of the model

This section explores whether solutions exist and if they are unique, along with estab-
lishing the stability conditions for models (2.4) and (2.5). To achieve this, certain fun-
damental definitions are necessary; therefore, each subsection begins with this essential
evidence.

2.2.1. Existence and Uniqueness of Solutions

Definition 2.5. A circulant matrix is a structured square matrix where each row is de-
fined as

Co € C € - CN—2 CN-—1
CN—-1 €Cp €1 C2 v CN—3 CN-2
. CN—2 € € € '- CN-—4 CN-3
C = circ(bg, by, ..., bn_1) =
C2 € €4 C5 - Cp 1
L G €2 € € - N1 €0 dxN
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A block circulant matrix extends the concept of a circulant matrix by having each block
as an individual circulant matrix.

Co Ci C C . Cn2 Cnoa

Cno1 G G G 7o Cnos O

C = bcire(Co, Cy, ..., Cno1) = Cn—2 G G G e Ones Ones
C Cs3 C4 Cjs .. Co Cy
L Cl C2 C3 C4 .. CN—l CO

- NxN

The C; matrices for i = 0 to N — 1 are block-formatted matrices [15].

Theorem 2.6. Suppose that Q = {(x1,Y1,%2,Y2, 1, ®2) € R%, S = Q x N; where n < oo
and max{||xill, [lyill, lloill} < ¢}, i=1,2. For any initial conditions Xo = (x1,0,Y1,0,X2,0,Y2,0,
®1,0, P2,0) € Q, for every n, all the solutions X € S of system (2.4) are unique.

Proof. The proof is based on establishing the local Lipschitz continuity of the system map-
ping. To this end, the right-hand side of system (2.4) is decomposed into three parts: a
bounded nonlinear term, a linear term, and a memristive coupling term. Each component
is shown to satisfy a Lipschitz-type estimate on the set S.

Specifically, assume F(X,,) = (F;(Xn),F2(Xn), F3(Xn),F4(Xn),F5(Xn), Fe(Xn))T repre-
sents a mapping function with the |.|| norm, ensuring that

a
Fi(Xn) = 152 +Yin +k@in(X1in —X2n) —X1n,
In
Fr(Xn) = Mx1n —0) +k@an(Yi,n —Yo,n),
a
F3(Xn) = HT +Yzn — K@i n(X1n —Xon) —Xon,
2n

Fy4(Xn) = - (XZ,n —0)— k(PZ,n(yl,n - UZ,n)/
F5(Xn) = x1,n —X2,n,
IF6(XTL) =Yin —Y2n,

where X = (X1, Y1, X2, Y2, P1ns (p2,n)T. Consequently, the mapping function can
be expressed in the form below

]F(Xn) = W(Xn) + AXn + kOXy,
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such that
[ T, | =11 0 0 0 0]
no -n 0 0 0 00
a 0O 0 -1 1 00
= | 1+x3 =
W(Xn) nx(';/n /A O 0 _T] 0 0 O 7
0 1 0 -1 0 00
0 001 0 -1 0 0]
i P1n 0 —P1n 0 0 07 [ Xin ]
0 Pon 0 —@P2n 00 Yin
—Q1n 0 P1n 0 0 0 X2n
D = : ' K= |
0 —@P2n 0 Pon 00 " Yo2n
0 0 0 0 00 P1n
0 0 0 0 00, oo |

Since ¥(X) consists of smooth rational functions and constant terms, it is continuous and
consequently satisfies the Lipschitz condition [32], i.e:

VX, X €S, 30 20 st (WYX -YEX)<Glx—X (2.6)
We now prove that the system (2.4) satisfies the locally Lipschitz condition:

VX, XeS, AL >0 s.t [[F(X)—FX)|| < LIIX-X]|
Where

X= (Xl,n1 ’ Yl,TL1 ’ Xz,nl ’ YZ,n1 ’ d)l,nl ’ ¢2,n1) 7 X = (il,nzl gl,nzr iZ,nzl gZ,ngl d)l,nzl cbZ,Tlg) ’

IIF(x) —F(X)]| = [I(W(x) = ¥(X) + A(X = X) + k(DX — OX)||
< (W) =YX+ A X = X[+ [[k®|| [x — X|]
< (G +HIA+k Q) [[x =X
=LiIx—xX|, L= + Al +k C

Thus, the solution to the model (2.4) is unique within S. O

Theorem 2.7. Suppose that Q = {(X1,Y1,X2, Y2, d1,d2) € RNX6, st X1 = Xinly.ys
Y1 = Wipnlaaa X2 = Keinlaa Y2 = M2inlag, @1 = [@1inlag, P2 = [@2inl,a, A =
Aidyr, max{lixall, Il [1Xall, [12ll, Il [[ball} < A}y,  and S = Q x INy. For any chosen
initial conditions (X1,0, Y1,0,X2,0, Y20, $1,0, $2,0) € Q, all the solutions X, € S of model (2.5)
are unique.

Proof. The proof follows the same strategy as in the low-dimensional model (2.4) and
is based on establishing the local Lipschitz continuity of the network mapping. To this
end, the right-hand side of model (2.5) is decomposed into a bounded nonlinear term, a
linear term represented by a block circulant matrix, and a memristive coupling term. Each
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component is shown to satisfy a Lipschitz-type estimate on the bounded set S. Suppose

Xn = (Xt Yo, Xon, Yo, ®1n, don)

F(Xn) = (F1(Xn), F2(Xn), F3(Xn), Fa(Xn), F5(Xn), Fe(Xn)) "

act as a function that maps multiple variables while utilizing the ||.|| norm in such a way
that

i+P

a
F1(Xn) = ——5— + Ytin + k@1in (Xin —X2im) = Xtin + 55 D (X1jn —X1in),

T+x7 2P —

’ j=i—P
Fo(Xn) = —(x1i,n — 0) + K@2in(Y1i,n —Y2in),
a

F3(Xn) = ——— +tY2in — k@1in (X1i,n —X2i,n) — X2i,n,

T4+x5 0
1F4(Xn) = _T](XZi,n - 0) - k(PZi,n(yli,n _UZi,n)/

F5(Xn) = X1in — X2in,
Fe(Xn) = Y1in — Y2in,

It can be written as follows
F(Xn) = ¥(Xpn) + AXn + k®Xn @ = beire(®,0,..,0)1xn,

Y(Xn) = beirc(dp(Xn), d(Xn), .., d(Xn))1xN

Matrix A € RN*N is a block circulant matrix constructed from the blocks Ay, A1, ..., A1,
such that Ay, A; € R6*6,

[ —-1-2 1.0 0 00 7% 00000
—mn 0 0 0 00 0 00 0O0O
0 0 -1 1 00 0 00O0O0O
Ao = 0 O—nOOO’Al_ 0 00O0O0O0]|”
1 0 -1 0 00 0 00O0O0O
0 1 0 -1 0 0 | | 0 00 0 0 O]
— - — - r a T
P1n 0 —@1n 0 00 Xl,n 1+an
0 P2n 0 —@P2n 00 Yl,n no
—QP1n 0 P1n 0 00 X2n Lz
O = / , Xn = ’ ’ X = Hxom
0" —gan 0 gm0 0| T |y, [/PX=
0 0 0 0 00 din 0
0 0 0 0 0 0| | don 0

Y(x) is continuous and consequently satisfies Lipschitz condition [32], i.e:

VX, X €S, 30 20 st (WYX -YEX)I<Glx—x 2.7
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We now prove that the system (2.5) satisfies the locally Lipschitz condition:
VX, XeS, AL >0 st [|[FX)—FX)||<LIX-X]|,
where nq,ny; € Ny, n; < no,
[F(X) = F(X)|| = [[W(X) = ¥(X) + A(X = X) + kD (X = X)||
< IAIX = X] +IAT X = X]| + k@] [X~X] < L|x~X]|

and
L = ([IAll+ (2k + 1) [|Al]),

X= (Xl,n1/ Yl,n1/ X2,n1 ’ Y2,n1 ’ d)l,nlr d)Z,nl) ’

X = (il,nzz gl,nzr i2,712/ g2,n2/ q)l,nz/ d)2,n2) .

This means that with an initial condition Xy = (X0, Y1,0, X2,0, Y20, $1,0, q>2,o)T, the network
model (2.5) has a unique solution X,, € S. O

2.2.2. Stability analysis
This section provides a comprehensive theoretical foundation for analyzing stability.

Definition 2.8. [33] The inverse Laplace transform of a function f: IN — C is

0]

Nalf(n)] =) fl)(1—s)" (2.8)

k=1
where the series converges for all the points s € C.

Definition 2.9. [34] The Mittag-Leffler function for matrix arguments is

Yy — (n_a)ﬁ k
Fa(B,(n—a) )_];J Mok 170

where the spectral radius of the matrix Bisless than 1,n € Ng, 0 < a < 1, and B € Rk*k,

Definition 2.10. [34] In fractional nabla calculus, the matrix exponential function for a
matrix B € R**¥ is

eau(B,(n—a)) =) (m—a+1)**B1-B)
k=0

where the spectral radius of the matrix Bislessthan 1, n € Ny and 0 < « < 1.
Lemma 2.11. [25] Asymptotic stability of the linear system Vx(n) = Bx(n) is guaranteed

if and only if every root of the characteristic equation, p(A) = A> — bA + ¢ is contained within
the unit disk.
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Lemma 2.12. [36] The linear system $VPx(n) = Bx(n) exhibits asymptotic stability if and
only if the set of eigenvalues of matrix B is confined to

Sg ={w e C:larg(w) > % or [w| > (2cos(arg(w)/B))P} 2.9)

where x(n) € R, Be R"**and0< B < 1.

Lemma 2.13. [35] The following statement is valid
eaoa(n®) = (N +1)* oo (A, (n+x)) (2.10)

Lemma 2.14. [33] Let 0 < o < 1 and A € S,. Then, the discrete Mittag-Leffler function
exhibits the subsequent property

Fo(A,n) =0Mn"%) as n — oo. (2.11)

Lemma 2.15. [36] Let 0 < o < 1, if any of the following conditions hold, the roots of
P(A) =A% —bA + ¢ belong to Sy

i.c>4% and b< 2™ %c+2%
ii.0<c<4% and c < 2y/ccos (axarccos (%ﬁ))

iii .c<0 and b > 2" %c+2%.

2.3. Equilibrium Analysis

To determine the steady-state of the FDMCRN, we set the nabla fractional differences
of the state variables to zero, {V*x;(n) =0, {V*yi(n) =0, {V*ei(n) =0 fori=1,2.
By substituting the model equations, the set of equilibrium points E* is identified as:

. a a
E* = <U, o — 07_7_’_1,0, o— GZ—I—l'Yl'YZ> (2.12)

where y1,v2 € R are arbitrary constants representing the magnetic fluxes. The existence
of these constants indicates that the system possesses a line of equilibrium. This charac-
teristic implies that the steady-state of the FDMCRN is sensitive to its initial conditions,
which is a direct consequence of the memory effect inherent in memristive synapses.

To establish the stability criteria for the FDMCRN model, we adopt the general frame-
work of discrete fractional-order stability for nonlinear systems. Analyzing nonlinear
discrete fractional-order systems is inherently challenging; therefore, we focus on local
asymptotic stability, which is evaluated by examining the eigenvalues of the Jacobian ma-
trix at the equilibrium points. In this procedure, the nonlinear map is approximated by its
linearization around the steady state. By invoking Lemma 2.12, which provides necessary
and sufficient conditions for the stability of linear nabla discrete fractional systems, we can
define a stability criterion applicable to a broad class of nonlinear fractional-order systems.
The following theorem applies to both the two-neuron configuration and its extension to
a ring network.
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Theorem 2.16. The fractional order system
CV*X(n) = Bx(n) + H [x(n)] (2.13)

asymptotic stability in the vicinity of its equilibrium point X*, given the conditions

Ai € S and lim | H x(n)]

x—=x* [|X(n) —x*(n)]| =0

where H [x(n)] is a nonlinear term, A; are the eigenvalues of matrix B € R*** and x(n) €

kal

Proof. According to the method proposed in [34], the unique solution of (2.13) is ex-
pressed as

X(n) = Fo(B,n¥)X(ng) + ) eaa(B, (n—35)*)(I—-B) "H(x(n)),
s=1

Suppose Xx* is the solution of system (2.13), Hence For every ¢ > 0, there exists 6y > 0
such that if ||X(n) —X*|| < &y then || H [X(n)] || < ¢ ||X(n) — x*||. Thus,

() = x| < [[FaB,n®) [x(no)l + 3 ef|ec,e(B, (n— )| 1= B ! x(m) — x*,
s=1

Given that & is chosen arbitrarily such that 0 < § < &g, and considering lemma 2.13 we
can derive

7

n -
IX(m) —x*| < 8 [[Fa(B,n®)|+ M Y (n+ 1) HF“(B, (Nt oa—s)¥
s=1

where M = e8y(1+ ||B||) "%, regarding (n + 1)1 = n“—fl proves that n“—fl =0m* 1), by
lemma 2.14 we have

n

x(n) —x*|| < Gn~* 4+ Hnt Y (),
s=1

[X(n) —X*|| < n~* 4+ fotsn !,
[X(n) —=x*|| = 0 as n— oo,

Asymptotic stability of the solution of system (2.13) is suggested by this result. O

2.3.1. Stability Analysis of the FDMCRN model
In this section, the local stability of the proposed fractional-order discrete memristive
coupling Rulkov network is investigated.

Theorem 2.17. The system (2.4) exhibits asymptotic stability at its equilibrium point, E* =
(0,0 — U%H, 0,0 — G%H,yl,yz) where y1,v» are constants representing specific positions on



L. Eftekhari, et al. / Analysis of Stability in Rulkov Neural Networks 39

the line of equilibrium points, if and only if, in each case, any of the following conditions holds
true

Casel:
i.co>4% 2% -27"%<d—ky;
ii .0<cy<4%, —2 n%cos(%cos_l(nﬁ)) <d—kyi
iii .cp<0, 2%—2"%1 >389 —kyy
Case2:
i.bg>4% 9+kys+2kys < 217 %(ky1y22 — dkysp) — 2%
ii . 0< by <4% d+kys+2kys < 2cos[Lcos [(2kPy1ya + 20kya) 2 )] (2k2y1y2 + 20kya)?
iii . by <0, ¥+kys+2kys < 217 %(ky1v22 — dkyy) — 2%

kyi—2ac

where 0 < <1, & = (0711)]

—1and by, ci, (1 =0,1) are listed in Appendix Appendix A.

Proof. The system (2.4) has the following Jacobian matrix

[ k@1—2ax; _ _ _
(x12+1)2 1 1 k(p1 0 k(Xl Xz) 0
- k2 . 20 k@2 k(y1—y2) 0
_ P1—2axy _ _
ko1 1 117 1 0 k(x1—x%x2) O (2.14)
0 —k@o -1 kpa  —k(y1—y2) O
1 0 -1 0 0 0
i 0 1 0 —1 0 0
which at its equilibrium, will be
[ kyi—2ao0 o ]
o7r1)’ 1 1 ky1 0 0 0
- ky1 0 —ky;r 0 0
o kyi—2ao0
J(E*) = e L ey 1 0 00 (2.15)
0 —kA - kyr 0 O
1 0 -1 0 00
i 0 1 0 -1 0 0 |

Assuming a; (i = 0to 3) and by, c; (i = 0, 1) presented in Appendix Appendix A, The
Jacobian matrix’s characteristic equation is represented as p(A) = A?p1(A) where
P1A) = A* 4 azA3 + apA? + agA + ag (2.16)

by splitting the quartic polynomial by factoring it into two quadratics we can rewrite p;(A)
in the form of
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P1(A) = (A2 +b1A +bo) (A2 + 1A + co) = pa(A) x p3(A) (2.17)

According to lemma (2.15) and Theorem 2.16, the proof follows directly.

The analytical expressions for the coefficients of the characteristic polynomials p1(A), p2(A)
and p3(A) are provided in Appendix Appendix A due to their algebraic complexity. These
coefficients are used to evaluate the stability criteria at the equilibrium points. O

Remark 2.18. The roots of pi(A), (i1 = 1,2,3) must be located in the region S, which is
shown in Fig. 3.

Figure 3: Asymptotic stability region S .

2.3.2. Stability Analysis of the FDMCRN Ring Network

Before analyzing the stability of the ring network, it is important to understand that
this configuration extends the two-neuron FDMCRN model by interconnecting N units
in a symmetric ring. Each unit interacts with its P nearest neighbors through memristive
couplings, which introduces additional collective dynamics not present in the isolated two-
neuron system. Applying the general stability Theorem 2.20 allows us to investigate how
these interactions influence local asymptotic stability across the entire network.

Remark 2.19. Assume m = bcirce(T, T, ..., T) € CN*Nthen [15]

Am) = { AT+ (N —1)1), AT —1), .., A(T— 1)
N-—-1
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Theorem 2.20. The system (2.5) exhibits asymptotic stability at its equilibrium point, E* =
(o,0%,0,0%,v1,Y2), if and only if, in each case, any of the following conditions holds true

Casel:

i . N—1>4% —(3D+2P —DN)/(2P) < 2=%(N — 1) + 2%

ii .0<N—1<4%—(3D+2P—DN)/(2P) < cos(acos + N-12)

Case2:
i.n(N=1)2>4%—-Mn(N—-1)2) <27*n(N—-1)?) 2%

1
i . 0<n(N—1)2<4% —n(N—-1)2)/(2P) < cos(ocos™* (N*zm“ )

Case3:
i.N—1>4%(3D+2P—3DN —2NP)/(2P) <2 %*(N —1) +2%

ii .0<N—1<4% (3D+2P—3DN —2NP)/(2P) < cos(xcos ! (N*Z”Z“ )
where « € (0,1).

Proof. Compact form of the network (2.5) is presented as [F(X) = AX+ H(X), matrix
A € RN*N is a block circulant matrix constructed from the blocks Ag, A1, ..., A1, such that
Ag, A1 € RO%6 H(X) = ¥(X) + k®X and ® = bcire(D,0,..,0);xN as

—1-D/P 1 0 0 0 O
- 00 0 00
0 0 -1 1 00
Ao = 0 0 -m 0 00|
1 0 -1 0 00
I 0 1 0 -1 0 0|
TD/2P 0 0 0 0 0]
0 00O0O0O
0 00000
A= 0 0000O0O0]|”
0 00O0O0O
. 0 000 0 O]
L ] ]
1+x3 ®1 0O —p1 0 00
no 0 @2 0 —¢@2 00
a
I |- 0 @ 0 00
0 0 0 0 0 00
0 0 0 0 0 0 0|
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Next, we prove that equation (2.5) meets the stability condition at its equilibrium point,
because

moon k@)

X=X+ [ X=X x=x+ X=X+
and using Remark 2.19, we have

p(A) =det(A —AI) = {p1(A) x p2(A)},

P1(A) = A2 (A* + asA® + @A + asA + ), (2.18)

Pa(A) = A2(A* 4+ b3A3 + 1A% + byA + by), (2.19)
By factoring each of the quartic polynomials into two quadratic factors, we can rewrite

P1A) =AM + 1A + 50) (A2 + WA + ),
p2(A) = NN + 1A + qo) (A +viA +vp),

where

s1 = (—3D—2P+3DN +2NP)/(2P) ( gy = (3D + 2P —DN)/(2P)

S():N—l q():N—l
u; =nN? —2Nn +1 vi =nN2 —2Nn +1
up =nNN?—2Nn +n vo =nNN?—2Nn+n

The full analytical expressions for the coefficients of the characteristic polynomials p;(A)
and p,(A) are provided in Appendix Appendix B and by applying Lemma (2.15) and The-
orem 2.16, the proof becomes straightforward. O

3. Numerical Simulation

In this section, we conduct comprehensive numerical simulations to validate the the-
oretical stability criteria established in the previous sections. To this end, two distinct
examples are presented: the first focuses on a two-neuron model while the second inves-
tigates the dynamics of a structured ring network.

3.1. Computational Implementation via Nabla Fractional Differences

To investigate the dynamical characteristics of the proposed systems, we transform the
nabla fractional difference equations into a computationally traceable form. The numer-
ical solution for a Nabla system OC V*X(n) = f(X(n)) is given by the following fractional



L. Eftekhari, et al. / Analysis of Stability in Rulkov Neural Networks 43

sum [23]:

x

1 < —)—i—oc
(n) = W; i 0D 3.1

By applying the aforementioned numerical scheme, the fractional-order Rulkov network
described in model (2.4) is discretized as follows:

+ i i 503) (87 + v 6) + ker () () — x26)) -
0) + iy Ty 5, ) () — )+ ke20)105) — ya03)
i i 5003) (18 7 + v20) — ker () () — x25)) -
[n(x2(3) — 0) — ke2() (y1(G) — v2(3)

(3.2)
where G(n, j) accounts for the power-law fading memory and is defined using the Gamma
function: )
M—j+«o)
rm—j+1)°

This numerical approach is systematically extended to analyze the dynamics of the ring
network configuration model (2.5).

Particular Scenario: Example I

This example is provided to illustrate the practical application of the stability condi-
tions derived in this study. Specifically, we consider model (2.4) under the parameter
configuration a = 3, k = 0.05, p = 0.001, and 0 = —1.5. Consequently, the equation
(2.16) simplifies to

P1(A) = (A2 + 1A+ bg) (A + c1A + ¢o) (3.4)
Under the assumptions
25 —185y1k k
= — —2y7k =2 16y1k—2 k
by 160 Y2k, bo Y2<169( 6Y1 5)+v1 >
153y1k 425

= — = 0.001

c1 169 , co = 0.001,

the stability criteria stated in Theorem 2.17 are satisfied if and only if

1
o . —1 (CO)2‘X
0<co<4*, —c1 <2y/cocos(xcos™ " ——

> )

and provided that any of these qualifications is met

i.bg>4%, by >-—-2"%pg—2%
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Stability conditions based on upper and lower boundary of vy,
Fractional order Condition (1) Condition (2) Condition (3)
o« =0.99 Y2 < -119.9058 | -4106.6 < v, < -4.8162 Y2 >0

Table 2: Stability region of two neuron model 2.4 of Example I .
R
ii .0<by<4%, —b;< 2\/b0cos(occos_1($))
iii . bp<0, by < —2"%by—2%.

The above said stability conditions can be expressed in terms of upper and lower bounds
of v and vy, values. Then, the stability criteria of model (2.4) is met if and only if

I\.)‘H

X

,(0.001)

169 25
2

17 153k 169
and provided that any of these qualifications is met

Y 2+/0.001 cos(oxcos™ )) (3.5)

1 . 2kyoRy > 4%, kyo[2 —R127*F1] < 2% Ry

1
2 .0 < 2kysRy < 4%, 2-%ky, + o2(F — ZKv2RIZy2 9 Rip-al

3 . 2kysR; <0, 2% —R; < kyp[2 — Ry2— %+

1
where Ry = —2 —21/0.001 Cos(occos*1W) and Ry = 18R —2&.

The model clearly exhibits a line equilibrium point, which is represented as

E=(0,0— /Y1, Y2)

a
2+1 77 241
where y; and <y, are constants that indicate specific positions along the line of equilibrium
points. Using the prescribed bounds for y; and vy, given in Eq. (3.5) and Table 2, the
stability region is mapped and illustrated in Fig. 4. Within this framework, the stability
properties of the model are systematically analyzed and discussed under four distinct
scenarios.

Scenarios 1: for « = 0.99, y; = —1 and vy, = —130, condition (1) in Table 2 is sat-
isfied. The eigenvalues of the Jacobian matrix can then be determined in the set, A=
{=13,—-0.2027,0,0,—0.0109, —0.0918}. Due to Theorem 2.17, all the eigenvalues are lo-
cated in S, and the system is stable, Fig. 5.

Scenarios 2: for « = 0.99, y; = —2 and vy, = —45, condition (2) in Table 2 is
satisfied. The eigenvalues of the Jacobian matrix can subsequently be calculated in the
set A={—4.5,—0.2574,0,0,—0.0287 — 0.01331, —0.0287 + 0.0133i}. According to Theorem.
2.17, for a discrete fractional nabla system to be asymptotically stable, the eigenvalues
must lie within the region S, Fig. 6.

Scenarios 3: for «x = 099, y; = —3 and vy, = 50, condition (3) in Table 2 is
satisfied. The spectrum of the Jacobian matrix consists of the following eigenvalues
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o Stable Region
100 1 = —3, 72 = 50 o Unstable Region

0 *x n=-"17%n=-5

*’Yl = —2, 72 = —45
-100

M =—1, 72 = —130

2

< _200
-300

-400

-500
-5 0 5

71

Figure 4: Stability region in the (y1,7v2) plane.

A={-0.3121,—-0.2574,0,0, —0.0061 — 0.03101, —0.0061 + 0.03101i}. All the eigenvalues are
in S« and stability is approved, Fig. 7.

Scenarios 4: for « = 0.99, y; = —1,y, = —5, the stability criteria are violated. The
eigenvalues are A = {—0.5000,—0.2026,0,0, —0.0917, —0.0109} and the proximity to the
stability boundary suggests a loss of asymptotic stability, leading to the complex oscilla-
tions observed in Fig. 8.

Considering different values of «, including « = 0.79, « = 0.89, « = 0.99, from the time
series simulation reveals that the time required for the system to stabilize is influenced by
the order of the derivative. The closer the order of derivation is to one, the system will
reach stability in a shorter time, Fig. 9.

Example II: Ring-Structured Network Analysis

In this subsection, we investigate the collective dynamics of the ring-structured model
(2.5) by specifying the network parameters N, P, D, and the fractional order «. For
instance, for the parameter set (P,D, N, «) = (0.1,0.1,3,0.84), the system exhibits asymp-
totic stability. These parameters are chosen in accordance with the stability criteria estab-
lished in Theorem 2.20, with the corresponding numerical results summarized in Table
3. This asymptotic stability is further confirmed through numerical simulations shown in
Fig. 10, where the state trajectories converge to the equilibrium point, in agreement with
the analytical predictions of Theorem 2.20.

Building upon these findings, it is essential to examine the underlying mechanisms that
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Time Series: Time Series: y;

L L L L 4 L L L L
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

Time Series: ¢; Phase Space (a = 0.99)

0 1000 2000 3000 4000 5000
Time (n)

Figure 5: The behavior over time of FDMCRN model (2.4) in Scenario 1, & = 0.99.

drive the network’s stability. To this end, the following discussion details how these pa-
rameters influence the eigenvalues of the Jacobian matrix and, consequently, the stability
region defined by Theorem 2.20:

1. Spectral Properties (N,P,D): These parameters collectively define the Jacobian
spectrum of the network. We predict that variations in N, P, or D significantly shift
the eigenvalue distribution relative to the boundary of S,. This suggests that net-
work topology and coupling strength are the primary determinants of the system’s
proximity to the "edge of stability."

2. Fractional Domain Reconfiguration: Theorem 2.20 indicates that « acts as a struc-
tural modulator for the stability geometry. Changing the fractional order « reconfig-
ures the region S, potentially capturing or excluding eigenvalues and thus altering
the system’s global stability state.

In accordance with the spectral properties derived in Theorem 2.20, the stability of the
proposed network (2.5) is governed by the intricate interplay between the network size
N, topology parameter P, and coupling strength D. These parameters collectively dictate
the position of the Jacobian spectrum relative to the fractional stability boundary 0S 4.

Impact of Network size N on Stability Dynamics: To demonstrate this, we investi-
gate the system’s proximity to the "edge of stability" by varying N while fixing o = 0.84,
D = 0.1, and P = 0.1. In light of the obtained results, it is essential to examine the un-
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Time Series: x; Time Series: y;
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Figure 6: The behavior over time of FDMCRN model (2.4) in Scenario 2, « = 0.99.

derlying mechanisms that drive the network’s stability. Specifically, we analyze how the
variation of the network size N shifts the eigenvalue distribution relative to the fractional
stability domain S. The following cases summarize the observed transitions:

* Scenariol (N = 3): For a small number of nodes, the eigenvalue spectrum is clus-
tered safely within the interior of the stability region S. As illustrated in Fig. 11,
all eigenvalues satisfy the stability condition, confirming that the system converges
to a Steady-state solution.

* Scenario2 (N = 7): As predicted, a variation in N significantly shifts the eigen-
value spectrum toward the periphery. At N = 7, the eigenvalues migrate across the
boundary and move into the exterior of the S, region, Fig. 11. This critical tran-
sition represents a topology-induced loss of stability, where the solution becomes
unstable.

¢ Scenario3 (N = 10): Further increasing the network size illustrates the re-entrant
stability phenomenon. The spectrum shifts again, moving back into the interior of
the S, stability region, Fig. 11. This confirms that the network topology acts as
a primary determinant of the asymptotic stability, where a larger N can effectively
restore the system to its stable steady-state.

Impact of Network coupling strength D on Stability Dynamics: In this part, we
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Time Series: z; Time Series: y;
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Figure 7: The behavior over time of FDMCRN model (2.4) in Scenario 3 o = 0.99.

analyze the migration of the Jacobian spectrum as a function of the coupling strength
D € [0,1]. As depicted in Fig. 12, the network’s stability exhibits invariance with respect to
the coupling strength D. Despite its role in shifting the eigenvalue distribution, all spectral
components remain strictly within the region S.

Impact of Network topology parameter P on Stability Dynamics: The network pa-
rameter P serves as a topological modulator that scales the influence of synaptic coupling
within the Jacobian matrices. To evaluate its effect, we fixed N = 3 and D = 0.1 while
varying P € [0,1] across three distinct values, as illustrated in Fig. 13. As P increases
within the interval [0, 1], the peripheral eigenvalues shift significantly; however, this spec-
tral movement does not result in a crossing of the fractional stability boundary 9S.

Impact of fractional order « on Stability Dynamics: Unlike the structural parame-
ters D, P, and N, the fractional order « influences the system’s stability by reshaping the
stability region rather than modifying the eigenvalue locations. As indicated by Theorem
2.20, the Jacobian matrix is independent of «, and therefore the eigenvalues remain fixed
in the complex plane, while the stability boundary 9S varies with «. The system remains
stable as long as all eigenvalues lie within S (see Fig.14). Moreover, « significantly affects
the settling time; decreasing « increases the convergence time due to enhanced memory
effects. Hence, « acts as a key parameter governing both the geometric stability region
and the transient dynamics of the network (Fig. 15).

We now provide a numerical case study to demonstrate the system’s behavior when
the parameters N, P, and D violate the stability conditions stipulated in Theorem 2.20.
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Figure 8: The behavior over time of FDMCRN model (2.4) in Scenario 4, o = 0.99.

As illustrated in the following numerical example, once these conditions are breached,
the system fails to maintain its asymptotical stability Fig. 16. This case study serves
as a practical validation, confirming that the network’s stability is not solely dictated by
the fractional order «, but emerges from the collective interplay between the underlying
topology and the coupling parameters.

4. Discussion and Conclusion

The analytical and numerical results presented in this study provide a robust validation
of the proposed discrete fractional-order Rulkov neuron map, integrated with asymmetric
memristive synapses and formulated under Caputo’s nabla concept. A primary contribu-
tion of this work is the theoretical proof of a new stability theorem tailored for nonlinear
discrete fractional-order difference equations. By utilizing this theorem, we systematically
identified the equilibrium points of the Rulkov model coupled via asymmetric memristors
and rigorously determined its stability regions. Unlike conventional symmetric models,
the inclusion of asymmetric memristive coupling allows for a more realistic representa-
tion of directional synaptic plasticity and electromagnetically induced currents, providing
a high-fidelity framework for neural coupling dynamics.
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Figure 9: The behavior over time of FDMCRN model 2.4) by three different fractional
orders o = 0.79, o = 0.89, o« = 0.99.

Furthermore, this study introduced and analyzed a ring-structured network configura-
tion to examine the collective dynamics of neurons under periodic boundary conditions.
The stability conditions for this ring-coupled system were investigated, revealing how the
network’s ring architecture interacts with the asymmetric nature of the synapses to influ-
ence the overall spectral distribution. The fractional-order derivatives effectively capture
the complex memory effects associated with ion pumping processes, serving as an es-
sential tool to describe the impact of historical states on current neural processing. The
numerical investigation of the network with varying parameters, including the number
of subnetworks N, the coupling strengths P and D, and the fractional order «, serves
as a direct empirical verification of the proven theorem. The boundaries of the stability
region are defined by the intricate interplay of these parameters and the asymmetry in
the coupling. As demonstrated, the system maintains asymptotic stability as long as these
parameters reside within the limits established by the theorem. A significant observation
is that the settling time of the system increases as the fractional order « decreases. This is
because smaller values of « enhance the memory depth of the system, causing long-range
dependence on past states and thereby slowing down the convergence to equilibrium.
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Stability region for ring network (2.5)
Features Case 1 Case 2 Case 3
x=084,D=01P=01,N=3|| @DOX (v | X ()v | ()X GV

Table 3: Numerical verification of Theorem 2.20 for Cases 1-3. Here, (i) and (ii) repre-
sent the first and second stability criteria of the theorem, respectively. The marks v and
X indicate whether these criteria are satisfied or violated under the specified parameters
N,P,D, and «.

Output of Network Model for a=0.84

—— Subnetwork 1 Subnetwork 2 Subnetwork 3

L L 4 L L L -5 . . -
0 2000 4000 6000 8000 2000 4000 6000 8000 O 2000 4000 6000 8001
Time (n) Time (n) Time (n)

Figure 10: The behavior over time of the model (2.5) based on Table 3 where « =
0.84,D=0.1,P=0.1,N=3

In conclusion, this paper has introduced a novel stability framework for discrete fractional-
order neural networks and presented a comprehensive stability analysis of the ring-structured
model with asymmetric memristors. The results underscore that while asymmetry and
topological factors significantly shift the eigenvalue spectrum, the fractional-order damp-
ing mechanism enhances the system’s robustness against coupling-induced instabilities
and influences the convergence time depending on the fractional order. Building on the
present findings, investigating alternative fractional-order definitions and synchronization
patterns, as well as developing control strategies to optimize convergence and robustness,
are promising directions.

Appendix A. The Characteristic Polynomials for Two-Neuron FDMCRN

The full analytical expressions for the coefficients of the characteristic polynomials
P1(A), p2(A), and p3(A) for the two-neuron FDMCRN are:
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Figure 11: Spectral analysis of the network for « = 0.84. The green region represents the
stability domain S according to Theorem 2.20 red interior corresponds to the instability
region. N = 3: Eigenvalues are contained within S, (Stable). N = 7: Eigenvalues escape
the stability boundary due to topological shifts (Unstable). N = 10: The spectrum returns
to the interior of S, (Re-entrant stability).

D = 0.05

Im())

30 25 20 <15 <10 -5 0 30 25 20 15 -0 5 0
Re()) Re())

Figure 12: Spectral migration of the Jacobian eigenvalues for N = 3 and o = 0.84 as a
function of the coupling strength D. The green exterior represents the stable zone S,
while the red interior corresponds to the instability region. D increases from 0.05 to 1.

Coefficients of p1(A):
ap = 2(y1yank? +yanvk), (A.1)
a1 = —(—2y2V3K> + ny1k + 2y2kv? + 2yomk +1v), (A.2)
a = —y%kz + 4y, kv + v+ n, (A.3)

az = —(2v + 2y7k). (A.4)
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Figure 13: Jacobian eigenvalue distribution as a function of the topology parameter P for
N =3, D = 0.1, and « = 0.84. The green exterior represents the asymptotic stability
region, while the red interior signifies the instability domain S.
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Figure 14: Jacobian eigenvalue distribution in S, where &« = 0.4, x = 0.7, « = 0.9

Coefficients of py(A):
bo = 2172k + 2y29Kk, (A.5)
b1 =—0— ‘Y1k - 2‘Y2k. (A6)
Coefficients of p3(A)
Co=m, (A.7)
c1 =vyik—9. (A.8)

Appendix B. The Characteristic Polynomials for Ring-Structured FDMCRN

The full analytical expressions for the coefficients of the characteristic polynomials
p1(A) and pz(A) for the ring-structured FDMCRN with N neurons are:
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Figure 15: The behavior over time of the model (2.5) in Table 3 where o« = 0.88, o« = 0.78

Numerical Instability (N=4, d=0.3, p=0.1, a=0.84)
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Figure 16: Instability of subnetworks in a ring topology with parameters D = 0.12, N = 4,

p=0.1, « = 0.84.
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Coefficients of p1(A):

 2pn?N* —8pnN? + 12pn?N? — 8pn?N + 2pn?

2p

. 3dn +4np + 12nN?p — 4nN3p —9dnN — 12nNp +9dnN? — 3dnN? (B.2)

1= ’ .

2p

o — 3d+2p—6dN +dnp —4Np + 3dN? + 2N?p + 4nN?p — 8nNp B.3)

2 = 2p , .

3d +4p —3dN — 4N
a3 = — id : P (B.4)
P
Coefficients of py(A):
2p1n2N* — 8pn2N3 + 12pn2N2 — 8pn2N + 2pn?
b = 2P0 8pn~N” 4 12pn 8pn~N +2pn , (B.5)
2p

b — 3dn —4nN?p +2nN3p — 7dnN + 2nNp + 5dnN? — dnN3 (B.6)

1 — 2_p ’ .

3d +2p —4dN —4nap — 2Np + dN? —4nN?p + 8nNp
b2 = - 7 (B'7)
2p
3d —dN +2N
by = REM (B.8)
2p
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