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Abstract

By o —differential equations, we mean that the branch studies differential equations containing frac-
tional or real order derivatives. In [1], Shehata has overcome the problem of multiple previous definitions of
fractional calculus by putting an accurate definition of the «— fractional calculus using the normal way. He
concluded from this definition that the « fractional calculus is a complex-valued function that depends on
the principal root of the real number. As an extension of the study of fractional calculus and its importance
in applications, in this paper, we study differential equations that contain fractional differentials based on the
Shehata definition. We define and study the so-called linear «— differential equations of the first extension,
higher extension, and system of the first extension. We give the closed formula for each case. To illustrate our
result, we give some numerical examples of fractional differential equations and their solutions.

Keywords: Fractional differential equations, «-calculus, fractional calculus.
2010 MSC: 34A08, 26A33, 34k37.

1. Introduction

a—(fractional) differential equation is a generalization of ordinary differential equa-
tions to arbitrary non integer orders. research has shown that physical systems can be
represented more accurately through fractional derivative formulation, it is so important
that in such a short span of time, it has touched all the classical field of mathematics,
chemistry, engineering, physics, economics etc. [2]-[9].

There have been many monographs and books available on this field. Most recent and
up to-date developments on fractional calculus with applications involving many different
potentially useful operators of fractional calculus was given by many (see for example
[10]-[13D).

The concept of fractional calculus( « derivatives and « integral) is not new, the
idea of fractional calculus has been suggested by L’'Hospital at the end of the seventeenth
century. Since then, a strong theoretical foundations about fractional calculus were carried
out in the last and present centuries. Many researchers used an integral form for fractional
derivative definition. The most popular definitions of fractional derivative are Riemann-
Liouville and Caputo definitions.
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Definition 1.1. (Riemann-Liouville fractional derivative 1847). Let f(.) be a continuous
function in [a,b], 0 < x < 1.
The left Riemann-Liouville fractional derivative of order « is given by

14 1 d ¢ —x
aDIf(t) = o) at (L(t—”t) f(T)dT) , te€la, bl

The right Riemann-Liouville fractional derivative of order « is given by

o) =1 4
tDpf(t) = T dt (

t

b
J (T—t)_‘"f('r)d'r) , tela,bl

Definition 1.2. (Caputo’s fractional derivatives 1967). Let f(.) be a continuous function
in [a,b], 0 < a < 1. The left Caputo fractional derivative of order « is given by

CDOC_': _ 1 t — d
a Yt (t) = m (t—T) Ef(T)dT, te [(1, b]

and the right Caputo fractional derivative derivative of order « is given by

1 b d
CDEf(t) = = L (t—1)"*f(v)dr, t€labl.

But this definitions gives rise to some problems. For example if one makes f(t) = C =
Ct*
rl—«)’
that is to say, is different from zero. This is because they depended on the integral on the

definition of the derivative.

A new fractional a— calculus definition based on classical definition is given in our
paper [1]. In [1], we proved that «— derivative and «— integral are complex valued
functions depends on the principal root.

This paper is devoted to some questions in o« — calculus, that is, the theory of dif-
ferential and integral operators of non-integer order, and in particular to so-called x—
differential equations. Through this paper « € (0, 1].

constant in Riemann-Liouville formula, one finds that its «th derivative is

2. «- Differentiable function

Here, some basic definitions and properties of the « calculus theories which can be
found in [1].

Definition 2.1. (principal exponential of real number) For a real number t, we denote
by (t)* to the a— principal exponential of t which is defined by

1 t>0
x . _ x . =
(t) *|t| '{ elT[(X t<0

) cosamttisinomr t< 0
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For examples
(42 =2, (—4)2=2i, (8)7=2 (-8)7=1+V3i

From the above definition, we can define et* by

ot eltl® t>0
o et <.
eltl™, t>0
= eItl"‘(cos (xT[Jrisincxrt)’ t < 0.
[ el t>0
T eltTeos T (eog ([t]* sin art) + isin ([t|* sin arr)), t < 0.

For example

e =

] 3

2 eltl?) t>0 ) e, t=o0
1 .. 1 L

cos|t|z +1isinft]z, t<O. etltl2 ¢t <.

Definition 2.2. ( «- Differentiable function) Let f(t) be a real valued function defined
in an open interval containing a real number a and let a%, « € (0,1], denotes to the
principal exponential of the real number a. The function f(t) is «- differentiable at a if
df . T(t)—f(a)
—(a) =lim —————
dt« t—a t¥—a%
exists as a complex number. More generally, a function f is said to be a— differentiable
on an open set Q if it is «— differentiable at every point in Q, and a «— differentiable

.. . . df . . .
function is one in which FreY exists on its domain.

df
Example 2.3. If f(t) =t. Find (t)att=1,t=—1 and t=0.

dt?
af -
@) =lim —&
dtz T—=a 12 —q2

T—a 1 a=0
'l ez a<0

1 1
T—a.(|t2 +]alz S
= lim ( ) { 1 a>0

T—a |T|—‘a| —1 a<0
B 2|a|% a=>0
] 2ilaz a<0
So,
df df daf
— =2, : =0 and : =2i
dtz [t=1 dt2 [t=0 dt2 [t=—1
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1 1
Example 2.4. Prove that —(e'?) = e*”
dtz
1 1
df e —et?
(t) = lim -
dtz =t o2 2

- e™? —et? { 1 t>0
Tt |’t|%—|t\2 1 t<0
) et t>o0 1 t>0
T qeilt? pog Lt t<0
) et t>0 3
el <0
In general, we can prove that —(e" ) =e

dt>
df . . . - . .
Remark 2.5. If Fre exists on its domain, then it is a complex-valued function given by

df
atx = fo(t).sx(t)

where f4(t) is a real valued function defined by

df . f(t) —f(t)

fa(t):= Fige = M0 fqa e

and s, is a step complex valued function defined by

1 t>0
Sa(t) :{ et {2

af . .

Remark 2.6. For 0 < <1, If FrT is exist at zero, then
df
dt

Remark 2.7. If 0 < ap < o7 < 1 and f(t) is oy— differentiable at a, then it is op—

differentiable at a, moreover

(0) = real constant

df o a*¥i—* gf
(a) =

dtoee oy dto

(a)

So, if f(t) is differentiable( 1— differentiable) at a, then itis «— differentiable at a, and

df a1*“g

P

The converse is not true. For example f(t) = (t)% is %— differentiable at 0 but not
differentiable at 0.
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From the definition 2.2, we can easy prove the following theorems:

Theorem 2.8. Let f(t) and g(t) be a— differentiable functions and k be a constant. Then
each of the following equations holds.

® =0

@ %{X[kf(t)}:k%“ (1))

(3 %“ [F(t) + g(t)] = %X ()] + %a lo(t)

@ .90 = ST g0y 1), 490

© d(ti“ B((?)] :(9(1))2 [d;t(i)'g(t)_f(t)'dft(ot) , g(t) #0

Theorem 2.9. If y = f(x) is differentiable at x and x = g(t) is «— differentiable at t,

then
dy _dy dx

dtx  dx dte
Theorem 2.10. Let f(t) be a function and a be in its domain. If f(t) is «— differentiable
at a, then it is continuous at a.

3. «o— derivative and «— integral operators

o«— Derivative operators
We define the o— first extension derivatives operators of continuous «— differentiable
real valued function x = f(t) by

dxif ar
a2 =T(on+1) qtoe (3.1)
dxf df
((X) = (O() = & = —_— —_— 3.2
X f D= g = Mlat1) 25 (3.2)
and if f(t) is differentiable
o
d*f _ Mog +1) (1o df 3.3)
dtx2 o dt
df df
(04): (OC)ZDOC = =T l—ax 27 3.4
X f f e (o) t " (3.4)

o4

For examples D*(constant) =0, D% (et ) =T(a) et”, D*(sint®) = I'(«) cost*.

We can extend the above notations to higher extension , for examples

X(Oq,o(z ..... (Xn) — D(xl,(xz,...,ocnf s = Dcxl (DOQ,...,O(nf) — DO(1,O(2 (DOC3’ .., D(an) (3.5)

oK, 0. ..,
(O _ f@dn D o f (3.6)
x(M = ) = pnf = x(n (3.7)

xB) =fB) —DRf.=D*(D™f), n<Pp=a+n<n+1 (3.8)



M. Shehata / Linear o —Differential Equations 17

o— Integral operators

If F(t)is o— differentiable and % = f(t), then

dF

— =1f(t dF = f(t) dt™
o = (1) & dF = 1)

< F(t) = J f(t) dt*

and in general
J f(t)dt* =F(t) +c¢
The integration by parts can be given by the following theorem

Theorem 3.1. If f and g are «— differentiable functions, then

J af g(t) dt* = f(t).g(t) —Jf(t) dg dte

dte’ Tt
Example 3.2.
J’c"‘.eZtoc dt® = %e““ —JeZtm at*
1 o 1 5ya
:Et(ert —162t +c

For more, see table 1 and table 2, the comparison between the definition of « calculus
with the concept of Riemann-Liouville and our concept.

4. «o— differential equation and canonical form

Definition of «— differential equation

Definition 4.1. («— differential equation) An equation containing the «—derivatives of
one or more dependent variables, with respect to one or more independent variables, is
said to be an «— differential equation.

Definition 4.2. The extension of an «— differential equation is the largest number of
recurrence derivatives in the equation. For example,

2 recurrence derivatives
/—/\*

23D — (5+4)z602(t) +7200) =0
—_——

3 recurrence derivatives

is a third extension «— differential equation
Definition 4.3. Any complex parameterized curve y described by
z(t) =x(t)+y(t)i, teQCR

which when substituted into an « differential equation reduces the equation to an iden-
tity, is said to be a solution of the equation on Q.
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Table 1: Comparison between the definition of « derivative with the concept of Riemann-Liouville and our
concept
Comparisons | Our Concept \ Riemann-Liouville Concept \
Derivative One definition for all t € /& | Two definitions (left and right)
operator D%, | (D*f(t)) = Mo + | forall t e [ty t]
0<a<l 1. lim (1) —f(t). (D*f(t)) :
Tt TX — X 1 d

If f is differentiable, then
(D*f(t)) := (o). 1%/ (t)

rt
— ( (t—1)* ! f(T)d’t) (left),
() dt Jio
ﬁ f(t) =

r(l) di (Ptf (1— 1)~ f(T)dT) (right

A

—+

D% (constant)

D%*(constant) =0

D%(constant) # 0 ‘

Product Rule

D*(uw.v) # D¥(u).v+u.D%(v)

D% function

It is a complex valued func-
tion

He did not explain the result of
D*f(t) when t is negative or what
mean by (t—7)* ' when t—1 < 0

Wheno =1 It is completely identical to | It does not coincide with classical cal-
classical calculus when « = | culus when « = 1.
1.
Higher One definition for allL t € R | Two definitions (left and right)
derivative (DB f(t)) — Do <d f(t)) for all t € [to, t¢]
operator DP, dtm (DP f(1)) =
B=a+n 1 qn+t rt w1
— t f
(ﬁ“ f (t)) =
1 dn+1 rte o1
o) dgnit (vt (t—1) f(T)dT)
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Table 2: Comparison between the definition of « integral with the concept of Riemann-Liouville and our

concept

Comparisons | Our Concept ‘ Riemann-Liouville Concept ‘

Integral oper- | For all t € [tg, t¢] Two definitions (left and right)

ator 1%, 0 < o _ . . for all t € [to, t¢]

I*f(t —. 1 1

x<1 ) = oy 5 B | (1o (o)) =

Y () (Y, —t¥), Where | 1 rt a1
P = (totr,o tn = to) s any | Fla) \J, 0 04T)
partition of [ty,t¢]. For a contin- (T“ £ t)) _
uous function f on [ty tf], we %
define lower and upper integral 1 ( (T—t)* ' (1) dT)
operator for t € [tg, t¢]. by: Med \J¢
(I*f(t)) =

1 <Jt (r)* ! f(T)dT)
r((x’) to ’
(T"‘ f(t)) -

1 J tr 1

(1)* (T dT>

o (. )

I* function It is a complex valued function He did not explain the result of
[*f(t) when t is negative or
what mean by (t—1)* ! when
t—1<0

Higher inte- | For a continuous function f on | Two definitions (left and right)

gral operator | [ty,tf], we define lower and upper | for all t € [tg, t¢]

IP, p = a+n | integral operator for t € [to,t], (lf5 f(t)) =

by: B
(1P £(1)) = | (o) Uy, '
1 * n—1 o 1P —

(t—7)" (1) f(1) dt " f(t) =
r((x’) Jitp 1 rte 1
i — | =— Tt (T dT>
(" 10} e [, =0t
1 e 1
< (t—t)" " (1) (1) d'r)
o) \Je
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Example 4.4. Verify that
z(t) = t2 4+ 2ti

is a solution of the fractional differential equation

N
DN
NI

2(t) =3z (t) =0 onfR.

then )
Zz(7)2(t) 3V (t) =6nt+2ni —6mt—27i =0

Canonical form
From remark 2.7, if o, o € (0,1], o > «q, and z(t) is a— differentiable, then z(*1) =
o)
M)
to another equivalent equation containing z(%*) only.
For example, if ag, ai, a,u: [ty, tf] — € are given continuous functions, «, «; € (0,1]
and « > «; forall i =1,2,., m, then the linear « differential equation of first extension

t*~* z(®) S0 we can transfer any o differential equation containing z(%1), z()

ao(t) 2! (1) + a1 (1) 2% (1) + -+ + am (1) 2% (1) = alt) z(t) +u(b), (4.1)
can be transform to the canonical form
p(t) 2 (1) = a(t) z(t) + u(t), (4.2)

where

F(O(]) x—oq r((xm)
0 a(t)t + + Mo

In general the canonical form of the linear « differential equation of extension n can be
taken the form

p(t) = |ao(t) + am(t) %

Pr(t) 20 (1) 4 pr 1 (1) 21 () 4 pr (020 (1) = alt) z(t) +ult) (4.3)

Example 4.5. Transfer the following second extension equation to the canonical form;

203 () +4208) (1) =22(t) +5 (4.4)
Here o =1 is the largest one, so
Die) = N2 ot 00 = e 200y
r
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then the canonical form of (4.4) is
N [ti ZWa () + (4’& + it—5> 2 (t)] =2z(t)+5
i.e.

pi(t) = v <4t% + ;ti) , plt) = Vmte

5. Linear a— equations of first extension

We start with a solution of a homogeneous linear a— equations of first extension.
Then we introduce a nonhomogeneous and initial value problems cases. Let a be a given

complex number. Then,
_a d _a _a
x X o) __ X o) __ X x
D (e” + ¢ ) = F(oc—i—l)—dt“ (e” 0 ¢ ) =qgell+D) ¢

This shows that .

z(t) = Cemwrn
is the general solution of the homogeneous equation

2% (t) = az(t)

and if a is a continuous function a: [tg, tf] — C, then

e | alt)dt™
2(t)=Ce'' *”J

is the general solution of the homogeneous equation
¥ (1) = a(t)z(t)
If z(tyg) = zo, then the solution is unique and given by
g | a(t)dt®
z(t) = zg e J

Example 5.1. Solve

the solution is given by

1 tx
Z(t) = eTla+D)

1
=€ MNao+1) t

_ el (x+1 [t t> 0
B e”“+1 llt' , t<O.
=x(t) +y(t)i

where (see Fig. 1)

rfm't' £t>0 0, t>0
x(t)=19 ¢ Zo s =
cosrmH |t| , t<O.

sin Fag D) |t|°‘ t<0.

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)
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r T T T T T T 1 T T T T T 1
2 -1 0 | 2 -2 -1 0 1 2
t t
—o=1—0=05—0=02 —o=1——a=05"—0=02

Figure 1: solution of example 5.1

We now construct the formula for the solutions of a nonhomogeneous linear « differential
equations in a canonical form

Theorem 5.2. Let p, a, u: Q — € be continuous functions on Q, and let p(t) # 0 for all
t € Q. Then, the « differential equation of first extension

p(t) 2 (1) = a(t) z(t) + u(t) (5.6)
has infinitely many solutions given by

1

Z(t) S C\y(t) + m

Y(t) J‘l’(t) u(t) dt*

where

i) — o J P () alt)dt
=e

Proof. Write the differential equation with z on one side only,
29 —alt)z(t) = ult), alt)=p~'(t)alt) (5.7)

and then multiply the differential equation by a function p(t), called an «—integrating
factor,

r(t)z ™) (1) — u(t) alt) z(t) = p(t) ult) (5.8)



M. Shehata / Linear « —Differential Equations 23

Ty J a(t)dt™

We choose a function u(t) =e solution of

—a(t)u(t) = n () (5.9)
For any function p(t) solution of Eq. (5.9), the differential equation in (5.8) has the form
()2 (1) — ' (1) 2(t) = u(t) u(t) (5.10)

But the left-hand side is a total «— derivative of a product of two functions,

then

or

() = Cp () + —— Tt ju(t) u(t) dt®

Moa+1
]

Remark 5.3. Although the alpha differential equation in (5.7) has infinitely many so-
lutions, the associated initial value problem has a unique solution.If z(ty) = zy, zop is a
given point in C, then the solution is unique and is given by the formula

1 t o
z(t) =Y(t) zg + Flat 1) J Y(t—T)u(t)dr

to
where

t
HJ p () alt)dt
Y(t)=e to

6. Linear a— first extension system

If z1(t), zo(t),... zn(t) are a— differentiable, then any n — nonhomogenous system
of first extension can be transfer to canonical form:

()

Z1 (t) z1(t) U (t)
p) szt) _ AW szt) N uzz(t) ©.1)
Znlt) Zn(t) un(t)

where, A(t),P(t) are n x n matrices and [u,, uz,...,un]T is n— vector. Consider the
initial condition is given by
z1(to) z10
z3(to) 220
= ] (6.2)

zn (to) Zno
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Theorem 6.1. Let A(t), P(t), u(t) be complex continuous functions defined on QO C R and
let P(t) invertible for all t € Q. Then the initial value problem (6.1)-(6.2) has the unique
solution z on the domain Q, given by

z1(t) Z10 u (T)
(1) 220 1 t uz(7) «
= | T LO Yi-r) | o | de
Zn (1) Zno Un(T)
where .
T J P~1(t) A(T)dT™
Y(t)=e 0 ,

2 (1) = (1)
2V () + 28 (t) = 2 (1), (6.3)
21(0) =1, z(0) =1

)
2V + T () 2V (1) = 4 (1) (6.4)

in the matrix form
1 07Tz 1Y [0 1]z
e 1 a0 ] =10 o] (A0 ] ©9

with [21(0),22(0)]T =[1,1]", then the solution(Fig. 2) is given by

" 1 0] '[o01
[Zl(t)}_eu[r(a)tlo‘ 1] [1 o}dt[l}
(t) | 1
0 1 ]
el [1 —T(e)t'~ dt[l} (6.6)
- ) 1
[0 t
_I"(oc) 2—x
ol e
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2, (0) 2,(1)

0 1 2 3 4 0 1 2 3 4
1 1
—oa=1—0a=05—o0=02] [—oa=1—0=05—0=02

J

Figure 2: solution of example 6.2

7. Canonical form with constant coefficients

If P(t) = P, A(t) = A are constant matrices and P is invertible, then «— differen-
tiable can be taken the form:

()

z1(t) z1(t) u (t)
Zz'(t) _a szt) N uzz(t) 7.1
Zn(t) Znlt) Un(t)

T

where, A is constant n x n matrix and [uj, uy,...,uy] is n— vector. Consider the initial

condition is given by

z1(to) Z10
z>(to) | = 7.2)
Zn (tO) Zno

Theorem 7.1. The system (7.1)-(7.2) has the unique solution z on the domain [tg, t¢],
given by

z1(t) Z10 u (1)
2(t) sl 5 1 Jt o | up(T)
= eT(a+1) . 4+ — e MletD) . dt%
M r(0(+ 1) tO M
Zn (1) Zno Un(T)

Example 7.2. Solve the following differential system:

1 13 1][ 2 0
)] _[—11“Zzﬁ)}+[er@$w]’
)

)
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the solution(Fig. 3) is given by

1 |: 3 1:|toc t 1 |: 3 1:|(tfx oc)
Tla D | _ Tlo D) | _ -T 0
z(t) ] _ 11 b, 1 Je L no | dr®
(t) I'( )

zo(t 1 a+1) Jo eTlat
RN
MNo+1) _1 1 1 240 F(OC+ 1) +toc toc
e _— eF((erl)
Mo+1) —t* Ma+1)—t*
[ 21(t) ] R B o+ 1) + 2% + ey 2%
2o(t) Moe+1) F(oc—i—l)—to‘—mtz“
7,(1) 5(1)
104 104
91 9
84 84
7 7
61 61
51 51
4 4
34 34
2 2
15 T T T T 1 15 T T T T 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
—o=l——0a=05"0=02 —o=1l—""—0a=05"0=02

Figure 3: solution of example 7.2

Example 7.3. Consider the system

[ () ] 21 (t) 10 0
zo(1) =A| 2(t) |, A= 2 1 =9 |,
z3(t) z3(t) 3 6 1
Zl(O) i -3
ZQ(O) = 5

| z3(0) | 0

The eigenvalues of the matrix A are Ay = —1, Ay =1+3v6i, A3 =1—3v6iand their
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corresponding eigenvectors are

58 0 0
vi=| =31 |, w=|V6i |, wns=]| —V6i |,
6 2 2

respectively. Therefore, the solution(Fig. 4 ) is given by

&
eF(oH»l)
a1t K 36t 9vV6 T 36t 9B i
i o2 T 1 _ZVY r 1 ] 79 r 1
z(t) | =] se’ COS(r(a+1)> 55 € Sln(F(oc+l)> tagel
z3(t) 9 i 36t~ 197v/6 ooty i (31615 9 i
ag €t cos ( vray ) T Tz e sin( praiy ) —ag et
7,(1) 7)) 41
" -
091 ;-
084 201
0.61 0 T T 0
I
051
0 ]
03 B
0
,40.
0
T T T -10
0 I ) 3
t -60-
—o=1——a=05—0=02 —o=l——oa=05"—"0=02 —o=1—0a=05—0=02

Figure 4: solution of example 7.3

8. a— Linear Higher Extension Equation

Here, we are interested in finding solutions for initial value problem of higher exten-
sion equation , we transform scalar equations of extension n into a n dimensional system
of first-order equations. Consider the equation

209 () fpn g (1) 201 (1) -y ()2 (1) = alt) z(t) +u(t) (8.1)
with initial conditions

z(to) =20, 2'¥(to) =z1,...,2%1(tg) = 24 (8.2)
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This equations may be written as a system of first-order equations of dimension n. We let

zo(t) = z(t)
at) =z
. o .(oc)
Zna(t) = 2% (1)
Hence (8.1)-(8.2) are transfer to the system
20 = zi(t),  zlte) =z
29 = zna(t),  znoa(to) =zn o
29 = —pnazea(t) = —prz(t) +at) z(t) +ult),  zn 1(to) =2zn 1

Let z(t) = [zo(t), z1(t), ... ,znfl(t)]T , in vector notation, we transcribe this system as

290 = A(t)z(t) +u(t),  z(ty) = zo (8.3)
where
[0 1 0o ... 0 1 [0 [z ]
0 0 1 ... 0 0 z
Alt) = : : : : : , uft) = : , 2o = :
0 0 0o ... 1 0 Zn_2
| a(t) —pi(t) —pa(t) ... —Ppn-alt) ] L u(t) | | Zn-1 |

If A(t) is continuous forall t € Q C fR, then the system (8.1) -(8.2) has a unique solution
given by

z(t) =¥Y(t)zo+ Y(t—1)u(t)dt®

o,

where .
F(OJH)J A(t)dt*
Y(t)=e to ,
and if A(t) = A(constant), then
Example 8.1. Consider the system
M zi(t) 11 21 (t) 0100
25 (t) . zo(t) 10010
zt) | T mwl|” AT looo 1|
L z4(t) z4(t) 2010
I 21(0) 0
22(0) _ 0
23(0) - 1
L Z4(0) 1




M. Shehata / Linear « —Differential Equations 29

the solution (Fig 5) is given by

z(t)*1 coshﬂ—l—isinh vate — Cos t —sin t
3 Ma+1) " v2  Tla+1) Mo+ 1) Mo+ 1)

z(2)
0.9
0.8
0.7
0.6
0.5
0.4
0.3

0.2

. . . . T .

[0} 0.2 0.4 0.6 0.8 1
t

a=1 o=0.5

o=0.2

Figure 5: solution of example 8.1

9. Extended to a— partial differential equations

Definition 9.1. ( «- Partial differentiation) If f(t,x) is a real valued function of two

. of of ) .
variables t and x, then FYe and P are defined respectively by

of . f(T,x) —f(t,x)

— =lim ———— =

ot Tt T® — X

of .t &) —f(t,x)
= lim ———"

Ixx E—x Eox —x«x
Example 9.2. ( «- Heat equation) Consider a curve y in C? parameterized by:
z(t,s) = x(t,s) +iy(t,s), O0<s<L, t>0,.
We can construct the formal solution for initial and boundary value problem for « heat
equation:

Bz _ L%z

otx 0s2’

z(t,0) =0, z(t,L)=0, t>0,
z(0,s) =g(s), 0<s<L
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By using separation of variable method, we get the solution

[e¢]

n7mc 2 [24
z(t,s):Z Cne_( )t sinnfs
n=1
where
2 L
Cn:LJO g(s)sinndes, n=12,...

If c=L1L=1, and ¢(s) = sin7ts, then we have C; = 1 and all other C,, = 0, so the
solution is

10. Conclusion

In this paper, the general o — differential equation (based on Shehata’s definition of «
differentiation and «integration) was studied and the exact solution formula of first and
higher extension linear « differential equations defined in complex parameterized curve
was obtained. The results we have got here is analogous to the results obtained from the
classical case when o = 1.
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