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Abstract

In this work, we investigate the solvability of a new class of nonlinear coupled systems of Urysohn-
Volterra quadratic integral equations involving the generalized fractional kernel functions. By using the Leray-
Schauder version of the fixed point theorem in the vectorial Banach algebra space, we prove the existence
of solutions of the proposed system under suitable conditions. We investigate the stability analysis of the
proposed system. Moreover, we establish some special examples and particular cases.

Keywords: Fixed point; Banach algebra, nonlinear integral equations, fractional integral, Leray-Schauder
kind fixed point theorem.

1. Introduction

Integral equations innovate a very important field of functional analysis. This is due
to the great importance of the integral equations because it is used in many applications,
especially applications stemming from real life events such as nuclear energy [1], heat
conduction [2], electromagnetic [3] and signal processing [4].

In addition, the fractional differential and integral equations are applicable in a wide
range of other scientific subfields, such as mathematical modeling of emanations from
energy sector [5], and the mathematical approach for diseases detection [6, 7, 8].

Operator equations create the basic tool of investigation conducted in the integral
equations. In most cases, the proving of solvability of those equations of operators is done
via applying fixed point approach. Many researchers established the fixed point theorems
of sum and product of more than or equal three operators, (for examples, please see
[9, 10, 11, 12, 13, 14, 15, 16].

In 2017, Hashem [17] established the solvability of the system of integral equations of
Chandrasekhar kind
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t

wlt) = Rt u(®) + Gilev(e) | o

Uy (s,v(s))ds, tel0,da

ot+s

e (1.1)
V() = Fa(t, v(t)) + Ga(t,u(t) J b Wy(s,uls))ds, te,d,

0t+S

where, (a > 0) € R .The solvability results of the system (1.1) is obtained via Amar et al.
[11] fixed point version for the block operator 2 x 2 matrix .

Fractional calculus is an essential and useful branch of mathematical analysis that
investigated derivatives and integrals of fractional order. A long time ago, there are
many definitions for fractional integrals operators, such as Riemann-Liouvilla, Hadamard,
Katagampolg and Erdelyi-Kober fractional integral operators. Recently, in 2017, Almeida
[18] proposed new definition of the fractional derivative and called this operator {—Caputo
derivative. This new definition is more generalized then Riemann-Liouville, Hadamard,
Erdely Kober and Caputo operators kinds.

In 2018, Darwish et al. [19] applied the approach of Darbo’s fixed point to investigate
the following Urysohn-Volterra integral equation

t ./ _ -1
u(t):f(t,u(t))—i—g(t,u(t))J WIS W) =W8))P o shds, te0,al, (1.2)

0 I'(p)

where, (a > 0) € R4 and p € (0,1). The authors gave the existence of the solution
of Equ.(1.2) under some certain conditions. In the same year, Nieto et al. [13] proposed
some new versions of the fixed point theorems in algebra generalized Banach spaces. They
established the type of Krasnosel’skki and Leray-Schauder fixed point for the product and
sum of more than or equal two operators.

In 2019, Hahem et.al.[20], applying again the Amar et al. [11] fixed point approach
to study the following system

oy oypl
u(t) = Fp(t, u(t)) + Gi(t,v(t) JO (tr(s];;)

t . —1
V(1) = To(t, V(1) + Galt u(t) Jo (tr(sq);

81(s,v(s))ds, tec][0,al,
(1.3)
Sa(s,u(s))ds, tel0,al,

where, (a >0) € Ry and p,q € (0,1).
In 2020, Abdo [21] considered the existence results for at least one continuous solu-

tion for generalized fractional quadratic functional integral equation by using Schauder
fixed point theorem.

Consider I = [a,b]. Let C(I) be the Banach algebra of all continuous real-valued
function on I with the supremum norm |ju||, = suplu(t)| , V u € C(I) and pointwise
tel

product of functions. In this paper, we will apply the Nieto type fixed point theorem in
Generalized vectorial algebra Banach space [13] to study the following nonlinear system
of fractional integral equations:
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E/(s) (W (t) —(s))x
a Mo

t o/ _ -1
P (s)(tb(tr)(ﬁ)ﬂ)(s)) Us (s, u(s),v(s))ds, te labl,
a (1.4)

where, I = [a,b] such as (b > a), a€ R, U{0}, be R, and «, € (0,1). The func-
tions Fy,Fp, Hy, Hyo, Uy, Uy : I x R x R — R are continuous. The the function : I — R is
a continuous, increasing, \ € C'(I,R) and \/(t) #0 forall t € I.

u(t) = F(t,u(t),v(t)) + Hl(t,u(t),v(t))J Uq(s,u(s),v(s))ds, tela,b]

V() = Fa(t,u(0), v(t)) + Halt, u(t), v(t)) J

This article is organized as. Sect.2 is devoted to give some facts, basic results and
definitions which will be used in the outcomes. In sect.3, we investigate the solvability of
the system (1.4). In sect. 4, we establish the stability analysis of the system (1.4). Finally,
we discuses some applications of the given results in Sect.5.

2. Preliminary

Throughout this paper, IR]:J will denote the set {u ¢ RN : a; <0 Vi =1,2,..,NL
Let u = (aj,ay,...,an),v = (by, by, ..., bn) € RN . Define the partial order <y in RN
such that: w <Xy v & a; < by foralli = 1,2,..,N. Also, if c € R then u < ¢
means a; < c for all i = 1,2,.., N. Furthermore, [u| = (|ay],...,]an]) and max(uw,v) =
(max{ay, b1}, ..., max{an, bn}). Therefore, On be the zero vector of RN. Next, we state the
definition of generalized metric space, for more details , see [13, 22, 23, 24].

Definition 2.1 [25] Let V # @ and p: V x V — RN, then p is said to be vector-valued-
metric on V if for all (u,v,w) € V3 the following properties hold:

(1)9(11/") N ON;

2) p(w,v) =0n S u=yv;

(3 p(w,v) = plv,u);

Dp(w,v) 2N pluw, w) + p(w, V).

(V, p) is called a generalized metric space and p is defined as

p1(u,v)

o = | Y

on(1,v)

Clearly, p is a generalized metric on V if and only if p; are usual metrics, for all i =
1,2,...,N. We indicate that, the concepts of the sequences, cauchy sequences, convergence,
closed and open subsets and completeness are the same like to those for usual metric
spaces.

Definition 2.2 [13] Let V be a vectorial space over R . A vector-valued generalized
norm on V is a map ||.|| : V — RY such that for all (u,v) € V and k € R the following
conditions hold:

D [uf =~ Ons

2) HLLH :ON @u:ON;
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3wl = [klllu] ;

A [lw+v[| 2Nl + (vl

(V,|]-]]) is said to be generalized normed space. If (p(u,v) = ||[lu—v||) is complete, then
(V,]|-]]) is said to be a generalized Banach space.

Definition 2.3 [13] Let My« N (R4 ) be the family of all square matrices of size N
which entries are positive real numbers. Suppose that, L € My~ (IR ), then the spectral
radius o(L) of L is defined as

o(L) =max{A;(L)|:1=1,2,.., N},

where Aj(L),i =1,..., N are the eigenvalues for L.
Definition 2.4 [13] The Generalized Banach algebra V is algebra that in the same time
is also generalized Banach space such that for all u,v € V, then

wvl] 2 ([l
where

[ vl
[[vll2

[uv|In
and
w1 vl
[ufl2[v]l2
[ullflv]] = :

[ulindviin

Definition 2.5 [24] Let (V, p) be a generalized metric space. The map T : V — V'is
called contractive if 3 L € My~ (IR, ) such that (L) < 1 and

p(gul TV) jN Lp(ulv)l

for all (u,v) € V2.
The following theorem is generalized Leray-Schauder version fixed point [13] which
is the main tool to prove the results.

Theorem 2.1. [13] Let V be a generalized Banach algebra, 0 € Q) be a bounded, convex and
an open subset of V . suppose that T1,7,:V — V and T3 : Q — V are such that
(1) 71, T2 are Ly, L, contractive respectively, where L1, Ly € Mnxn(Ry), L1 = (845)1<i,j<N

and Ly = (8i5)1<i,j<Ns
(2) T3 is a completely continuous;

3) (%’)*1 exists on T3(Q), where Iy/(x) = x and % 1V — V begin defined as

(M)(x) = o 5
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(4) Let
by
by
=N sup [|Tau|
ueQ
bn
and
b1 ... bnhn Ell . ElN
L = : : +1 0 . : ,
[ ZE4NE P INEANEN ENl ENN

then L* € Mnxn(Ry) and o(L*) < 1.
Then either:

(D) there exists uw = To(u) + T1(u)T3(u) has a solution in Q, or
(ID) there exist u € Q \ Q such that

w= m(%‘) +N.Tl(%)‘.73(u),

A€ (0,1).

Next, we recall \{»—fractional integral operator, for more details, see [18].

Definition 2.6 Suppose that, C™(I,IR), n € IN, be the space of all n—times continuous
and differentiable functions from I to R. Let{ € C™(I,R), be an increasing functions such
that \’(t) # 0 for all t € I. Consider u: I — R be integrable function. The {p—Riemann-
Liouville fractional integral of order « > 0, « € R of the function u is defined as

Joult) = o | @0 — @)= wio) ac

and the {p—Riemann-Liouville fractional derivative of order & > 0, & € R of the function
u is defined as

DEVu(t) = — (- d)“jtw’(a(w(t)—wm)““1u(adc
o Y = v ), /

where n = [«] + 1 and [«] denotes the integral part of «.

3. Existence Theory

The proving of the existence of solution of the proposed system (1.4) will be obtained
under following assumptions:
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(A1) there exits qi; € Ry, i,j = 1,2 such that

2
[F1(t, x1,x2) — F1(t, y1, y2)| Z it [xi — il

and

2
[Fa(t,x1,%2) = Falt, y1,y2)l < D dai Ixi —yil,
i=1

forall t € I and (x1,%2,y1,y2) € R%

(A2) there exits p;; € Ry , 1, j = 1,2 such that

1 (t, x1,%2) — Hi(t, y1,y2)] thlxl yil

and

N

[Ha(t, x1,%2) — Ha(t, Y1, y2)| ZPZi Xi —yil,

forall t € T and (x1,%2,Y1,Y2) € R%;
(A3) o(P) <1and o(Q) < 1, where Q = (qij)1<ij<2 and P = (pij)i<ij<2s

(A4) 3my € C(I), i =1,2and there exists m} € Ry ,1i=1,2suchthat m} = ||m;(t)||e,i =
1,2 and
Uz (t,u,v)| < my(t)

and
Uz (t, u,v)| < mp(t),

forallt € I and (u,v) € R?%;

(A5) c*[24+ M] < 1 where ¢* = max{p11, P12, P21, P22, 911, 912, 921, q22}, and

_ (W(b)—Pp(a))* (P (b)—(a))P
M=m] i ™ — rEen

Now, let V = C(I) x C(I).Define the generalized norm ||| : V — R2_ as
Ufjoo

for all (u,v) € V. Clearly (V, ||.||) is generalized Banach algebra. Let, d : V x V — R2 be
the generalized metric space induced by norm which is defined as

d((ug,v1), (ug,v2)) = ( ‘h: :\L}jvz’ >, (3.2)

for all (ug,v1), (U, v2) €V
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Define the operator A(u,v) = (Aq(u,v),Az(u,v)) where the superposition operator
Ay, A, are defined as: [Aq(u,v)](t) = Hi(t,u(t),v(t)) and [Az(u,v)](t) = Hao(t, u(t), v(t)).
Also, let the operator B(u,v) = (B1(u,u), Bo(u,v)) where the superposition operator
B1, By are defined as: [B1(w,v)](t) = Fy(t,u(t),v(t)) and [Ba(u, yvl(t) = F2(t, u(t), v(t)).
By the same argument, let X(x,y) = (X1 (u,v), X2 (u,v) where the superposition operators
@1, G, are defined as:

a(u,I(0) = | e Us(s,  uls), v(s))ds
and . 6
st ve) = [ PSR s ) s
Define T :V — V as:
T(u,v) = B(u,v) + A, v)K(u,v). (3.3)

Clearly, the system (1.4) has a solution if the operator T has a fixed point.
Lemma 3.1. Suppose that the conditions A1-A3 hold. Then A, B are contractive mappings.

Proof. Let (uq,v1), (up,v2) € V, then we have

A1 (ug, vi)] () — [Aq (ug, v2)] (1) = [Hi(t, ug (1), vi(t)) — Hy(t, ua(t), va(t))]

(3.4)
< purhw (t) —uz ()] +pr2fvi (t) —va(t)l.
Therefore, we get
[ A1 (w1, vi) — A1 (uz, v2))[leo < P11 (11 —W2loo + P12 [[V1 — V2|0 (3.5)
Similarly, we have
[A2(u1,v1) — Az (uz, v2))|loo < P21 ([ —U2|loo + P22 [[V1 —V2l[o0- (3.6)
Hence, we obtain that
d(A(ug,v1), Aug,v2)) X2 P ( s —afloo > : (3.7)
[vi = valleo
Since o(P) < 1 then A is contraction map.
Therefore, we get
B (wg, vi)I(t) — [Bq(uz, v2)I(t)] = [F1(t, ur (t), vi(t)) — Fi(t, ua(t), va(t))] 3.9)

< quifur(t) —ua(t)[ + guzfvi(t) —va(t)].

Therefore, we get

|B1(wg,v1) — Bi(uz, v2))lleo < qu1 w1 — U2 |loo + 12 [[V1 — V2| c0- (3.9)



T. Nabil / Solvability of nonlinear coupled system of Urysohn-Volterra ... 23

Similarly, we have
B2 (w1, v1) — Ba(uz, v2))[[eo < g1 i1 —u2loo + G22 [[VI — V2| co- (3.10)

Hence, we obtain that

d(B(u1,v1), B(uz,v2)) %2 Q < ”F\ti :522”":; > : (3.11)

Since 0(Q) < 1 then B is contraction map.

O]

Lemma 3.2. Suppose that the conditions (A1)-(A5) hold. Then, there exists K* such that,
for every (u,v) € V solution of the following system

w=ABi(~, 2) + A A ) K1 (w,v),

4

(3.12)

le>|e
< ><
>|e>|r
> <

v=2ABy(=, <)+ A A5, 2)Ka(w, V),

7

ATA

*

for some A € (0,1), we get ||u]|o < K* and ||v]|eo < K*.

Proof. Let (u,v) € V be a solution of (3.12), then we have

u v

= B1(5, )+ A5, 3)K (u,v),

A
)+ 25, 115w, v),

Let ® = ¥ and ¥ = 3. We prove for an estimate of ||{i/|, and ||V||. The results
obtained would be correct for ||u||o and ||v||o. Then, we get

<>’\

(3.13)

>|le>|e
>\:>\

T
A%
— Bo(—, —
(?\

)(t) 1[5 (AT, AV)(1)]

()] < [[B1 (4, D)1 (1) + [[Aq (T, D) (t

5
Fi(t,(t), 9(t)) — Fi(t,0,
C(s)(W(t) —(s))* !

+ ([H1 (t, a(t), 9(t)) — Hi(t,0,0)[ 4 [Hi(t, 0,0)]) J

< qult(t)[+ qu2lo(t)[ + [F1(t,0,0)]

+(pufa(0)] + praf (1) + i (1,0,0)) | o ma5)lds
¢ (3.14)
Let, ¢* = max{p11, P12, P21, P22, 911, 912, 921, q22}, We get
t .1/ _ a—1
(0] < (Rt + PO)DIL + m] J L (S)(“)“r)(“)"’(s” ds|
@ (3.15)

Cp/(5) (1) — ()

i (o) ds.

+IF1(t,0,0)] + M1 (t,0,0)] m J
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Similarly, we have

C(s)(W(t) —p(s))P !
a rip)
C/(s)(W(t) —W(s))P !
a r(p)

Let; f* = maX{HFl (tIOIO)HOOI ||F2(t/0/ O)Hoo} and h* = maX{HHl (tIOIO)HOO/ ||H2(t101 O)”oo}:
then, we have

(1) < ¢ (Rt + PN +m3 J s|
(3.16)

ds..

+IF1(4,0,0)| + [ (t,0,0) m3 j

[a(t)] < c*([at)] + PO)L +m] M?ﬂ;ﬂ?”“

(3.17)
Also, we have

(W(b) —(a))P (11)(‘&)—11)(8))'3'

D)< () + PN +my

J+f*+h"m3

rp+1) rp+1)
. (3.18)
Let, M = mj W +m; %, then by adding the last two equations we
get,
la(t) 4+ P(t)] < c*([a(t)+ P2+ M] 4+ 2f* + h* M. (3.19)
Let, L = c*[2+ M] and K = 2f* + h*M. Then, if L < 1, we get
O]+ (1)) < (3.20)
S1-1L° '
So, it is implies that
A K
< —— < —— =K* 21
(O] + MO < 77 < o7 (3.21)
Thus, we get ||u]|o < K* and ||v]|e < K*.
[

Lemma 3.3. Suppose that the conditions (A1)-(A5) hold. The operator X is completely
continuous.

Proof. The proof is done in 3 steps.

Step 1. X is continuous. Let {(u, v )} be a sequence in V such that (u,,vn) — (u,v) €
V as n — oco. Then we have u, — u € C(I) and v, -+ v € C(I) as n — oco. So, foe all
t € I, we get
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(3.22)
Thus, from the continuity of U;, we have || K1 (un,vn) —K1(u,v)||o — 0 as n — oco. By
doing the same steps, we get

(W (b) —P(a))P
r(p+1)

|[Ka (wn, vi)I (1) — (Ko (u, V] (H)] < Uz (t, xn (1), va (1)) — Uz (t, 1u(t), v(t) oo,

(3.23)
|K2 (Un, v ) — Ko (u,v)||eo — 0 as n — oo. Hence, we have ||K(un, vn) —XK(u,v)|| — 0
as n — oo. Thus, X is continuous.
Step 2. Each bounded sets Q in V , X(Q) is uniformly bounded. Define, Q = {(u,v) €
VUl < K% [[V|lo < K*}, where K* is defined in lemma 3.2. Let (u,v) € Q, then we
get

[ (w, v)I(H)] < Ui (s, u(s),v(s))ds

Jtll)’(s)(ll)(t) P(s))* !

a I(«)

<J P (S)(wﬁt()cx) W) (s))lds (3.24)
(b)) —P(a))*

Sy Mo+1) =b

similarly, we get

|[Ka (u, v)I(H)] <

B
Ima(s))lds (3.25)

Thus, we have
b
1K (w, v)|| <4 ( bl > (3.26)
2

Hence, X(Q) is uniformly bounded in V.
Step 3. X is equi-continuous. Let tq, t; € I such that t; < tp, the we get
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|15 (w, V)] (1) — [y (w, v)1(t2)]

P/ (s) () —w(s) ! 2/ (s) (W(t2) —W(s))™

< Mo Ul(s,u(s),v(s)ds—J Mo U (s, u(s),v(s)ds
o [ (8) (W (1) —h(s)) ™t T (s)(W(tg) —(s) >
< mﬂja r((x) dSJa F(OC) dS|
< m*|(1b(t1) —P(1)*  (Wh(t) —lb(a))“|
S Mo+1) Ma+1) 7
(3.27)
therefore,
132 (w, v)I(t1) — [K2(w, v)](t2)]
TN . B—1 t2 41,/ _ B
< |J P (S)(Ib(tlzgmlb(S)) UZ(s,u(s),v(s)ds—J P (S)(lb(rt(zf)g) P(s)) Us(s, u(s), v(s)ds
APV )W) —w(s)P L T (s)(W(t) —W(s)P !
<mil], r(p) s, () !
< *|(1b(’t1)—1b(1))f5 ~ ((t2) —¥(a)) |
SR 41) rp+1)
(3.28)

From the uniform continuity of \ , then when t; — tp, |[K1(w, v)](t1) — [K1(w,v)](t2)] — 0
and |[XK;(w, v)](t1) — [Ka(w,v)](t2)] — 0. Thus X is equi-continuous. So, it is implies that
X is compact. Thus, X : Q — V is completely continuous. O

Theorem 3.4. Let the conditions (A1)-(A5) hold, and assume that o(W) < 1 where
W — <b1P11 bzPu) + (Chl q12> /
bip21 bap q21 g2
b —
by =2 sup{[|K(u,v) : (u,v) € Q},

and Q = {(u,v) € V : |[ullec < K*,|[V|][sc < K*}. Then the system (1.4) has at least one
solution in V.

such that

Proof. Since all the conditions of theorem 2.1 are satisfied. Then, the operator T has a
fixed point (u*,v*) € V. This fixed point is the solution of the system (1.4).
O

4. Asymptotically stability analysis

(u,v) € Vis called an asymptotically stable solution of the system in the generalized
Banach algebra V (1.4) if Ve <0, 3 T(T = T(¢) > 0 such that for each t > T(¢) and each
(u*,v*) other solution of (1.4),

[(w,v) = (u"v)[| 2z e.

In the next theorem, we investigate the asymptotically stability analysis of the system
(1.4).
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Theorem 4.1. Under the conditions (A1)-(A5), the system (1.4) is asymptotically stable.

Proof. Let (u,v) € V be a solution of (1.4) and let (u*,v*) is other solution of (1.4), then
we have

u(t) —u* (O] < [Pt u(t), v(t)) — F(tu(t), v(t)|

t . o ax—1
) ve) | ORI s uis) vs)as
t oo,/ _ a—1
_Hl(t u (t) v*(t))J' 11) (5)(¢(?)(“)1P(5)) Ul(s,u*(s),v*(s))dSI
< (quq hu(t) —u*(t)[+ q1z |V( ) v (t)])
FHy (bt Jt lb(s))“_lU.l(s,u(s),v(s))ds 4.1)
—Hy(t,u(t J (s ))ailUl(s,u*(s),v*(s))dsl
at ))cx—l
+|Hi(t,ut J U (s, u*(s),v=(s))ds
_ x—1
e o) (S)(“’(tr)(a)‘l’“” Us (s, (s), v () ds|

From the conditions (A1)-(A4), we get

u(t) —u* ()] < ¥ (Ju(t) —u ()] + v(t) = v (t)])

t .,/ o x—1
st o) | SO (5 uls), (5 — U (s, ()97 )l

t’ _ x—1
+[Hi(t,u(t),v(t)) — Hl(tIU*(t),v*(th Y (5)(11)(?(0‘)11)(5))
< (fult) —uw* (4)] + v(t) —v* (1))

+4my (¢ ([[ufloo + [[Vlleo) +Ha(t, 0,0)])

Ui (s, u*(s),v*(s))lds

(Y(b) —P(a))*
Moa+1)
(W(b) —P(a)
Moa+1)

+ ¢ mi(u(t) —uw*(t)] + v(t) —v* (1)) ©

(Y(b) —P(a))*
MNo+1)

(b(b) —(a))™
MNo+1)
4.2)

<cf(14+my Ju(t) —u* () + v(t) = v (1)) +2m] (2 K" c* +h*)
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Similarly, we have

v(t) —v* (1) < [Fa(t, u(t), v(t)) — Fa(t, u(t), v(t))]
FY(s)(W(t) —p(s)P!

+ |H2(t,u(t),v(t))J B o) Us(s,u(s),v(s))ds
t .,/ _ B—1
_HZ(t/u*(t),V*(t))Jaw (S)(w(?)(ﬁ)lj)(s)) UZ(S,U*(S),V*(S))dS‘ (43)
_ B
<ertems RSy ue) - w01+ ve) v (0)
_ B
L2mi (2K ¢t 4 hY) N’(?)(ﬁ f’i?))

Thus, we obtain that

u(t) —u ()] + () = v (1) < c™(2+ M) (u(t) —u* (1) + v(t) = v (t))) +2 M (2 K* c* +h")
4.4)
According to the condition (A5), it follows that
2M (2K*¢*+h*)

[u(t) —w (] +p(t) = vl < —— coIM) C© (4.5)

Hence, we have [u(t) —u*(t)| < e and [v(t) —v*(t)| < ¢, and (1.4) is asymptotically stable.
]
5. Applications and special cases

we present the following example, which indicate how the obtained results can be
used to particular problems.

5.1. An Example
Consider the following system

W) = 01 b
4+ u(t) + v(t)]
() +3(1) [P —(s)} (262 + ) (uls) +v(s))

* te—t* +4 ,[0 r) 20 +u(s) +v(s) ds, tel01]
W(t) = t+sin(ju(t)] + [v(t)])

B 4+1t2

1 P/ (8) (1) —b(s)? sinfuls) +v(s)
+ gy rctan(v(®)] +hutt)) | T8 T s teD L.

, (5.1)
Let (t) = 5. Here, we get

lul + v
Ftwv)=—-7-——,
1 ) 4+ [u+ v
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_ tsin(fu[+[)

FZ(t/u/v) - 4+t2 ’
t24+u+v
H t/ 7 s
1{tsv) te " +4
1
Ho(t,u,v) = m arctan(|u] + v|),
22+ e ) (u+v)
Wt wv) = ——r—"7
sin(u+v)
R R

forall t € [0,1],u,v € R. It is clear that all the maps Fy, F», Hy, Hp, U; and U, are continu-
ous. Furthermore, we have:

1
[F1(t,ug,vi) —Fi(t,up, v2)l < —Jug —up| + Z|V1 —Val,

e M

1
[Fa(t,ug,vi) — Falt, up, v2)l < —Jug —up| + Z|V1 —Val,

1
ug —up|+ Z|V1 —Val,

[Hq(t, w1, vi) — Hy(t, up, vo)| <

[Ha(t, ug,vi) — Ha(t, ug, vo)l <

e i B

1
w —up| + Z'Vl —Val,
forallt € [0,1] and (wy,up,vi,v2) € R. It follows that:

(Dol )

Hence, we easily obtain o(P) = % <1,0(Q)=3<1landc* = 411' Consequently, we
have mj =mj = 11—0. Therefore, we get

s =
[ =

t

u t/ 7 g t)=—

Us (614, v)] < ma(t) = 7

and ,
<mo(t) = —.

[Us (t, u, v)| < ma(t) 0

Also, by = by, = %, so, we get

5
W — <b1P11 b2P12> n (qn GI12> _ <158 ) _
bipar  bap2 q21 q22 15
It follows that: o(W) = g < 1. Thus, the inequality ¢*(2 + M) = 2.56 < 1 be verified.

Hence, all the conditions from (A1)-(A5) are satisfied. From Theorem 3.4, we conclude
that the system (5.1) has at least one solution and this solution is asymptotic stable.

Sloglon
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5.2. Some special cases
The system (1.4) is very general fractional integral system. Consequently, the system
include the following special cases:
(1) Putting « = 3 = 1, then we have the following system:
t
u(t) = Fi(t, u(t), v(t)) +H1(t,u(t),V(t))J Ui (s, ufs),v(s))ds, tel[a,b]
2 (5.2)
v(t) = Fa(t, u(t), v(t)) +Hz(t,u(t),V(t))J Uz (s, u(s),v(s))ds, t€ [a,bl
a
(2) If Fl (t/ LL,V) — fl (t/ u)/ Fl (tl u,\)) = fZ(t/V)/ Hl (t/ u,\)) = 01 (t,\)), HZ(t/ ulv) —
ga(t,u), Up(t,u,v) = S1(t,v), Ua(t,u,v) = Sa(t,u) and P(t) = t, then we get the system
(1.3).
(3) Letting W(t) = t, then we get the following system of integral equations of Riemann-
Liouville kernel kind

C—s)et
a T«
t(t_s)ﬁfl
a T(B)

u(t) = Fi(t, u(t), v(t)) + Hi(t, u(t), v(t)) J Ui (s,u(s),v(s))ds, tela,b]

v(t) = Fa(t, u(t), v(t)) + Ha(t, u(t), v(t)) J Us(s,u(s),v(s))ds, tela,bl

(5.3)
(4) Letting P (t) = tY,y € R, then we get the following system of integral equations
of Erdely-Kober kernel kind

Cysr (Y —sv)* !
a M)

a r(p)

u(t) = Fi(t,u(t),v(t)) + Hy(t,u(t),v(t)) J Uq(s,u(s),v(s))ds, tela,b]

Uy (s,u(s),v(s))ds, tela,b].

(5.4)
(5)Letting [ = [1,e],¥(t) =In(t),y € R;, then we get the following system of weakly
singular integral equations of Hadamard kernel kind

V() = Falt, w(t), v(t)) + Halt, u(t), v(t)) J

t

u(t) = Fi(t,u(t), v(t)) + Hy(t, u(t), v(t)) L ln(z)"‘*1 (o) Uy (s,u(s),v(s))ds, tell, e
t

v(t) = Fo(t, u(t), v(t)) + Ha(t, u(t), v(t)) Jl ln(z)ﬁ’_1 slﬂ%ﬁ) Uy (s, u(s),v(s))ds, tell,el

(5.5)
Finally we can state the following results for the above special case

Theorem 5.1. Under the conditions (A1)-(A5), the the following system of integral equations
of Riemann-Liouville type has at least one asymptotically stable solution in V.

t—s)et
a T«
t(t_s)ﬁfl
a T(B)

u(t) = Fi(t, u(t), v(t)) + Hi(t, u(t), v(t)) J Ui (s,u(s),v(s))ds, tela,b]

v(t) = Fa(t, u(t), v(t)) + Ha(t, u(t), v(t)) J Us(s,u(s),v(s))ds, tela,bl

(5.6)
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Theorem 5.2. the following system of integral equations of Erdely Kober type has at least
one asymptotically stable solution in V,

Cysy ey — s
a M)

a rip)

Uq(s,u(s),v(s))ds, tela,b]

u(t) = Fi(tu(t), v(t)) + Hi(t, u(t), v(t)) J

Us(s,u(s),v(s))ds, te€la,bl.
(5.7)

V() = Fa(t, (), v(t)) + Halt, u(t), v(t)) J

Theorem 5.3. Under the conditions (A1)-(A5), the following system of weakly singular in-
tegral equations of Hadamard type has at least one asymptotically stable solution in V,
ot 1

w(t) = Fr(t w(t), v(t)) + Hi(t, ult), v(t) L inhyet

Ui (s,u(s),v(s))ds, tel(l, el

v(t) = Fa(t, u(t), v(t)) + Ha(t, u(t), v(t)) L ln(z)ﬁ_1 sl“%[i) Uy (s, u(s),v(s))ds, tell,el
(5.8)

6. Conclusion

In this article, a nonlinear system of integral equation with {—kernels is considered
in generalized Banach algebras. We investigate the solvability of the proposed system via
generalized Leray-Schauder fixed point approach. The stability analysis of the proposed
system was studied. The reported results in this paper are recent and significantly con-
tribute to the existing literature on the subject. It was concluded that the proposed system
is very general and involves many special cases, we gave some of those special cases and
illustrative example.
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