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Abstract

In this study, by using a new identity we establish some new Simpson type inequalities for differen-
tiable s—convex functions in the second sense. Various special cases have been studied in details. Also,
in order to illustrate the efficient of our main results, some applications to special means and weighted
Simpson quadrature formula are given. The obtained results generalize and refine certain known results.
At the end, a brief conclusion is given as well.
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1. Introduction

Definition 1.1. ([1]) Let I be an interval of real numbers. A function 1 : I — R is said to
be convex, if for all A;,A, € I and all x € [0, 1], we have

Y (XA + (1T =x) A2) < xb (M) + (1T —=x) ¥ (A2).

The concept of convex functions has been also generalized in diverse manners. One
of them is the so-called s—convex function defined as follows:
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Definition 1.2. ([2]) A nonnegative function { : I C [0,00) — R is said to be s-convex in
the second sense for some fixed s € (0, 1], if

BxM + (1 =x)A2) <x*V (M) + (1 —=x)"b(A2)
holds for all A;,A; € Iand x € [0, 1].
The following inequality is known in the literature as Simpson’s inequality.

Theorem 1.3. Let \p be four times continuously differentiable function on (M, A2) and |[bp™||__

= sup |1|)(4) (x)‘ < 00, then
XG()\1,>\2)

A2
1 M+ 1 1@ A
6<¢(7\1)+4ﬂ)< . >+11’(7\2)> i [ e < o e e —ant.

1

In recent years, many researchers have studied the error estimates of Simpson’s in-
equality, in order to establish new refinements, generalizations as well as new Simpson-
type inequalities for more details we refer readers [3, 4, 5, 6, 7, 8, 9]. For an overview,
the reader should see also the following literatures on integral inequalities, [14, 15, 16,
17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] and the references therein. The fol-
lowing notations will be used in sequel. We denote, respectively I° the interior of I and
L[A1, A2] the set of all integrable functions on [A1, Az]. In [10], Alomari et al. established
the following Simpson type inequalities for s-convex functions.

Theorem 1.4. Let  : I C [0,00) — R be a differentiable mapping on 1° such that |’ €
LA, A2l where A, Ay € I° with Ay < Ap. If [ is s—convex on [Aq, Ay] for some fixed s € (0,1],
then the following inequality holds:

A2
1 A+ A 1
s (woraw (M2 rwoal) - 1 fowan

A

[0 (A1) + [W' (A2)]] -

65 —9x2 5452654 35—12
18 (s2 +3s +2)

< (A2 — A1)

Theorem 1.5. Let \ : I C [0,00) — R be a differentiable mapping on 1° such that ' €
LA, Azl, where A, Ay € 1° with Ay < M. If [ P/ P=1) s s-convex on [, A2l for some fixed
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s € (0,1] and p > 1, then the following inequality holds:

A2
s (v e (M) ru 00 ) - L [w e

1

=
< ((7;:;11 o (752) (135 x 2175 +3s x 275 43 % 27%) [1 (Ag)| ¥
S S q

al=

+ (5572 x 375 x 2175 — 65 x 275 — 21 x 275 465 — 24) [W' (A1)]“]
(375 x 215 +3s x 215 £3 % 27%) W (A1) ¢

+ (5572 x 375 x 2175 —6s x 275 =21 x 275 + 65 —24) [/ (7\2)|q]3}.

In [11], Sarikaya et al. gave the following results Simpson type inequalities for dif-
ferentiable convex functions

Theorem 1.6. Let \ : I C [0,00) — R be a differentiable mapping on 1° such that )’ €

L[A1, Apl, where M, Ay € 1° with Ay < Ap. If W'| is convex on [A1, ], then the following
inequality holds:

A2
1 M+ A 1
s (0 a0 (P2 v oal) - 1 [wiau
Al

<22y )]+ )]

Theorem 1.7. Let \ : I C [0,00) — R be a differentiable mapping on 1° such that ' €

LA, Azl, where A, Ay € I° with Ny < Ao If '[%is convex on [A1,Az], q > 1 with %—l—% =1,
then the following inequality holds:

A2
1 A+ A2 1
s (vonaw (M52 rwoa)) - 1 [ewan

1

MM <1+zl+v>% <3|w/ I + (A2)|q>«5+ (W ()19 + 31 (wq)é
ST12 \3(1+p) 4 '

4
Theorem 1.8. Let P : I C [0,00) — R be a differentiable mapping on 1° such that ' €

LA, A2l where A, Ny € 1° with Ay < Np. If W'|9is convex on [A1, Azl q = 1, then the following
inequality holds:

A2
1 A+ A 1
s (vonaw (M) 1w ia)) - 1 [owan

<}\2_)\151—% ((61 W’ (AT +29 [y’ (7\2)|q>3‘ n (29 W (A9 + 61 (}\2”(1)3])
S _

18 15
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In [12], Sarikaya et al. generalized the results given in [11] for differentiable s—convex
functions.

Theorem 1.9. Let ¢ : I C [0,00) — R be a differentiable mapping on 1° such that {’ €
L[Ny, A2l, where A, Ay € 1I° with Ay < Ag. If W'|9is s-convex on (A1, Ay] for some fixed s € (0, 1]
and q > 1 with % + % =1, then the following inequality holds:

1

A2
AM+A 1
s (woraw (M2 wwoal) - 1 [ean

1

1
=M 1421+P\ P
12 3(1+7p)

W )1+ [ (252
. s+1

Theorem 1.10. Let {p : I C [0,00) — R be a differentiable mapping on 1° such that {’ €
L[Ny, Aol, where A, Ay € I° with Ay < Ap. If W'|9is s-convex on (A, Ay] for some fixed s € (0, 1]
and q > 1, then the following inequality holds:

A2
é(w( D+ 4ﬂ)<1+7\2>+11’(7\2)>— L Jw(u)du

A2 —Aq
A—A 5\ a
=M (5
2 36

1
(2s+1)35t1 42 ' () ‘ 2><5S+2+6S+1(s—4)—3s+1(2s+7)
3x 65t (s+1)(s+2) ! 3x 65t (s+1)(s+2)

o=

s+1

+ (11)’ (22)[" 1w (Az)q>3‘

(2s+1)3stl 42

<2 x 552 4 65F1 (s —4) —35t1 (25 +7)

/ q
3x65t(s+1)(s+2) W' (M)

In [13], Matloka gave the following weighted Simpson type inequalities.

Theorem 1.11. Let ) : [A;,A2] — R be a differentiable mapping on (A1, A2) such that ' €
LA, A2] with Ay < A and w : [A1,A2] — R be continuous and symmetric to # If W'lis
s-convex on [A1, Ap] for some fixed s € (0,1], then the following inequality holds:

A A
: (w (M) + 4 (M ;M) Ty (M)) jw(u) au | - jw(u)w () du

Al A1

(o —21)>
< Wl (97 O]+ [ (a)])

X

i’ (Az)}q)

3% 651 (s+1) (s +2) [ ()] >

1
q
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Theorem 1.12. Let P : [A;,A2] — R be a differentiable mapping on (A1, A2) such that ' €
LA, A2] with Ay < Ag and w : [A1, A\2] — R be continuous and symmetric to # If Wp'|9is
s-convex on [A,A;] for some fixed s € (0,1] and q > 1 with %—i—% = 1, then the following
inequality holds:

A2

Ao
- (w (A1) + 40 <A1 ;AZ) ) J Jw(u)w (W) du

<0‘21_2}“)|| Wl ia ag e <1+12;;p> <> <s+1> M
{((i) ourrs - (3) o )
i ( 1_@)3“] ' (Ag)[ < > q)}

In this paper, inspired by the above mentioned studies, we will establish a new
identity and then applying it to derive new weighted Simpson type inequalities for s—
convex functions in the second sense. In order to illustrate the efficient of our main
results, some applications to special means and weighted Simpson quadrature formula
will be obtain. At the end, a brief conclusion will be provided as well.

2. Main results

Lemma 2.1. Let ) : I C R — R be a differentiable function on I°, Ay, Ay € I° with Ay < Ay, and
let w: [A1, A2] — R be symmetric with respect to @ If’,w € LA, A2], then

A2 A2 B 5
é(w( D+ 4xp( 1“2)+w(xz)) Jw(u)du —Jw(u)w(u)duzw
A A
0 A A i A A
<o bow (s 120272 ) @t [pa 0w (522 + - ne) dx],
0 0
where

AM+A
2

1 X
pr(x) = gjw <C?\1 +a-gN ;7\2> dc— ;Jw (m +(1-0)

0 0

) . @1)

and

1 X

1 A+ A 1 A+ A

Pz(X)ZJw<C 1; 2+(1—C)?\2> dC—3Jw<C 1; 2+(1—C)?\2> . (2.2)
0 0
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Proof. Integrating by parts and changing the variables, and using the symmetry of w,

we obtain

pr 00w (o + (10 M7 ) ax

1 X
2 A1+ A 1 M+ A2
<9Jw <a1 +(1-0) 2) dc — 3Jw <C?\1 (-0 2) dc)
0 0

> X
21 AM+A 1X AMA+A
1+ A2 1+ A2

0 0
=1

M+ A2 X
2

x| <x7\1 +(1-x)

1
AM+A A +A
Jw M+ (1= M2 4 (o + (1= M2 gy
7\2—7\1 2
0

2
0 A A
1+ A2
v (JW<C7\1+ -0 )dc)xp(m
0
1
4 AM+NA M+
+ 5o (JW(CMJr(lC) ; )dc)tb< : )
0

1
A1+ A A+ A2
MA4(1— MA(1—
7\2}\1JW<X1+ X)— >1|)<X1+( X) = )dx
0

x=0

A +A A +A
2
4 [ AM+A
= w(u) du 11)(7\1)—1-L2 J w(u) du 11)( 1—; 2
9(A2—N) L 9(A2—N) A
1 1

)
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Ao A2
:# (Jw(u) du) P (A1) + 9(7\4)\)2 (Jw(u) du) ) (7\1-;7\2>
2 — M
A

9Ny —N\p)?
1

A
A g

4 2
- du.
T J w (W) (u) du

(2.3)

Similarly, we have

1 X
1 A+ A 1 A1+ A2
(9Jw <c2 +(1-0) A2> dc— 3JW <c 24+ (1) 7\2> dc)
0 0
A
<’ (x ; 2+(1—X)7\2> dx

1 X
- (1Jw (P52 a-om) a3 fw (P72 a-om) dC)

AM—M |9 2
0 0
x=1
A+
w( - 2+(1—X)7\2>
x=0

1
st (0 ) w (P -0 ) ax
0

1
4 A+ A A+ A2
M(M‘ 2 “”“2>dc)“’< )
0

1
Jw (CM;M F1-0) 7\2) dc) b (M)

+
O
>
N
| N
>
e
~

1

2 ALt A A+ Ay

_MJW <X 2 +(1_X)?‘2>¢<X2+(1—X)7\2) dx
0

7\2 )\2

8 A+ A2 4
9 A1) Jw(u)du w( 2 >+9(A2—7\1)2 Alew(u)du b (%2)

A +An
2
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Az
il
— w(uw) Y (u) du
30 —N)°
122
A2 A2
4 AL+A 2
- oot an|w(M3%) [t au | o
9 (M2 —A1) 9 (A2 — A1)
}\1 1
Az
il
e ———— w(u) P (u) du. 24
30 —N)° 24
172
2
Summing (2.3) and (2.4), and then multiplying the resulting equality by factor 30‘2#4‘1)2,
we get the desired result. O

Theorem 2.2. Let ) : [Aq,A)] — R be a differentiable function on (A, ) such that ' €
LA, N with 0 < A < A, and let w : [A, A2] — R be continuous and symmetric function
with respect to # If W'| is s-convex in the second sense for some fixed s € (0, 1], then

1

Ao Ao
: (w (M) + 4 (7‘1;”) +1l)(7\2)) [t an | = [w0w o au

1 1

3(7\2—)\1)2 s—1 2 3+s /
SI+s)2+9) ”W”[Mrmw<<9+(3> >\¢ )

3+s 3+
(i) ) (7 o)

Proof. From Lemma 2.1, and properties of modulus, we have

A A
: (w (M) + 4 (Al ;A2> ! (M)) [ au | = o )
1 A1
21
SO ot (o + 1250 M ) ax
0
# 202 s o (572 4 (12 ) 25)

Since [J’| is s-convex, we get

<X7\1+(1— M+ 2>

A +A
11)/<X 1‘;2 )‘

, (2.6)

Sl (M) + (1—x)°

/ }\1+)\2
2

<M”2>'+(1—x)8\w'(7\2)|. @7)
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Using (2.1), (2.2), (2.6) and (2.7) in (2.5), we obtain

A A
: (w (M) + 4 (7‘1 ;AZ) v 0\2)) (Jw(u) du) _ Jw(u)w (W) du
A

1 1

1 1 X
3(A—A1)% (|2 M+ A2 1 A+ Ao
<4J 9Jw<0\1+(1—6) : )dC—3JW(C7\1+(1—C)2> ac
0
A A
<x W ()] + (1 (1;2>)dx
Az—)\lzj 1} )\1—1—?\2 (1—OA dC—lTw C7\1+)\2+(1_C)7\ i
9 2 3 2 2
0 0 0

< (oo (B572) |+ -0 [ )] )

1 1

X
3 ac= 3 Jae| (e o o] + (1 -0
0
11 1X A4 A
5lac—3]ac <><S v <1ZZ> =X W (7\2)\) ax
0 0
2_1 A+ A
53 (e b ol o (57 ax
AM+A
o (P22 + a0 ) ex
3(A—M) / 2 1
:% WIl Ay Ag],00 (11) U\l)!J g 3X
M+ 1
v (25)[[]5 5
3N s—1 2\ 3+ )
C4(1+s)(2+5) Wl a0 (( 9 +<3) )\d) (M)

1+2s NN, M+
+2< g +2(3> >¢(2 )

3 (A 7\1
<M e |

M+ A
/

d
(272)]) ex

o

3(A—Np)?

e S

O e—_—
o

3 (A —A)?
=22 e

1
3(A; 7\1 1 1
—1—74 ||WH [A1,A2] ooH9—3X (Xs
0

O —_— =

o

+
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where we have used the fact that

1 1
A O U N S U R
H9 3x’xdx—”9 x‘(l x)dx
0 0
1 s—1  /2\*"
— z 2.8
(1—l—s)(2—|—s)( 9 +<3> ) 28)
and
o1 T2 1
- - s —||£_= o S
H9 3x‘x dx H9 3x‘(l x)” dx
0 0
1 142s 1\
= 2| = . 2.
(1—|—s)(2—|—s)< 9 <3> 29)
The proof is completed. O

Corollary 2.3. In Theorem 2.2, if we take w (u) = ﬁ, we have

A2
1 M+ A 1
s (0 ra0 (P22 1w oal) - 1 [eau

3 (A2 —27) s—1  /2\°")
<4(1+s)(z+s)<< 9 +<3> )“p )

1+2s NN, M+ A s—1  [/2\>T%)
+2< 5 +2<3> )d)( 5 >’+< 5 +<3) >\¢(A2)]>.

Corollary 2.4. In Theorem 2.2, if we take s = 1, we get

A2 A2
1
: (w (M) + 4 (“ ;A2> T (7\2)> [ty au | = o )
1 A
Ay — Ap)? , ONEDY ,
< Wl e <8\¢ (A)| +29 [ (122>‘+8!¢ (Az)}>.
Moreover, if we choose w (u) = 7\2%)\1 we obtain

A2
! (u) (A1) + 4 (M;AZ) +w(x2)> S Jw(u) du

6 A — M
Ao — A , ATES) ,
< (8\11) (M) +29 [ <122>‘+8\¢ (w).
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Corollary 2.5. In Corollary 2.4, using the convexity of \p'|, we have

Ao Ao
! (w () + 4 (M ?) Ty (M)) [ au | = o ) e
1 A1
5(A —A
S0 e (0 )] 0 O]

Moreover, if we choose w (u) = ﬁ, we obtain Theorem 1.6 from [11], also Corollary 1 from
[10].

Theorem 2.6. Let P : [A;,A2] — R be a differentiable function on (A, A2) such that ' €
LA, A with 0 < Ap < Ay, and let w : [Aq,A2] — R be continuous and symmetric function
with respect to @ If W'|% is s-convex in the second sense for some fixed s € (0,11, where
q >1with%+%:1,then

Ao Ao
! (w (M) + (“ ;AZ) Ty (7\2)> [y au | = [ ) aw
1 A1

1 1
Pa Sl Ny
ST 12 Minle \ 3155y ) \T5s

<<\¢ DT+ ’q) <7\1+A2> ) (’w ()\1+)\2> +}w’(>\z)\q>é>.

Proof. From Lemma 2.1, properties of modulus, Holder inequality, and s-convexity of
'[9, we have

Ao A2
é(xp( D+ 411)( 1+7‘2)+w2)> [ au | = o ) a
A1 A1

L E o
S ) (j P (O dx) (J (o 10 M7
0 0

¢ \°
dx)
> 1
202 M) (jpztxwax> ( [ (P37 0 -0m)
0

1
q q
dx
1

X
Jw <cA1 -l “2> dc—éjw (cm +(1-0) M) ac

O N

2 2
0 0

P
dx)

Q=
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1 . 3
x(szw’(xl)qu)s (M3) >dx)
0
3 (Mg —A)? }
+ 2 — /] (
4 0
1
X (J (XS
0

q 3
W’ (7‘1?2)’ +(1=%)° [vf (M!“) dx)
1 z X
A —Ap)? 2 P A A\ D @
<MHWH[M,AZ],@ ” dx <‘ll)' AT+ | <1J2r2>‘ )
4(1+s)a )

1 :
3(A—M)? ‘1 1 |P (‘ / <7\1+7\2> ’q / q) q
+71 Al oo ——=x| d P | — + [V (A2)
4(1+s)a HWHD\ Al (l 9 3 X) 2 ’ 2 }

1
_e-n? 14217P\? (1 \@
12 MiAabeo \ 3(1+p) 1+s

ay § q s
x<<‘¢/(7\1)}q+ P’ (M;M)’) +< /<)\1;}\2>’ +‘11)/(7\2)|q) )

The proof is completed.

2

9 2

0 0

Ne)

1 X
1Jw <cw (-0 A2> dc— ;Jw (c“ i 7\2> ac

P
dx)

O]

Remark 2.7. In Theorem 2.6, if we take w (u) = ﬁ, we obtain Theorem 1.9 from [12].

Corollary 2.8. In Theorem 2.6, if we take s = 1, we have

1
6

Ao A2
(w (A1) + 49 <“ ;M) " (?\2)) Jw(u) au | - jw(u)w (W) du

A A

1
(o= i 142147\ 7 (1)«
ST Mhrles \ 307y ) 2

(1 owre o (“”ﬁ) (v (2]

Moreover, if we choose w (u) = 35— 1 , we get Corollary 3 from [12].

+ [y’ (M)\“)") :

<=
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Corollary 2.9. In Corollary 2.8, using the convexity of \W'|, we obtain

A2 A2
. (w (A1) + 49 <“§A2) i (7\2)> Jw(u) du | - Jw(u)xp (W) du

1 1

Aa=M (129N T (OB Ol Gl T (R )1+ 3 ()l | 8
ST12 \3(1+p) 4 4 '

Moreover, if we choose w (u) = )\2%)\1, we have Theorem 1.7 from [11].

Theorem 2.10. Let \{ : [Aq,A] — R be a differentiable function on (A, Az) such that ' €
LA, A with 0 < Ay < Ay, and let w : [A1,A2] — R be continuous and symmetric function
with respect to @ If | is s-convex in the second sense for some fixed s € (0,1 and q > 1,
then

}\2 }\2
: <w (A1) + 40 (Al ;M) " (7\2)> Jw(u) du | - Jw(u)w(u) du
1 A

Sl (5)15 <1>a
< 4 Wil aleo | 54 (14+5s)(2+5)
1 7 3+s . 142 1 3+s . A A q %
(5@ o (522l (52
1+ 2s 1 3+s ASERY q s—1 2 s ' q %
*(( o 2(3) )“’(2) *( () )‘Wz” |

Proof. From Lemma 2.1, properties of modulus, power mean inequality, s-convexity of
W19, (2.8) and (2.9), we have

}\2 }\2
! (w (M) + 4 (M ;M) +1l)(7\2)> [t au | = [ww o au
1 A1

_1
1q

30 M) (J P () dx) (J P () ‘11" <XAl o ;M) dx)
0 0

— 2 1 1_% ! ) %
+3()‘24}‘1)<Jpz(x)dx) (Jpz(x)w’ (xhyz*“_’dh) dX)
0 0

1—1

1 q
3 Ay — Ap)? 2 10,
S IWlnae | | g~ 35X X

0

N
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1
1 q
2 1 q A4+ A2) |9
(B3 e woures e (252
0
2 1 =
3 (A2 —Ap) 1 1
e LU [F J 5~ 3x| X
0

q
i 1 1 A A
11 sl (MTA2
0

2 ; 0
3(A—A1) 2 1
=S Wl e | | |5~ 3] @

1
q q

+(1—x) W/ (7\2)|q> dx)

o=

o=

ql
/(MN Hl_lx‘xsdx-i-‘lblp\z)‘q 1;X(1X)de)
0
_3(7\2—7\1)2 5 e 1
=4 HW||[A1 Azl,00 (54) <(1—|—S)(2—I—s)
B 34s 3+s
(5 6 Pwowres (552 42() 7 o (+42)
1425 345 7\1+}\2 q s—1 ) 3+s ) q %
(2 Yo (o

The proof is completed.

1
Q>q
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Corollary 2.11. In Theorem 2.10, if we take w (u) = ﬁ we get

A2
1 AL+ A 1
s (0o (M) v ) - [wwau

_3a—N) (5 =3 1 a
4 <54> <(1+s)(2+s)>
o 3+s 3+s q %
X(<<591+<§> )M,(M”u(l;st(;) >¢,<?\H2—?\z> >
1+42s 1\ NOSED AL s—1 2\ 3+s ) d a
+(( 5 +2(3> ) ( 5 > +< 5 +<3> )]w(xz)} .

Corollary 2.12. In Theorem 2.10, if we take s = 1, we obtain

A2 A2
é(w( D+ 4¢< 1“2)+w0\2)) [y au | = o )

1 1

50 —M)?
S IWln a0
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Moreover, if we choose w (u) = we have
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Corollary 2.13. In Corollary 2.12, using the convexity of W'|9, we get
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Moreover, if we choose w (u) = we obtain Theorem 1.8 from [11].

1
A
3. Applications

3.1. Special means

We shall consider the following special means for different positive real numbers A
and A,.

e Arithmetic mean: A (A1, Ap) = #

)\p+1 )\p+1

1
* p-Logarithmic mean: £, (A, A2) = <(p-|2-1)(7\27\1)> p, p € Z\{0,—1}.

Proposition 3.1. Let A, Ay € Rand 0 < Ay < Ap. Then

2 — M\

[A (N A) +24°7 (M, M) =383 (M, M) | < =

(164 (A3, A3) +29A42 (A1, A2)) .

Proof. The assertion follows from Theorem 2.2 with w (u) = }\21}\1 and s =1, applied to
the function VP (u) = ud. O
Proposition 3.2. Let A;,A\x € Rand 0 < Ay < Ap. Then for q > 1, we have

1+2q

1429 1129
)A <>\12q A >+2A 20 (A, A2) —3£,%, (A1, A2)

2q

5o —A)1+2q [ (4(16V6~ 9) VAL 16 (9 -+ V3) /2g22 |
o 2q 225

1

X (16 (9+3) /2522 + 4 (161/6—9) m)“

225
Proof. The assertion follows from Corollary 2.11, applied to the function{ (u) = ﬁ—gqu%
with q > 1, which clearly hp’ (w)[? is %—convex. O

3.2. Weighted Simpson quadrature formula

Let P be the partition of the points A; = xp < X1 < ... < X = Ay of the interval [Aj, A7)
and consider the quadrature formula

A2
J W (1) di = Sy (1, P) + Row (1, P), (3.1)

A1

where

>_|

n—

[ (x0) + 4 (”2"“> +¢(xi+1)] (jx”lw(u)du) (32)

1
6 i=0 Xi
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is the weighted Simpson version and R, (\p, P) denotes the associated approximation er-
ror. The following results are given to illustrative the implementation of above weighted
Simpson quadrature formula.

Proposition 3.3. Let n € IN and { : [A, A2] — R be a differentiable function on (A1, A2) such
that P' € LA, A] with 0 < A < Ay, and let w : [A1,A;] — R be continuous and symmetric
function with respect to # If W'| is s-convex in the second sense for some fixed s € (0,1],
then

3
4(1+s)(2+s) Wilp xz)e0

n—1 . 3+s
X Z (xi41—x3) ((s 9 ! + (;) > W' (x3)|

i=0

142 3+s L 1 2 3+s )
+2< 9s+2<> )’11) (x X+1>’+<59 +<3> )‘Ib (xi+1)‘>.

Proof. Applying Theorem 2.2 on the subintervals [xi,xi+1] (i =0,...,n—1) of the parti-
tion P, we get

[ wiw - ¢ [u) (x0) + 40 ("*;‘*1) + (xim} (J w(u)du)’

3
<
\4 (1 + S) (2+S) ‘|W||[Xi,xi+1],00

o 3+s
X (xi41 —x1) ((S 9 ! + (;) ) [’ (x3)]
3+s _ 3+s
r2 (22 (1)) () (55 (3) ) wrisn).

Hence, summing above inequality for alli = 0,...,n—1 and using property of modulus,
we have the desired result. ]

R (b, P <

Proposition 3.4. Let n € IN and 1 : [A, \2] — R be a differentiable function on (A1, Ay) such
that ' € £ [A, Al with 0 < A\ < Ay, and let w : [A1,Ap] — R be continuous and symmetric
function with respect to % IfW'| is s-convex in the second sense for some fixed s € (0,1],
where q > 1 with % + % =1, then

1
1 1+21FP\P /1 N\a
< -
00,9 < 35 W10 (5107 ) (705

n—1 q %
XZ(Xi—O—l_xl ((N’ Xi) ’q ‘4’ <X1+X1H> > (‘lb <X1+X1H) +H)/(Xi+1)‘q) )

i=0
Proof. Applying Theorem 2.6 using the same idea as in Proposition 3.3, we get the de-
sired result. ]

o=
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Proposition 3.5. Let n € IN and \ : [A1, A2] — R be a differentiable function on (A1, Ay) such

that V' € L [A, N] with 0 < Ay < Ag, and let w : [A1,A] — R be continuous and symmetric

function with respect to 2522 If /| is s-convex in the second sense for some fixed s € (0,1]

and q > 1, then 2

R0, 2)1 < 5 [Wlia, 70100 (;)1_3 ((Hs)lmSO

Erorar (5226w (52
(Pl (6]

Proof. Applying Theorem 2.10 using the same idea as in Proposition 3.3, we obtain the
required result. O

4. Conclusion
The main results and future research of the article can be summarized as follows:
* A new identity regarding Simpson type is established.

* New weighted Simpson type inequalities for s—convex functions in the second
sense using above identity are deduced.

* Various special cases have been studied in details.
* Some applications to special means are given.

* Some results are obtained to illustrative the implementation of weighted Simpson
quadrature formula.

* We hope that our results can be applied to obtain several new results in different
areas of pure and applied sciences.
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